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K. Kinoshita , P. Kodyš , T. Koga , S. Kohani , K. Kojima , A. Korobov , S. Korpar , E. Kovalenko ,

R. Kowalewski , T. M. G. Kraetzschmar , P. Križan , P. Krokovny , T. Kuhr , Y. Kulii , J. Kumar ,

K. Kumara , T. Kunigo , A. Kuzmin , Y.-J. Kwon , S. Lacaprara , K. Lalwani , T. Lam , L. Lanceri ,

J. S. Lange , M. Laurenza , K. Lautenbach , R. Leboucher , F. R. Le Diberder , M. J. Lee , P. Leo ,

D. Levit , L. K. Li , Y. Li , J. Libby , Q. Y. Liu , Y. Liu , Z. Q. Liu , D. Liventsev , S. Longo ,

T. Lueck , C. Lyu , M. Maggiora , S. P. Maharana , R. Maiti , S. Maity , G. Mancinelli , R. Manfredi ,

E. Manoni , M. Mantovano , D. Marcantonio , C. Marinas , C. Martellini , A. Martens , T. Martinov ,

L. Massaccesi , M. Masuda , K. Matsuoka , D. Matvienko , S. K. Maurya , F. Mawas , J. A. McKenna ,

R. Mehta , F. Meier , M. Merola , C. Miller , M. Mirra , S. Mitra , K. Miyabayashi , G. B. Mohanty ,

S. Moneta , H.-G. Moser , R. Mussa , I. Nakamura , K. R. Nakamura , M. Nakao , Y. Nakazawa ,

A. Narimani Charan , M. Naruki , Z. Natkaniec , A. Natochii , L. Nayak , M. Nayak , G. Nazaryan ,

M. Neu , C. Niebuhr , J. Ninkovic , S. Nishida , A. Novosel , S. Ogawa , Y. Onishchuk , H. Ono ,

P. Pakhlov , G. Pakhlova , S. Pardi , S.-H. Park , B. Paschen , A. Passeri , S. Patra , T. K. Pedlar ,

R. Peschke , R. Pestotnik , L. E. Piilonen , G. Pinna Angioni , T. Podobnik , S. Pokharel , C. Praz ,

S. Prell , E. Prencipe , M. T. Prim , I. Prudiev , H. Purwar , P. Rados , G. Raeuber , S. Raiz ,

N. Rauls , M. Reif , S. Reiter , I. Ripp-Baudot , G. Rizzo , J. M. Roney , A. Rostomyan , N. Rout ,

D. A. Sanders , S. Sandilya , L. Santelj , Y. Sato , B. Scavino , C. Schwanda , A. J. Schwartz , Y. Seino ,

A. Selce , K. Senyo , M. E. Sevior , C. Sfienti , W. Shan , X. D. Shi , T. Shillington , J.-G. Shiu ,

D. Shtol , B. Shwartz , A. Sibidanov , F. Simon , J. B. Singh , J. Skorupa , R. J. Sobie , M. Sobotzik ,

A. Soffer , A. Sokolov , E. Solovieva , S. Spataro , B. Spruck , M. Starič , P. Stavroulakis , S. Stefkova ,
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We report a measurement of the e+e− → π+π−π0 cross section in the energy range from 0.62 to
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3.50GeV using an initial-state radiation technique. We use an e+e− data sample corresponding to
191 fb−1 of integrated luminosity, collected at a center-of-mass energy at or near the Υ (4S) resonance
with the Belle II detector at the SuperKEKB collider. Signal yields are extracted by fitting the two-
photon mass distribution in e+e− → π+π−π0γ events, which involve a π0 → γγ decay and an
energetic photon radiated from the initial state. Signal efficiency corrections with an accuracy of
1.6% are obtained from several control data samples. The uncertainty on the cross section at the ω
and ϕ resonances is dominated by the systematic uncertainty of 2.2%. The resulting cross sections
in the 0.62–1.80GeV energy range yield a3πµ = [48.91 ± 0.23 (stat) ± 1.07 (syst)] × 10−10 for the
leading-order hadronic vacuum polarization contribution to the muon anomalous magnetic moment.
This result differs by 2.5 standard deviations from the most precise current determination.

I. INTRODUCTION

The measured hadronic cross section for e+e− annihi-
lation at center-of-mass (c.m.) energies below 2GeV plays
an important role in obtaining the standard model (SM)
prediction for the hadronic vacuum polarization (HVP)
contribution to the muon anomalous magnetic moment
aµ ≡ (gµ − 2)/2 through dispersion relations, where
gµ is the muon gyromagnetic ratio. A discrepancy of
about five standard deviations (σ) between the world av-
erage of aµ measured by experiments at BNL [1] and
FNAL [2, 3], and SM predictions based on dispersion re-
lations has been reported [4–6]. The HVP contribution
is the main source of uncertainty in the SM prediction,
accounting for more than 80% of the current theoretical
uncertainty. Therefore, improving the precision of the
HVP term is the key to clarifying the picture. Discrep-
ancies between measurements of the cross section have
an impact on the uncertainty in the HVP contribution to
aµ, a

HVP
µ . In the π+π− final state, the long-standing dif-

ference in experimental values between BABAR [7] and
KLOE [8–11] contributes to the systematic uncertainty
in aHVP

µ . A preliminary result recently reported from
CMD-3 [12, 13] suggests a different value closer to the
SM. In addition, recent predictions based on lattice QCD
calculations show 2–3σ differences from values based on
dispersion relations, i.e., a smaller difference from the
measured aµ [14–17]. Therefore, additional experimental
measurements are important to clarify the situation.

We report herein a new measurement of the cross sec-
tion for e+e− → π+π−π0 in the energy range from 0.62 to
3.50GeV using a 191 fb−1 data sample from the Belle II
experiment and applying an initial-state radiation (ISR)
technique [18, 19]. The Belle II experiment is an electron-
positron-collider detector operating at c.m. energies at
and near the Υ (4S) resonance, 10.58GeV. Using ISR
production and a technique that employs events in which
a single energetic ISR photon is emitted, one can mea-
sure e+e− cross sections to hadrons as a function of c.m.
energy while operating the accelerator at a fixed c.m. en-
ergy. The ISR technique is complementary to the com-
peting method of measuring the hadronic cross-section
by varying the c.m. energy directly.

We measure the cross section for e+e− → π+π−π0

in ISR production, in which the photon is emitted from
ISR. The e+e− → π+π−π0 cross section σ3π(

√
s′), in-

cluding vacuum-polarization contributions (‘dressed’) as

a function of energy
√
s′ = M(3π), is obtained from the

relation s′ = s−2
√
sE∗

γ . Here,
√
s and E∗

γ are the energy

of the e+e− system and ISR photon in the c.m. frame,
respectively. The double differential cross section of the
ISR process is related to σ3π(

√
s′) by

dσ3πγ

d
√
s′d cos θ∗γ

=
2
√
s′

s
W (s, s′, θ∗γ)σ3π(

√
s′), (1)

where θ∗γ is the polar angle of the ISR photon momentum
relative to the beam axis, in the c.m. frame. The radia-
tor function W (s, s′, θ∗γ) describes the probability of the
ISR photon emission, which is calculated by QED [19].
At leading order and neglecting the term proportional to
m2

e/s, where me is the electron mass, the radiator func-
tion is given by

W (s, s′, θ∗γ) =
α

π

(
s2 + s′2

s(s− s′)

1

sin2 θ∗γ
− 1

2

s− s′

s

)
, (2)

where α is the fine-structure constant. In ISR pro-
cesses, the ISR photons are emitted predominantly al-
most collinearly to the beam direction. This analysis
includes a small fraction (about 10%) of the ISR photons
emitted at large polar angles but within the detector ac-
ceptance.
The measured (visible) three-pion mass spectrum is

given by the following relation:

dNvis

d
√
s′

= σ3πε
dLeff

d
√
s′
rrad, (3)

where ε is the signal efficiency, dLeff/d
√
s′ is the so-called

effective luminosity, and rrad is the radiative correction
to the leading order ISR e+e− → π+π−π0γ cross section,
to take higher-order ISR processes into account [20, 21].
The effective luminosity, given from the radiator function
[Eq. (2)] for the ISR photon in the angular range, θ∗min <
θ∗γ < 180− θ∗min, is defined by

dLeff

d
√
s′

= Lint
2
√
s′

s

∫ π−θ∗
min

θ∗
min

W (s, s′, θ′) sin θ′dθ′

= Lint
2
√
s′

s

α

π

(
s2 + s′2

s(s− s′)
ln

1 + C

1− C
− s− s′

s
C

)
,

(4)

where Lint is the integrated luminosity of the data set,
θ∗min is the minimum polar angle of an ISR photon in the
c.m. frame, and C is cos θ∗min.
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The three-pion process is the second largest contribu-
tor to aHVP

µ after the π+π− final state. The uncertainty
in the three-pion contribution accounts for 15% of the to-
tal uncertainty in aHVP

µ [4]. The e+e− → π+π−π0 cross

section has been measured previously by several e+e−

experiments. These include the SND and CMD-2 exper-
iments at the VEPP-2M collider [22–28], which measured
the cross section up to 1.4GeV by scanning the beam en-
ergy. In addition, SND at VEPP-2000 measured the cross
section by scanning the energy range of 1.05–2.0GeV [29].
The BABAR experiment at the PEP-II collider measured
three-pion cross sections up to around 3.5GeV with a
data sample recorded at a c.m. energy of 10.58GeV using
the ISR technique [30, 31]. The e+e− → π+π−π0 con-
tribution to aHVP

µ , a3πµ , is summarized in Ref [4], which
quotes an uncertainty of 3%. However, this average does
not include the recent BABAR 2021 result [31], which
has 1.3% precision. A global fit including the BABAR
2021 result, achieves a precision of 1.2% [32].

Our analysis follows the BABAR 2021 measurement in
many aspects. To obtain the mass spectrum dNvis/d

√
s′,

we reconstruct e+e− → π+π−π0γ candidates after an ini-
tial event selection and extract the signal by fitting the
two-photon mass distribution as a function of π+π−π0

mass and determining the yield of π0 → γγ decays.
The 3π mass spectrum is characterized by the ω(782)
and ϕ(1020) resonances below 1.05GeV/c2, the ω(1420)
and ω(1650) resonances in the range 1.1–1.8GeV/c2, and
the J/ψ resonance at 3.09GeV/c2. Residual background
events are estimated using control samples and sub-
tracted from the observed spectrum. The spectrum is
then unfolded to correct for the effect of detector resolu-
tion. The signal efficiency ε is obtained from simulation
and corrected for possible differences between the data
and simulation using various data control samples. The
cross section is obtained from Eq. (3), and the three-
pion contribution to aHVP

µ is determined based on the
measured cross section. Key aspects are signal selection,
background estimation, and efficiency determination and
their associated systematic uncertainties.

This article is organized as follows. We first discuss
the Belle II detector and the Monte Carlo simulation pro-
gram in Sec. II; event selection criteria are discussed in
Sec. III. Section IV describes the background estimation
using several data control samples, selected to enhance
each of the background components. Section V presents
the validation of efficiencies from various control samples.
The unfolding is discussed in Sec. VI. After discussing the
systematic uncertainty on the cross section measurement,
we provide the cross section results in Sec. VIII. Using
these results, we evaluate the three-pion contribution to
the HVP term in aµ in Sec. IX. Finally, we discuss dif-
ferences from the BABAR measurement in Sec. X and
conclude in Sec. XI.

II. THE BELLE II DETECTOR AND
SIMULATION

We use a 191 fb−1 data sample collected from 2019
to 2021 at a c.m. energy of 10.58GeV at the Belle II
experiment. The Belle II experiment is located at Su-
perKEKB, which collides 7-GeV electrons with 4-GeV
positrons at energies at or near the Υ (4S) resonance [33].
The Belle II detector [34] has a cylindrical geometry. Its
coordinate system is defined with the z axis in the lab-
oratory frame, which is the symmetry axis of the super-
conducting solenoid. The polar angle θ is defined with
respect to the +z axis. The detectors that are used to
reconstruct trajectories of charged particles are a two-
layer silicon-pixel detector (PXD) surrounded by a four-
layer double-sided silicon-strip detector (SVD) [35] and a
56-layer central drift chamber (CDC). The second layer
of the PXD covered only one-sixth of the azimuth for
the data analyzed in this paper. Surrounding the CDC,
which also provides ionization-energy-loss measurements,
is a time-of-propagation counter (TOP) [36] in the bar-
rel region and an aerogel-based ring-imaging Cherenkov
counter (ARICH) in the forward region. These detec-
tors provide charged-particle identification. Surrounding
the TOP and ARICH is an electromagnetic calorime-
ter (ECL) composed of CsI(Tl) crystals that primarily
provide energy and timing measurements for photons and
electrons. Outside of the ECL is the superconducting
solenoid magnet. The magnet provides a 1.5 T axial mag-
netic field. Its flux return is instrumented with resistive-
plate chambers and plastic scintillator modules to detect
muons, K0

L mesons, and neutrons.

Signal and background simulation data are used for the
determination of the signal efficiency and background.
The detector geometry and response are simulated using
GEANT4-based simulation framework [37–39]. The exper-
imental and simulated samples are reconstructed using
the Belle II software [38, 39]. Signal e+e− → π+π−π0γ
events are modeled by PHOKHARA [20, 21, 40] (version 9.1),
where we limit the polar angle of the ISR photon to the
range 20◦ < θ∗γ < 160◦. The kinematic properties of the
3π system implemented in PHOKHARA are based on previ-
ous measurements in e+e− annihilation [40]. The vacuum
polarization corrections given in Ref. [41] are used in the
event generation. In addition, the invariant mass of the
hadronic system and the ISR photon at the generator
level is required to be greater than 8GeV/c2 to suppress
events with extra ISR photon emissions.

The background processes e+e− → π+π−π0π0γ and
e+e− → π+π−γ are also generated with PHOKHARA. The
reaction e+e− → K+K−π0γ is simulated by PHOKHARA
for the production of the ISR photon, and EvtGen [42] is
used for the γ∗ → K+K−π0 decay from the hadronic sys-
tem at a given mass. Backgrounds from e+e− → µ+µ−γ
and e+e− → qq processes, with q indicating an u, d, s, or
c quark, are generated using KKMC [43], with hadroniza-
tion and hadronic decays simulated by PYTHIA8 [44] and
EVTGEN, respectively. Hadronic e+e− → qq events with
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ISR emission are excluded from the samples, to avoid
overlap with the PHOKHARA sample. The e+e− → τ+τ−

process is generated with KKMC, and τ decays are sim-
ulated with TAUOLA [45]. Electron-related backgrounds
including e+e− → e+e−(γ) and e+e− → γγ are sim-
ulated using the BABAYAGA@NLO generator [46]. Beam
backgrounds are simulated separately and overlaid on
each Monte Carlo sample [47].

To minimize experimental bias, the event selection and
analysis workflow are optimized using simulated events
before examining data. Several data control samples are
used to determine the dominant backgrounds as well as
signal efficiency correction factors.

III. EVENT SELECTION

A. Baseline selection

Events including an energetic ISR photon are selected
with a hardware-based ECL trigger. Events are accepted
if energy deposits exceeding 2GeV of c.m. energy are de-
tected in the barrel region of the ECL. For processes with
3π masses below 3.5GeV/c2, which are measured in this
paper, the ISR photon has an energy greater than 4GeV,
and satisfies this trigger condition.

In the offline analysis, signal e+e− → π+π−π0γ can-
didates are reconstructed from two oppositely charged
particles and three photons. Charged particles are recon-
structed from tracks using PXD, SVD, and CDC infor-
mation. To suppress misreconstructed and beam-induced
background tracks, each charged particle is required to
have a transverse momentum greater than 0.2GeV/c,
have more than 20 CDC wire hits, and originate from
the interaction point; we require the transverse and lon-
gitudinal projections of the distance between the inter-
action point and the track to be smaller than 0.5 cm and
2.0 cm, respectively. Photons are selected from clusters,
sets of adjacent crystals detected in the ECL that do
not match the extrapolation of CDC tracks. The clus-
ters are required to have energies greater than 100MeV
and polar angles within the CDC acceptance in the lab-
oratory frame of 17◦ < θ lab. < 150◦. Events with two
oppositely charged particles and at least three candidates
passing the photon requirements are selected. The ISR
photon candidate is required to have an energy greater
than 2GeV in the c.m. frame and have a polar angle in
the barrel region 37.3◦ < θ lab.

γ < 123.7◦, which corre-
sponds approximately to the angular range 48–135◦ in
the c.m. system. We require the invariant mass of the
π+π−γγγ system to be greater than 8.0GeV/c2 to sup-
press extra ISR emission.

We kinematically fit the four-momentum of the
π+π−γγγ final state to match the four-momentum of the
e+e− beams (4C fit). In order to extract signal yields
from fits to diphoton invariant mass, the π0 mass con-
straint is not imposed in the 4C fit. A 4C kinematic fit is
performed for all π+π−γγγ combinations if one photon
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Figure 1. Distribution of χ2
2π3γ for events in the range

0.72 < M(3π) < 0.84GeV/c2. The points with error bars
show the data after the baseline selection. The filled and
dashed histograms are the simulations for signal and back-
ground, respectively. The simulated signal is normalized to
the integrated luminosity of data. The background simulation
is scaled by a factor of 50. The dotted vertical line represents
the upper bound of the χ2

2π3γ selection.

satisfies the ISR criterion and the invariant mass of the
remaining two photons (M(γγ)) is less than 1.0GeV/c2.
We use a relatively wide π0 sideband to determine the
level of combinatorial γγ background. If there are more
than three photons in an event, we take all three-photon
combinations. Figure 1 shows the distribution of χ2

2π3γ ,
the chi-squared value obtained from the 4C fit. In Fig. 1,
the background simulation is scaled by a factor of 50.
We require χ2

2π3γ to be less than 50. After applying the

kinematic fit, π0 candidates are reconstructed from two-
photon combinations. Each π0 candidate is required to
have a γγ opening angle in the laboratory frame less than
1.4 rad and the angle between the transverse momenta
of the γγ, |∆φγγ |, less than 1.5 rad, where φ is the az-
imuthal angle around the magnetic field axis.

B. Background suppression criteria

To reduce the systematic uncertainty due to back-
ground subtraction, further selections are imposed to
suppress possible backgrounds. We reject any charged
particle identified as an electron or a kaon to reduce the
contribution from the e+e− → e+e−(γ), e+e− → γγ, and
e+e− → K+K−π0γ processes. The likelihood for pion-
kaon identification is obtained by combining information
from all sub-detectors except for the PXD. Information
from the CDC, ECL, ARICH, and KLM is used for pion-
electron identification. We require the square of the
mass recoiling against the π+π− pair to be greater than
4GeV2/c4 to reduce e+e− → π+π−γ and e+e− → µ+µ−γ
backgrounds.

One of the largest backgrounds is from the e+e− →
π+π−π0π0γ process. For events with two charged par-
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ticles and at least five photons, we reconstruct the
π+π−π0π0γ candidate and reject events containing a
candidate that meets the following criteria. We apply
the same selection criteria for charged particles and an
ISR photon as those used in the π+π−π0γ signal se-
lection. Two π0’s are reconstructed with different se-
lections. The minimum photon energy requirement is
100MeV for one π0 and 50MeV for the other. The invari-
ant mass selection 0.110 < M(γγ) < 0.158GeV/c2 is ap-
plied to both π0’s. A kinematic fit is then applied to the
π+π−π0π0γ candidate imposing four-momentum conser-
vation. Events containing a reconstructed π+π−π0π0γ
candidate having a chi-squared of the 4C kinematic fit
χ2
2π5γ < 30 are rejected. This criterion reduces 43% of

the π+π−π0π0γ background, retaining 97% of the signal.

A selection on the invariant mass of a charged pion
and the most energetic γ in the c.m. frame, M(π±γ) >
2GeV/c2, is applied to reduce background from e+e− →
τ+τ− and non-ISR e+e− → qq backgrounds that in-
clude a high momentum ρ± → π±π0 decay. Most of
the remaining non-ISR qq backgrounds are from events
in which one or both of the photons from the π0 have high
energy and can be reconstructed as an ISR photon. To
reduce this background, a selection on the invariant mass
of the ISR photon candidate and any additional photon,
M(γISRγ), is applied; we reject events containing a pho-
ton satisfying 0.10 < M(γISRγ) < 0.17GeV/c2. Two
photons from a high momentum π0 occasionally produce
a single cluster (a merged cluster) in the ECL. These
merged clusters can be distinguished from single photons
using their ECL energy distributions. We use the second
moment of an ECL cluster, which is defined by

S ∝
∑n

i Eir
2
i∑n

i Ei
, (5)

where n is the number of ECL crystals associated with
the cluster, i is the index of the ECL crystal, Ei is the
energy of crystal i, and ri is the distance between the
center of the crystal and the cluster axis. The distribu-
tion of the cluster second moment is shown in Fig. 2. The
cluster’s second moment peaks around 1.0 for a typical
ISR photon cluster, whereas it has a wider distribution
in the range of 1.0–3.0 for merged single clusters. Can-
didate ISR photons with S values greater than 1.3 are
rejected.

The signal efficiency of the background suppression cri-
teria is about 91%. After applying all selections, 92% of
events have a single signal candidate. In events with
multiple candidates, the one with the minimum χ2

2π3γ is
selected. To extract the signal yield at a given three-
pion mass M(3π), we determine the yield of π0 mesons
in the range 0.123 < M(γγ) < 0.147GeV/c2 after all
of the selection requirements. After applying the back-
ground suppression criteria, the signal purity estimated
from the simulation increases from 91% to 98% in the
M(3π) region below 1.05GeV/c2.
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Figure 2. Distribution of ISR cluster second moment S for
events with all background-suppression requirements applied
except for those on S. The points with error bars show the
data. The stacked histograms are the simulations for signal
(cyan) and background (grey). The simulated signal is nor-
malized to the integrated luminosity of data. Events to the
right of the dotted vertical line are rejected.

C. Comparisons of data and Monte Carlo
simulation

As a consistency check, we now compare detailed dis-
tributions in data and Monte Carlo simulation after all
selection requirements are applied.
The energy and polar angle distributions of ISR

photons in data are compared with simulation in
Fig. 3. Figure 4 shows the momentum and polar angle
distributions of charged pions. Figure 5 shows the
invariant mass distribution of the two pion system when
the invariant mass of the π+π−π0 system is in the ω
region, 0.72 < M(3π) < 0.84GeV/c2. In Figs. 3–5,
the background simulation is scaled up by a factor of
50. A good agreement in Figs. 3, 4, and 5 confirms
that the Monte Carlo event generator and detector
simulation reproduce the basic variables well. There are
slight discrepancies in the charged dipion invariant mass
distribution for the 3π mass region 1.1–1.8GeV/c2, as
shown in Fig. 6. In Figs. 6, the background simulation
is scaled up by a factor of 10. BABAR in Ref. [40]
also observed a similar ρ-ω interference pattern near
mω, which is not modeled by PHOKHARA. Although the
model implemented in PHOKHARA is not perfect, this
difference does not affect our cross section measurement
as a function of M(3π). We confirm that the efficiency
does not depend on the dipion mass M(π+π−).

IV. BACKGROUND ESTIMATION

We use Monte Carlo simulation normalized to the in-
tegrated luminosity of the data as an approximate de-
scription of the sample composition. The simulated sig-
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Figure 3. Distribution of (left) ISR energy and (right) polar angle in the laboratory frame. The points with error bars
show the data after all signal selections. The filled and dashed histograms are the simulations for the signal and background,
respectively. The simulated signal is normalized to the integrated luminosity of the data. The background simulation is scaled
by a factor of 50.
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Figure 4. Distribution of (left) charged-pion momentum and (right) polar angle in the laboratory frame. The convention in
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Figure 6. Distribution of π+π− invariant mass in the 3π
mass range of 1.1–1.8GeV/c2. The convention in the figure is
the same as in Fig. 3. The background simulation is scaled
by a factor of 10.

nal and backgrounds after applying all selection require-
ments are shown in Fig. 7. The overall background level
is less than 1% in the ω and ϕ resonance regions and is
about 10% above 1.05GeV/c2. The main backgrounds re-
maining in the sample are e+e− → π+π−π0π0γ, e+e− →
K+K−π0γ, e+e− → qq, and combinatorial γγ back-
ground. The last one refers to a background in which
one or both photons in the π0 candidate do not originate
from a real π0. This background dominates in the ω and
ϕ resonance regions but does not have a signal-like peak
at the π0 mass, so it is not expected to bias our signal
extraction, which is based on determining the π0 yield.
Since the processes e+e− → π+π−γ and e+e− → µ+µ−γ
contribute only to the combinatorial γγ background we
do not discuss them in this section.

To confirm the background expectation from the sim-
ulation, we examine several data control samples, each
enhanced in a specific background source.

A control sample that enhances the e+e− →
π+π−π0π0γ background is selected by requiring χ2

2π5γ <

100 and 100 < χ2
2π3γ < 1000. The first condition

selects e+e− → π+π−π0π0γ candidates while the sec-
ond reduces the contamination from e+e− → π+π−π0γ.
The resulting π+π−π0π0γ sample has 95% purity. Fig-
ures 8 show data-simulation comparisons in the M(3π)
distribution of the π+π−π0π0γ sample for (a) the full
mass region and (b) the region below 1.3GeV/c2. The
e+e− → π+π−π0π0γ model implemented in PHOKHARA
reproduces the M(3π) distribution well, except for the
normalization of the ω signal. After subtracting the small
contamination from other processes, a scale factor as a
function of 3π mass is determined from Fig. 8 by taking
the bin-by-bin ratio between the data and the simula-
tion. For the 3π mass region below 1.05GeV/c2, there
is a clear ω signal from e+e− → ωπ0γ → π+π−π0π0γ.
Since the ω resonance is narrow, we fit the 3π mass shape
with an ω signal and a smooth component for the data
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Figure 7. Distribution of 3π mass spectrum in Monte
Carlo simulation after all background suppression require-
ments. The filled stacked histograms are the individual con-
tributions: signal e+e− → π+π−π0γ (cyan), combinato-
rial γγ background (yellow), e+e− → π+π−π0π0γ (orange),
e+e− → K+K−π0γ (green), and non-ISR qq (blue). The
samples are normalized to the integrated luminosity of data.

and the simulation, and obtain a scale factor from the
ratio between the data and the simulation. The M(3π)
distribution is modeled using a Voigt function, which is a
convolution of a Breit-Wigner function with a Gaussian
function, for the ω resonance peak and a Gaussian func-
tion for the non-ω component up to 1.05GeV/c2. The
scale factor is 1.3 at the ω resonance and varies from 0.8
to 1.2 in the neighboring regions. The uncertainty in the
π+π−π0π0γ level is 10%–20%, which includes the statis-
tical uncertainty of the simulation and the uncertainty
on the efficiency associated with the additional π0.
A data-to-simulation scale factor for the e+e− →

K+K−π0γ background is evaluated using a control sam-
ple that enhances theK+K−π0γ component, where both
charged particles are identified as kaons. The scale factor
as a function of 3π mass is determined by taking the ratio
of the M(3π) distribution of the data to the correspond-
ing simulated sample, which assumes a K∗(892)±K∓ in-
termediate state. Figure 9 compares the M(3π) distri-
bution of the K+K−π0γ control sample, where the pion
mass hypothesis is assumed for the charged particles.
The K+K−π0γ model implemented in PHOKHARA and
EvtGen reproduces the enhancement of the K+K−π0γ
process with an accuracy of around 50%. Contamina-
tion from other processes, such as π+π−π0γ, is negligi-
ble. The scale factor for the K+K−π0γ component is
obtained in 100-MeV/c2-wide M(3π) bins. A 10%–20%
uncertainty due to the limited size of experimental and
simulated samples and an uncertainty in the corrections
to the pion-kaon identification efficiency is assigned for
the scale factor.

The non-ISR qq background is negligible in the ω and
ϕ mass regions, and is dominant in the high mass re-
gion beyond 1.05GeV/c2; the main source is the e+e− →
π+π−π0π0 process. In the latter process, two photons
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Figure 8. Distribution of 3π mass in the e+e− → π+π−π0π0γ control sample (a) for the 3π mass range 0.4–3.5GeV/c2 in
100-MeV/c2-wide bins and (b) for the 3π mass range 0.6–1.3GeV/c2 in 10-MeV/c2-wide bins. Events are selected with the
requirements 100 < χ2

2π3γ < 1000 and χ2
2π5γ < 100. Points with error bars show the data and the stacked histograms show the

simulations. Bottom panels show data-to-simulation ratios.
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Figure 9. Distribution of 3π mass in the e+e− → K+K−π0γ
control sample, assigning the pion mass to both tracks. Points
with error bars show the data, and stacked histograms show
the simulations. Bottom panels show data-to-simulation ra-
tios.

from one of the π0’s, which has a relatively high mo-
mentum, are merged into a single cluster in the ECL,
resulting in misidentification of the π0 as an ISR pho-
ton. A data-to-simulation scale factor for the non-ISR qq
background as a function of 3π mass is estimated from
events in which the ISR photon candidate originates from
a merged cluster of π0 decay photons. A control sample is
selected with the requirement that the cluster second mo-
ment be above 1.5 and 100 < χ2

2π3γ < 1000. Although
the shape of the 3π mass spectrum is generally consis-
tent, the Monte Carlo simulation overestimates this back-
ground compared to data by a factor of two. Therefore,
the scale factor in the range 0.5–1.4GeV/c2 is 0.5–0.8.
We also test the simulated non-ISR qq background using

a control sample selected by requiring that M(γISRγ) is
consistent with the π0 mass and 100 < χ2

2π3γ < 1000,
and obtain consistent results.

There are small potential backgrounds from non-ISR
ωπ0 production, such as e+e− → ωπ0 → π+π−π0π0, and
meson production with final-state radiation (FSR). The
former background contributes under the ω resonance in
the signal region. The current simulation for this process
is uncertain since the cross section is not well known. We
test the prediction using a control sample in which the
cluster second-moment requirement in the signal selec-
tion is reversed from below 1.3 to above 1.5. This control
sample shows that the simulation agrees with the data
at the 20% level. Using a simulated Monte Carlo sample
of the non-ISR ωπ0 process, we estimate the remaining
ωπ0 background contamination to be 39±9 events, which
corresponds to about 0.1% of the signal. A systematic
uncertainty of 20% is assigned to the ωπ0 background
level based on the largest difference observed when the
selection on the cluster second moment is varied from 1.5
to 2.5.

Among the FSR background processes, the cross sec-
tion for e+e− → π+π−π0 where the charged pion emits
a hard FSR photon with E∗ > 4GeV is negligibly
small. Other FSR processes are from exclusive reac-
tions that involve photon emission from one of the quark
legs, e+e− → Mγ, where M is an intermediate me-
son. We follow the discussion of BABAR [31] for the
estimate of these FSR processes. The e+e− → Mγ
processes in which the intermediate meson M is an
a1(1260), a2(1320), a1(1640), or a2(1700) are taken into
account. These hadronic states are expected to decay
to 3π with branching fractions of 30%–50% [48–50]. The
FSR background contributes above the 1.2GeV/c2 region
in M(3π). The differential cross section as a function of
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Figure 10. Expected M(3π) spectrum of the FSR processes
e+e− → Mγ → π+π−π0γ, where M = a1(1260), a2(1320),
a1(1640), or a2(1700). The solid histogram is the incoherent
sum of the processes. The dotted (dashed) histogram is the
constructive (destructive) interference of the processes.

FSR polar angle is evaluated using perturbative QCD,
and is given by [31]

dσ(e+e− →Mγ)

d cos θ∗γ
=
π2α3

4
|FMγγ | (1 + cos θ∗γ

2) (6)

where FMγγ is a meson-photon transition form factor.
The total cross sections of the e+e− → a1(1260)γ,
a2(1320)γ, a1(1640)γ, and a2(1700)γ processes without
interference are calculated to be 6.4 fb, 5.4 fb, 5.1 fb,
and 7.2 fb, respectively. The expected yield is 503 events
with a detection efficiency of 19%, as estimated using a
simulated e+e− → a2(1320)γ sample. The yield is sim-
ilar to the background from π+π−π0π0γ in the high 3π
mass region above 1.3GeV. The baseline model assumes
an incoherent sum of resonances, with each resonance
parameterized by a Breit-Wigner distribution. Figure 10
shows the expected M(3π) spectrum of the FSR pro-
cesses for several values of the interference phase. Distri-
butions taking into account the possible interference be-
tween a1(1260) and a1(1640), and a2(1320) and a2(1700)
are calculated. Differences from the incoherent sum are
assigned as systematic uncertainties. The interference
between a1 and a2 states is not included. A 100% sys-
tematic uncertainty is assigned for the contribution of the
poorly established a1(1930) and a2(2030) states around
2.0GeV/c2.

V. SIGNAL EFFICIENCY

As a first approximation, the signal efficiency includ-
ing the acceptance, trigger, and selection efficiency is
estimated as a function of 3π mass using a simulated
signal sample ten times larger than the data sample.
The branching fraction of π0 → γγ is included in the
efficiency. The simulated signal sample is divided into
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Figure 11. Signal efficiency as a function of generated 3π
mass obtained from simulation.

bins of generated M(3π). An event with a reconstructed
mass outside of the generated mass bin is still treated
as signal within the bin. The event selection and signal-
extraction procedure is repeated on the simulated signal
sample. The efficiency in each bin is the ratio of the num-
ber of reconstructed events divided by that of generated
events. The efficiency is fitted with a third-order poly-
nomial function over the 3π mass range 0.7–3.5GeV/c2,
and is used as the signal efficiency.
The efficiency varies from 8.8% to 6.6% in the mass

range 0.7–3.5GeV/c2 as shown in Fig. 11. The main fac-
tors that determine the efficiency are the geometrical ac-
ceptance of the ISR photon and the π0 efficiency. The
ISR photon is generated in the range 20◦ < θ∗ < 160◦

but is limited to the barrel region 37.3◦ < θlab. < 123.7◦

by the baseline selection. The efficiency is reduced by
40% by this requirement. The π0 efficiency is about 50%.
The trigger efficiency is close to 100% but is prescaled by
a factor of two, i.e., events meeting the trigger criteria
are accepted once every two events, in half of the sample
to meet data-acquisition bandwidth restrictions, result-
ing in a 77% average trigger efficiency over the entire
sample.
We validate the efficiency from Monte Carlo simulation

by using data control samples, each specially selected to
check an individual contribution to the efficiency, such as
tracking, ISR photon detection, π0 detection, trigger, and
background suppression. The corrected signal efficiency
is defined as

ε ≡ εsim
∏
i

(1 + ηi), (7)

where εsim is the efficiency estimated on simulation, i
is an index running over the individual corrections, and
(1 + ηi) are the correction factors. We determine each
value of ηi by taking the ratio of the efficiency deter-
mined in control data εdata,i to the efficiency in simu-
lation εsim,i, as ηi ≡ (εdata,i/εsim,i − 1). For some ef-
fects, the correction factors are calculated by dividing the
3π mass region into three ranges: below 1.05GeV/c2, in
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Figure 12. Visual representation of the two classes of tracks:
(a) events with tracks having ∆φ < 0 and (b) events with
tracks having ∆φ > 0. The magnetic field axis, +z axis, is
vertical out of the page. The central dot is the IP and the
circle is the CDC outer frame. The blue arcs are charged
tracks.

1.05–2.0GeV/c2, and above 2.0GeV/c2. In the following
subsections, we discuss the evaluation of data-simulation
differences for each source. The total efficiency correction
obtained using Eq. (7) is (−4.6±1.5)% for the region be-
low 1.05GeV/c2 and (−4.6 ± 2.4)% for the region above
1.05GeV/c2. No strong mass dependence is found.

A. Tracking efficiency

The tracking efficiency for pions is studied using
e+e− → τ+τ− data, in which one τ decays into leptons
and the other decays into three charged pions. Three
good-quality tracks are used to tag tau-pair events and
the existence of an additional track is inferred from
charge conservation. The efficiencies in the data and in
the simulation are in good agreement, resulting in a sys-
tematic uncertainty of 0.3% per track without any cor-
rection factor.

Tracks may be lost when the opening angle between
them is small and many CDC wire hits are shared. The
opening angle between two tracks in the azimuthal plane
relative to the magnetic field axis is ∆φ = φ+ − φ−,
where the superscript indicates the charge of the parti-
cle. A sketch of ∆φ is shown in Fig. 12. A negative ∆φ
corresponds to fewer shared hits and less track loss, while
a positive ∆φ is more likely to yield track loss. The az-
imuth difference |∆φ| shown in Fig. 13 indicates a clear
difference between positive and negative ∆φ events. The
efficiency due to the track loss effect is calculated as a
sum of the number of positive and negative ∆φ events
divided by twice the number of negative ∆φ events using
a π+π−π0γ signal sample in the ω and ϕ resonance re-
gions, 0.72–0.84GeV/c2 and 0.98–1.05GeV/c2. The data-
to-simulation correction for the track loss efficiency is
(−1.1± 0.5)%.

The efficiency for the requirement on the number of
CDC wire hits is about 99%. To check the depen-
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Figure 13. Azimuthal difference |∆φ| in pairs of tracks in
data at the ω and ϕ resonances. The histograms show ∆φ < 0
pairs (solid) and ∆φ > 0 pairs (dashed).

dence of this efficiency on the wire-hits requirements, the
fraction of tracks passing the hit requirements is stud-
ied using events passing the full signal selection except
for the CDC hit criteria. The difference between the
data and simulation is assigned as a correction factor,
(−0.3±0.1)% forM(3π) < 1.05GeV/c2 and (−0.6±0.2)%
for M(3π) > 1.05GeV/c2.
By linearly adding these differences, the correction fac-

tor associated with the tracking efficiency is estimated to
be ηtrack = (−1.4 ± 0.8)% for M(3π) < 1.05GeV/c2 and
(−1.7± 0.8)% for M(3π) > 1.05GeV/c2.

B. ISR photon detection efficiency

The ISR photon detection efficiency is studied with
an e+e− → µ+µ−γ control sample. The expected pho-
ton position and energy can be determined from the re-
coil momentum of the reconstructed muon pair. These
muon-pair events are divided into bins of recoil momen-
tum, polar and azimuth angle. The photon detection
efficiency is the fraction of the muon pairs for which a
neutral cluster having position and energy inferred from
the recoil momentum is reconstructed. Photon loss oc-
curs primarily due to conversion into e+e− pairs in the
detector material. A correction factor for the photon de-
tection efficiency is obtained, ηphoton = (0.2± 0.7)%.

C. π0 detection efficiency

The π0 detection efficiency is obtained using the fol-
lowing reaction in the ω resonance region

e+e− → ωγ → π+π−π0γ. (8)

We measure the π0 efficiency ϵi(π
0) using the formula

ϵi(π
0) =

Ni,full

Ni,part
, (9)
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Figure 14. (a) Three-pion mass M(π+π−π0
rec.) distribution for event fully reconstructed using π+π−γ particles. The shaded

histograms in the top panel show the result of a M(π+π−π0
rec.) fit to the data with signal and background components. The

differences between data and fit results divided by the data uncertainties (pull) are shown in the bottom panel. (b) The same
M(π+π−π0

rec.) distribution for the events fully reconstructed using π+π−π0γ particles. The convention of the figure is the
same as (a). (b) The shaded histograms, which show simulated signal and background, are normalized to the data to check the
consistency of the signal model. The data-to-simulation ratio is shown in the bottom panel.

where i is an index for data or simulation. The numer-
ator, Ni,full, is the number of events in which all parti-
cles in the reaction, including the π0, are detected. The
denominator, Ni,part, is the number of events in which
the reaction is reconstructed without requiring that the
π0 be reconstructed. Since the process in Eq. (8) is ex-
clusive, one can infer the presence of the π0 from the
mass recoiling against the π+π−γ system, without re-
constructing the π0. By counting the number of events
recorded in this way, the number of π0’s that are needed
for the efficiency determination is known. In addition,
the prominent ω signal is used to determine the relevant
yields.

We carry out a one-constraint (1C) kinematic fit with
the hypothesis that the mass recoiling against the π+π−γ
system is the known π0 mass [51] in order to infer
the π0 momentum. After the kinematic fit, we ob-
tain partially-reconstructed events by requiring good fit
quality, χ2

1C,2πγ < 10. We denote the invariant mass

of the 3π system calculated using the π0 momentum
as M(π+π−π0

rec.). We obtain fully-reconstructed events
from the partially-reconstructed ones with π0’s detected
using the same π0 criteria used in the initial event selec-
tion. The criteria of χ2

2π3γ < 50 is also imposed to ensure
signal purity.

The values of Ni,part are determined from a fit to the
M(π+π−π0

rec.) distribution of the partially-reconstructed
π+π−γ events. The M(π+π−π0

rec.) distribution, in
Fig. 14(a), shows a prominent ω signal. The background
is from the processes e+e− → π+π−π0π0γ, e+e− →
ϕγ → K0

SK
0
Lγ, and e

+e− → qq(γ). We check the shape
of each background predicted by the simulation using
data samples specially selected to enhance each contri-

bution. The signal probability density function (PDF)
for the M(π+π−π0

rec.) distribution is obtained from the
simulation, and the consistency of the PDF shape is con-
firmed using the data in the fully-reconstructed events,
which are shown in Fig. 14 (b). The values of Ni,full

are determined from a fit to the M(γγ) distribution for
the fully-reconstructed events in the sameM(π+π−π0

rec.)
range as Ni,part.

From the data-to-simulation ratio determined in this
way, the correction factor for the π0 efficiency is deter-
mined to be ηπ0 = (−1.4 ± 1.0)%. The uncertainty in
ηπ0 is dominated by the uncertainty in the background
contamination for the data in the denominator.

D. Efficiency for kinematic-fit quality selection

The efficiency of the requirement χ2
2π3γ < 50 can be

tested using an e+e− → µ+µ−γ control sample, which
provides high purity µ+µ−γ events without a χ2 require-
ment. In addition, the signal and this data control sample
have similar kinematic properties as they both include an
ISR photon and two oppositely charged particles of sim-
ilar masses. We define the efficiency as a function of the
χ2-threshold χ2

thr as

ϵ(χ2
thr) =

N(χ2 < χ2
thr)

Nall
, (10)

where Nall and N(χ2 < χ2
thr) are the total number of

events before and after the χ2 requirement. Using the χ2
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Figure 15. (top) Distribution of χ2
2µγ and (bottom) data-

to-simulation ratio of the χ2
2µγ efficiency ϵ(χ2

thr). In the top
panel, the points with error bars represent the data and the
filled histogram represents the simulated sample normalized
to the integrated luminosity of data.

distribution function f(χ2), these values are given by

Nall =

∫ ∞

0

f(χ2)dχ2, N(χ2 < χ2
thr) =

∫ χ2
thr

0

f(χ2)dχ2.

We show the χ2 distribution f(χ2) for e+e− → µ+µ−γ
events in the dimuon mass range below 1.05GeV/c2 in
the upper figure in Fig. 15. The points with error bars
are the data and the filled histogram is the simulation.
From these distributions, we can obtain the efficiency in
Eq. (10) for the data and the simulation separately. The
lower figure in Fig. 15 shows the data-to-simulation ratio
of the efficiency ϵ(χ2

thr) as a function of χ2
thr. For any

value of χ2
thr above χ2

thr > 20, the data-to-simulation
ratio of the efficiency for µ+µ−γ is close to 1.00 within
0.2%. To address the uncertainty from the difference in
the kinematic properties of charged particles between the
µ+µ− and 3π samples, we examine subsamples divided
by muon momentum. The data-to-simulation ratios are
tested in the subsamples, and half of the minimum and
maximum ratios are assigned as a systematic uncertainty
of 0.6%. A correction for the difference in the 4C fit
χ2 originating from the two photons of π0 decay is
included in the π0 efficiency correction by imposing
the χ2

2π3γ requirement on the numerator. From these
results, we determine that the correction factor for the
selection on the 4C kinematic fit is ηχ2 = (0.0 ± 0.6)%
for M(3π) < 1.05GeV/c2. A similar test is performed
for the mass region above 1.05GeV/c2 and the results
are summarized in Table I.

E. Monte Carlo generator effects

The good agreement in ε(χ2
thr) between data and sim-

ulation samples generated using the KKMC generator in-
dicates that missing higher-order radiative effects, which
could modify the event kinematic properties and degrade
the kinematic fit χ2, are not significant for this generator.

In contrast, a BABAR study of the PHOKHARA gener-
ator used for signal simulation found a 20% excess of
events with an additional energetic ISR photon along
the beam line, in PHOKHARA relative to data [52].
The ISR-based analysis at BABAR is not impacted as
it relied on a different generator, but our analysis, based
on PHOKHARA, could be affected. Since the BABAR
study used e+e− → π+π−γ and e+e− → µ+µ−γ pro-
cesses, we reproduce the effect of these processes using
e+e− → π+π−π0γ events in Belle II data. A study of
e+e− → π+π−π0γ using a three-constraint kinematic
fit, which allows for an additional ISR photon along the
beamline, corroborates BABAR’s findings. Events with
such an additional photon usually fail the χ2

2π3γ selection
criterion. Removing this excess in the simulation would
increase the measured signal efficiency by (2.4 ± 0.7)%.
The BABAR study also indicates that events with two
additional energetic photons, a process not simulated by
PHOKHARA, make up (3.5± 0.4)% of the events in the rel-
evant mass range, which can be compared to the total
fraction with a single photon and two additional photons
(21.8± 0.4)%. If included in the simulation, such events
would be expected to reduce the signal efficiency by an
amount comparable to a 1.9% change in efficiency. We do
not assign a correction to signal efficiency for these gener-
ator effects, but instead, assign an additional uncertainty
of 1.2% as a systematic uncertainty for the generator,
which is the sum in quadrature of the 0.7% uncertainty
due to a single additional photon and 0.95%, correspond-
ing to half of the uncertainty due to two additional pho-
tons.

F. Trigger efficiency

To evaluate the efficiency of the ECL energy trigger,
e+e− → µ+µ−γ events triggered by a tracking trigger
based on CDC and KLM signals are selected and used as
a reference. The track trigger matches CDC tracks with
KLM hits, allowing for high trigger efficiency for events
with one or more barrel muons. This provides a data
sample of 12 million e+e− → µ+µ−γ events independent
of the ECL trigger. The trigger efficiency tested in this
way using the data is close to 100%. Taking the ratio
of the trigger efficiency between the data and the simu-
lation, we obtain a data-to-simulation correction factor,
ηtrig = (−0.09 ± 0.08)% for the 0.62–1.05GeV/c2 in the
three-pion mass range that includes the ω and ϕ reso-
nances, (−0.08 ± 0.08)% for the 1.05–2.0GeV/c2 range,
and (−0.06± 0.08)% for the 2.0–3.5GeV/c2 range.
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Figure 16. Diphoton mass distributions for (left) events in the 3π mass region below 1.05GeV/c2 and (right) in the 1.05–
2.00GeV/c2 range with the fit projection overlaid. The points with error bars represent the data passing all event selections.
The solid and dashed curves show the total and background contributions to the fit result. The differences between data and
fit results divided by the data uncertainties (pull) are shown in the bottom panel.

G. Efficiency for background-suppression criteria

Several background suppression criteria are applied in
Sec. III B. We evaluate the net signal efficiency by com-
paring the ratio of the signal yield before and after ap-
plying these criteria for the data and the simulation sep-
arately. The criteria include particle identification and
π+π−γ, µ+µ−γ, π+π−π0π0γ, and non-ISR qq suppres-
sion. The efficiency in data and simulation is the fraction
of background-subtracted events passing the selection.
Even without these selections the signal purity near the
ω and ϕ resonances is 97%. The correction factor for the
three-pion mass region below 1.05GeV/c2 is estimated to
be ηsel = (−1.9±0.2)% using events in the ω and ϕ reso-
nance regions. The correction factor in the region above
1.05GeV/c2 is evaluated from a fit to the J/ψ resonance
to be (−1.8± 1.9)%.

VI. SIGNAL EXTRACTION AND UNFOLDING

A. Measured three-pion mass spectrum

To better estimate the three-pion mass, we re-evaluate
the π+π−π0 mass using the momenta determined from
five-constraint kinematic fits, which constrain the dipho-
ton mass to match the known π0 mass, in addition to the
constraints of four-momentum conservation. The M(3π)
bin width is varied depending on the 3π invariant mass:
2.5MeV/c2 in the ω and ϕ resonance regions, 20MeV/c2

in the region below 0.7GeV/c2, and 25–50MeV/c2 in the
region above 1.05GeV/c2. A fit to the M(γγ) distribu-
tion in each bin is applied to extract the π0 signal yield.
The signal PDF is modeled with the sum of a Novosibirsk
function [53] and a Gaussian function, and the PDF for

combinatorial background is assumed to be a quadratic
function. Before performing the fit for each bin, the six
line-shape parameters of the signal PDF, three param-
eters for the Novosibirsk function, two parameters for
the Gaussian function, and their ratio, are determined
by fitting events populating the M(3π) range below and
above 1.05GeV/c2. The M(γγ) distributions for the low
and high mass regions are shown in Fig. 16. To extract
the signal yield in each M(3π) bin, a binned maximum-
likelihood fit is carried out with the signal PDF described
above and a linear function to describe the combinatorial
background. The linear function is intended to stabilize
the fit in π+π−π0 bins with small amounts of combinato-
rial background. In the fit, the signal normalization and
background parameters are allowed to float. Figure 17
shows the M(γγ) distributions for events with M(3π) in
the ω resonance region and around 900MeV/c2, respec-
tively. These are typical examples of signal-extraction
fits in cases of large or small M(3π) bin populations.
Figures 18 (a) and (b) show the signal yields result-
ing from the M(γγ) fits as functions of M(3π), corre-
sponding to the background-subtracted signal spectrum.
We find prominent ω, ϕ, and J/ψ signal peaks. In the
1.1–1.8GeV/c2 region, broad enhancements due to the
ω(1420) and ω(1650) resonances are also visible.

B. Unfolding procedure

The signal-only 3π mass spectrum resulting from the
signal extraction fits is unfolded to account for the migra-
tion of events between bins due to the effect of detector
response and FSR. An iterative dynamic stable unfold-
ing method (IDS) [54] is used to unfold the original signal
yield. The typical M(3π) mass resolution based on sim-
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Figure 17. Diphoton mass distributions (a) for events in the 3π mass range 0.7825–0.7850GeV/c2 and (b) for events in the 3π
mass range 0.9000–0.9025GeV/c2. The convention in the figure is the same as in Fig. 16.
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Figure 18. Distribution of 3π mass spectrum (left) for M(3π) less than 1.05GeV/c2 and (right) for M(3π) greater than
1.05GeV/c2. The points with error bars are determined from diphoton mass fits in each M(3π) bin. The filled stacked
histograms are the estimated contributions of residual backgrounds. The number of events measured in each M(3π) bin is
scaled to the 25MeV/c2 bin width.

ulation is 6.5MeV/c2 at the ω resonance. The detector
resolution is comparable to the width of the ω and ϕ
resonances.

Unfolding transforms a measured spectrum into a gen-
erated spectrum based on a transfer matrix Aij . The
matrix Aij , which describes the number of events gen-
erated in the jth M(3π) bin and reconstructed in the
ith M(3π) bin, is obtained from the simulated sample
shown in Fig. 19. The IDS method allows the unfolding
of structures that are not modeled in the simulation and
avoids fluctuations from the background subtraction.

Before performing the unfolding procedure, we evalu-

ate potential data-simulation differences in the transfer
matrix resulting from an incomplete simulation of the
mass resolution and momentum or energy scale since
the IDS method does not compensate for these differ-
ences. We assess these differences by fitting the signal-
only 3π mass spectrum in data using a model that in-
cludes the transfer matrix, the simulated distribution,
and a Gaussian smearing term to represent a possible
shift in the measured mass and a degradation of the reso-
lution in data. In the ω and ϕ resonance regions, the sim-
ulated spectrum convolved with a single Gaussian func-
tion serves as the fit function, where the parameters of
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Figure 19. Transfer matrix obtained from simulation (left) for M(3π) < 1.05GeV/c2 and (right) for M(3π) > 1.05GeV/c2.
The horizontal axis is the measured M(3π) value and the vertical axis is the generated M(3π) value.

resonance shapes rely on PHOKHARA. The fit function can
be written as(

dN

d
√
s′

)meas

i

=
∑
j

Aij

[(
dN

d
√
s′

)gen

∗G
]
j

, (11)

where i is the index of the M(3π) mass bin where the
event is reconstructed, j is that of the generated one,

(dN/d
√
s′)

meas/gen
i/j is the simulated signal yield observed

in bin i or generated in bin j, G is a Gaussian function
with mean and width left free in the fit, and the opera-
tor ∗ represents the convolution integral. In the ω reso-
nance region, the mass bias, represented by the mean of
the convolved Gaussian function, is −0.46± 0.06MeV/c2

and the width is 1.1 ± 0.2MeV/c2. For the ϕ resonance,
the mass bias is −0.78 ± 0.01MeV/c2 and the width is
consistent with zero. Consistency in the high invari-
ant mass region is confirmed using the J/ψ resonance
as shown in Fig. 20. The intrinsic width of the J/ψ is
much smaller than the expected detector resolution of
11MeV/c2. Therefore, the shape of the J/ψ resonance
is a good probe of the resolution. The mass bias and
resolution at the J/ψ resonance are obtained by fitting
a Voigt function with resolution taken from simulation.
The mass bias is −1.4 ± 0.1MeV/c2, and the resolution
for the J/ψ signal is 11MeV/c2 (Fig. 20). No difference in
the resolution is observed between data and simulation.

Figure 21 compares the simulated M(3π) resolution
with that from the simulation convolved with the Gaus-
sian function that includes the data-to-simulation differ-
ences determined using the data fits in the ω resonance
region. A slight difference is observed and used to cor-
rect for the unfolding matrix with a Gaussian smearing.
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Figure 20. Three-pion mass distribution at the J/ψ reso-
nance region. The points with error bars are the data and
the solid histogram is the simulation normalized by the signal
yields in data.

The typical mass resolution after correction has a width
of 6.6MeV/c2 at the ω resonance, 7.5MeV/c2 at ϕ reso-
nance, 8MeV/c2 at 2GeV/c2, and 11MeV/c2 at 3GeV/c2.

VII. CROSS-SECTION MEASUREMENT AND
SYSTEMATIC UNCERTAINTY

The dressed cross section is calculated from the un-
folded 3π mass spectrum using Eq. (3), where dNvis/d

√
s′

corresponds to the unfolded spectrum. The correction
factor for the higher-order ISR processes, rrad, is evalu-
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Table I. Summary of fractional systematic uncertainty (%) in the e+e− → π+π−π0 cross section for three different energy
regions. The values in parentheses are the efficiency correction factors ηi defined in Eq. (7). The systematic uncertainties due
to the background subtraction and unfolding, which depend on the 3π mass bin, show the range from minimum to maximum
in the energy regions of M(3π) near the ω resonance, 1.1–1.8GeV/c2 and 2.0–3.0GeV/c2.

Source
Systematic uncertainty (efficiency correction factor ηi) %

0.62–1.05GeV/c2 1.05–2.00GeV/c2 2.0–3.5GeV/c2

Tracking 0.8 (−1.35) 0.8 (−1.71) 0.8 (−1.71)
ISR photon detection 0.7 (+0.15) 0.7 (+0.15) 0.7 (+0.15)
π0 detection 1.0 (−1.43) 1.0 (−1.43) 1.0 (−1.43)
Kinematic fit (χ2) 0.6 (+0.0) 0.3 (+0.30) 0.3 (+0.30)
Trigger 0.1 (−0.09) 0.1 (−0.08) 0.1 (−0.06)
Background suppression 0.2 (−1.90) 1.9 (−1.78) 1.9 (−1.78)
Monte Carlo generator 1.2 1.2 1.2
Integrated luminosity 0.6 0.6 0.6
Radiative corrections 0.5 0.5 0.5
Simulated sample size 0.2 0.2–0.5 0.5–1.6
Background subtraction 0.2–2.3 0.4–7.2 4.4–44
Unfolding 0.7–25 0.2–5.1 0.3–11
Total uncertainty 2.3-25 2.9–8.8 6.4-44
(Total correction ε/εsim − 1) (−4.61) (−4.55) (−4.53)
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Figure 21. Mass resolution in the range 0.72 < M(3π) <
0.84GeV/c2. The solid histogram shows the resolution of the
simulation and the dashed histogram shows the simulated res-
olution convolved with the Gaussian correction function ob-
tained from data.

ated using the PHOKHARA generator. We generate events
using the leading order radiator function with single ISR
photon emission and a next-to-leading order contribution
with one or two ISR photon emissions. FSR emission is
not simulated. An ISR photon is generated within the
range 20◦–160◦, and the invariant mass of the 3π sys-
tem and the ISR photon is required to be greater than
8GeV/c2. The ratio of the yields of next-to-leading-order
to leading-order events is calculated as a function of 3π
invariant mass. The radiative correction rrad is 1.0080
for the mass range 0.5–1.05GeV/c2, 1.0078 for the mass
range 1.05–2GeV/c2, and 1.0125 for the mass range 2.0–
3.5GeV/c2 with a systematic uncertainty of 0.5% [21].

A summary of the contributions to the systematic un-
certainty for the cross section measurement is given in

Table I, for three different energy regions. In the table,
we also give the efficiency correction factors ηi in paren-
theses. We discuss each contribution following the order
shown in the table.

Uncertainties from the trigger, ISR photon detection,
tracking, and π0 detection efficiencies are discussed in
Sec. V, and are mainly driven by the size of the data sam-
ple in the control region. The uncertainty in the event
selection using 4C fits as well as other special require-
ments for the background suppression are also checked
by comparing the data-to-simulation difference with and
without the corresponding requirement. In the region be-
low 1.05GeV/c2, the main systematic uncertainty is from
the correction for tracking and π0 detection efficiency. In
the region above 1.05GeV/c2, the main systematic un-
certainty is from the correction for background suppres-
sion. This originates from the statistical uncertainty of
the J/ψ → π+π−π0 data sample used for the evaluation.

The systematic uncertainty due to mismodeling of the
Monte Carlo generator is 1.2%. The uncertainty about
how the extra ISR photon simulation in PHOKHARA will
change the event selection efficiency, as discussed in
Sec. VE.

The integrated luminosity obtained using Bhabha and
γγ processes is Lint = 190.6 ± 1.2 fb−1, resulting in a
0.63% systematic uncertainty [55]. A drift of the beam
energy of at most 6MeV is observed during data tak-
ing. The impact of this shift on the effective luminosity
is 0.1%, which is accounted for by the systematic uncer-
tainty of the integrated luminosity.

The systematic uncertainty for radiative corrections is
0.5%, which arises from higher-order ISR processes in the
PHOKHARA generator [21].

The size of the simulated sample used for the first ap-
proximation of the signal efficiency gives a systematic
uncertainty, which depends on the 3π mass and is typi-
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cally 0.2% at the ω resonance, increasing to about 1.6%
as the mass increases.

The uncertainty in the background subtraction is de-
termined by the statistical and systematic uncertainties
of the control sample. The systematic uncertainty is
0.2%–2.3% at the ω resonance, and 0.4%–7.2% for the
range 1.1–1.8GeV/c2.
Several checks on the uncertainty of the unfolding are

carried out. We check the dependence on the four regu-
larization parameters in the IDS method by varying them
from their optimum values and observe no significant
change. In addition, a possible bias in the unfolding pro-
cedure is checked by a simulation study with at least ten
times more events than in data. A simulated spectrum
is generated by fluctuating the population of each bin in
the generated spectrum by its statistical uncertainty, and
the corrected transfer matrix is used to produce a mea-
sured spectrum. The differences between the unfolded
and true spectrum are assigned as a systematic uncer-
tainty of about 0.3% near the ω and ϕ resonances, and
0.9%–6% above 1.05GeV/c2. In the mass range below
0.7GeV/c2, the systematic uncertainty for the unfolding
is greater than 10% and is the main source of systematic
uncertainty.

The total systematic uncertainty, listed in Table I, is
obtained by taking the quadrature sum of all contribu-
tions in the table. The total systematic uncertainty in
the ω resonance region is 2.1%, which is dominated by
the uncertainty of efficiency correction factors.

VIII. CROSS SECTION RESULT

The resulting dressed cross section for the e+e− →
π+π−π0 process is given in Fig. 22 and summarized in
Appendix A. The corresponding covariance matrices, for
both statistical and systematic components, are provided
in the supplemental material [56]. Other systematic un-
certainties that are largely common in wide energy re-
gions are listed in Table I. The total correlated system-
atic uncertainty is 2.15% below 1.05GeV and is 2.80%
above 1.05GeV. Figures 22 (a)–(f) show comparisons
of the dressed cross section to previous measurements.
In the energy range 3.0 <

√
s′ < 3.2GeV, the nonres-

onant cross sections are obtained after subtracting the
J/ψ → π+π−π0 contribution from the spectrum. A com-
parison of previous measurements with the results of this
work is shown in Fig. 23, where the dotted and dashed
lines show our systematic and total uncertainties.

The differences across the measurements are visible in
the cross section at the ω resonance. Below 0.78GeV,
our results are consistent with those of BABAR due to
large statistical uncertainties. In the energy region 0.78–
0.80GeV, BABAR reports a smaller cross section than
Belle II. Above 0.8GeV, BABAR results are also smaller
than ours but the difference is about the same size as our
total uncertainties.

IX. CONTRIBUTION TO aHVP
µ

The 3π contribution to the leading-order HVP term in
aµ is given by

aHVP,LO
µ =

α

3π2

∫ ∞

m2
π

K(s)

s
Rhad(s)ds, (12)

where K(s) is the QED kernel function [4]. The hadronic
R-ratio is expressed in terms of the ratio of bare hadron-
and muon-pair cross sections,

Rhad(s) =
σ0(e

+e− → hadrons)

σpt(e+e− → µ+µ−)
, (13)

where the point-like cross section σpt(e
+e− → µ+µ−) =

4πα2/3s. The bare cross section σ0 is obtained from the
dressed cross section, given in Eq. (3), by removing the
vacuum polarization effects

σ0 = σdressed|1−Π(s′)|2. (14)

The value and uncertainty of the vacuum polarization
correction |1−Π(s′)|2 are given in Ref. [57] and displayed
in Fig. 24. The uncertainty is 0.06% below 1.05GeV and
0.02% above 1.05GeV.
Using these values and integrating over the 3π cross

section measured by Belle II from 0.62 to 1.8GeV, we
obtain

a3πµ = (48.91± 0.23± 1.07)× 10−10, (15)

where the first uncertainty is statistical and the second is
systematic. The value of a3πµ is determined with 2.2% ac-
curacy. The contributions to the systematic uncertainty
for a3πµ are summarized in Table II. The main sources are
the uncertainty due to efficiency corrections and Monte
Carlo generator. The results can be compared to those
obtained by the BABAR experiment [31],

a3πµ (0.62–2.0GeV) = (45.86± 0.14± 0.58)× 10−10

and the global fit of Ref. [32], which includes the BABAR
result,

a3πµ (0.62–1.8GeV) = (45.91± 0.37± 0.38)× 10−10.

The Belle II cross section is 6.9% higher than the cross
section observed by BABAR and 6.5% higher than the
result of the global fit. The compatibility with either is
2.5σ. The values of a3πµ are calculated separately for the
energy ranges below 1.05GeV and 1.05–2.0GeV to com-
pare with BABAR, and in both regions, the differences
are 7%.

X. DISCUSSION

Although similar analysis procedures are used by
BABAR [31] and Belle II measurements, there are sev-
eral differences. The data size used by Belle II (191 fb−1)
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Figure 22. Observed e+e− → π+π−π0 cross section as a function of energy compared with previous results. Each panel covers
a different energy range. Circles with error bars are the Belle II results, squares are the BABAR results [31], triangles are the
SND results [23, 24, 29], and diamonds are the CMD-2 results [27, 28].
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Figure 23. Differences between e+e− → π+π−π0 cross-section results from previous measurements and results of this work,
as functions of energy (markers with error bars). Belle II results are taken as the reference at zero, with dashed (dotted) lines
corresponding to the total (systematic) uncertainties. Squares are the BABAR results [31], triangles are the SND results [24],
and diamonds are the CMD-2 results [27].

is 2.4 times smaller than that of BABAR (469 fb−1). The
generator used for the signal simulation is AfkQed [58–
60] in BABAR and is PHOKHARA [20, 21, 40] in Belle II.
There is a difference in the ISR QED simulation between
the two programs. Both experiments use kinematical 4C
fits for the signal selection. However, BABAR uses only
the measured direction for the ISR photon keeping the
energy as a free parameter of the fit while Belle II uses
the measured ISR photon energy in their 4C fit. BABAR
selects π0’s by counting the number of events in a mass
window in M(γγ), while Belle II determines the π0 yield
by fitting the M(γγ) distribution. Although the size of
the background in the ω region is less than 1% in both
experiments, these differences affect the size of the re-
maining background.

The systematic uncertainty of the cross section in the
ω resonance region is 1.3% for BABAR and is 2.2% in
Belle II. BABAR’s systematic uncertainty is dominated
by detector effects (1.2%), which are mainly due to the
uncertainty in π0 detection and tracking. Belle II’s un-
certainty is also dominated by the uncertainty on the π0

efficiency (1.0%) and tracking efficiency (0.8%). In addi-
tion, Belle II takes into account 1.2% due to the uncer-
tainty in ISR photon simulation according to the recent
observation in Ref. [52].

XI. SUMMARY

In summary, we have measured the cross section for
the process e+e− → π+π−π0 in an energy range from
0.62 to 3.5GeV, using the ISR technique. We use a
191 fb−1 e+e− data sample collected by Belle II at an
e+e− c.m. energy at or near the Υ (4S) resonance. The
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Figure 24. Energy dependence of the vacuum polarization
corrections |1−Π(s′)|2 reproduced from Ref. [57].

systematic uncertainty of the cross section is about 2.2%
at the ω and ϕ resonances, where the cross section is
large. At other energies, the precision is limited by the
statistical uncertainty. The resulting contribution, at
leading order in HVP, to the muon anomalous magnetic
moment is a3πµ = (48.91 ± 0.23 ± 1.07) × 10−10 in the
0.62–1.8GeV energy range. The Belle II result differs by
2.5σ from the current most precise measurement [31] and
global fits [32].
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Table II. Summary of contributions to the systematic uncer-
tainty in a3πµ (%).

Source Systematic uncertainty (%)
Efficiency corrections 1.63
Monte Carlo generator 1.20
Integrated luminosity 0.64
Simulated sample size 0.15
Background subtraction 0.02
Unfolding 0.12
Radiative corrections 0.50
Vacuum polarization corrections 0.04
Total 2.19
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Table III. Energy bin range (
√
s′), number of events after unfolding (Nunf), corrected efficiency (ε), and cross section (σ3π) for

e+e− → π+π−π0 in energy range 0.62–1.05GeV. The two uncertainties in the cross section are the statistical and systematic
contributions. The statistical uncertainties for the unfolding and cross section are square roots of the diagonal components of
the unfolding covariance matrix.

√
s′ (GeV) Nunf ε (%) σ (nb)

√
s′ (GeV) Nunf ε (%) σ (nb)

0.6200–0.6400 2 ± 3 9.16 ± 0.15 0.07 ± 0.13 ± 0.02 0.8700–0.8725 52 ± 8 8.18 ± 0.13 14.26 ± 2.12 ± 0.89
0.6400–0.6600 5 ± 4 9.16 ± 0.15 0.21 ± 0.17 ± 0.02 0.8725–0.8750 50 ± 7 8.18 ± 0.13 13.65 ± 1.81 ± 1.07
0.6600–0.6800 16 ± 5 9.16 ± 0.15 0.63 ± 0.22 ± 0.03 0.8750–0.8775 49 ± 6 8.17 ± 0.13 13.40 ± 1.64 ± 1.11
0.6800–0.7000 28 ± 8 9.16 ± 0.15 1.08 ± 0.31 ± 0.05 0.8775–0.8800 33 ± 7 8.17 ± 0.13 8.95 ± 1.92 ± 1.12
0.7000–0.7025 −2 ± 2 8.52 ± 0.14 −2.06 ± 1.82 ± 1.82 0.8800–0.8825 44 ± 5 8.16 ± 0.13 12.06 ± 1.38 ± 0.62
0.7025–0.7050 3 ± 2 8.51 ± 0.14 1.04 ± 0.77 ± 0.52 0.8825–0.8850 39 ± 7 8.16 ± 0.13 10.57 ± 1.97 ± 0.70
0.7050–0.7075 6 ± 2 8.51 ± 0.14 1.91 ± 0.75 ± 0.36 0.8850–0.8875 45 ± 6 8.15 ± 0.13 12.14 ± 1.56 ± 0.66
0.7075–0.7100 11 ± 4 8.50 ± 0.14 3.54 ± 1.40 ± 0.89 0.8875–0.8900 32 ± 7 8.15 ± 0.13 8.74 ± 1.88 ± 0.63
0.7100–0.7125 9 ± 4 8.50 ± 0.14 2.84 ± 1.30 ± 0.55 0.8900–0.8925 39 ± 8 8.14 ± 0.13 10.55 ± 2.08 ± 1.19
0.7125–0.7150 9 ± 6 8.49 ± 0.14 3.01 ± 1.80 ± 0.51 0.8925–0.8950 40 ± 6 8.14 ± 0.13 10.82 ± 1.64 ± 1.62
0.7150–0.7175 32 ± 8 8.49 ± 0.14 10.36 ± 2.43 ± 1.24 0.8950–0.8975 40 ± 5 8.14 ± 0.13 10.84 ± 1.31 ± 0.60
0.7175–0.7200 9 ± 3 8.48 ± 0.14 2.84 ± 0.92 ± 0.52 0.8975–0.9000 41 ± 4 8.13 ± 0.13 11.01 ± 1.18 ± 0.69
0.7200–0.7225 9 ± 3 8.48 ± 0.14 2.76 ± 0.98 ± 0.50 0.9000–0.9025 46 ± 7 8.13 ± 0.13 12.30 ± 1.86 ± 0.55
0.7225–0.7250 11 ± 2 8.47 ± 0.14 3.43 ± 0.79 ± 0.78 0.9025–0.9050 26 ± 7 8.12 ± 0.13 7.00 ± 1.74 ± 0.44
0.7250–0.7275 14 ± 4 8.46 ± 0.14 4.34 ± 1.23 ± 0.69 0.9050–0.9075 44 ± 6 8.12 ± 0.13 11.82 ± 1.48 ± 0.34
0.7275–0.7300 14 ± 3 8.46 ± 0.14 4.45 ± 1.09 ± 0.69 0.9075–0.9100 42 ± 7 8.11 ± 0.13 11.28 ± 1.87 ± 0.99
0.7300–0.7325 18 ± 5 8.45 ± 0.14 5.78 ± 1.58 ± 0.49 0.9100–0.9125 40 ± 5 8.11 ± 0.13 10.70 ± 1.35 ± 1.06
0.7325–0.7350 39 ± 8 8.45 ± 0.14 12.43 ± 2.56 ± 1.00 0.9125–0.9150 42 ± 6 8.10 ± 0.13 11.13 ± 1.51 ± 0.46
0.7350–0.7375 50 ± 9 8.44 ± 0.14 15.79 ± 3.00 ± 1.94 0.9150–0.9175 41 ± 5 8.10 ± 0.13 10.94 ± 1.42 ± 1.39
0.7375–0.7400 39 ± 10 8.44 ± 0.14 12.39 ± 3.17 ± 3.17 0.9175–0.9200 47 ± 10 8.10 ± 0.13 12.48 ± 2.70 ± 1.22
0.7400–0.7425 33 ± 9 8.43 ± 0.14 10.50 ± 2.88 ± 0.72 0.9200–0.9225 38 ± 5 8.09 ± 0.13 9.93 ± 1.31 ± 0.28
0.7425–0.7450 62 ± 9 8.43 ± 0.13 19.35 ± 2.93 ± 1.30 0.9225–0.9250 38 ± 7 8.09 ± 0.13 10.06 ± 1.78 ± 1.06
0.7450–0.7475 47 ± 9 8.42 ± 0.13 14.77 ± 2.66 ± 0.47 0.9250–0.9275 42 ± 5 8.08 ± 0.13 11.01 ± 1.35 ± 0.79
0.7475–0.7500 66 ± 12 8.42 ± 0.13 20.64 ± 3.76 ± 2.35 0.9275–0.9300 26 ± 6 8.08 ± 0.13 6.85 ± 1.65 ± 0.49
0.7500–0.7525 70 ± 10 8.41 ± 0.13 21.63 ± 3.17 ± 3.16 0.9300–0.9325 40 ± 7 8.07 ± 0.13 10.45 ± 1.70 ± 0.63
0.7525–0.7550 97 ± 14 8.41 ± 0.13 30.10 ± 4.26 ± 4.31 0.9325–0.9350 43 ± 5 8.07 ± 0.13 11.14 ± 1.32 ± 0.64
0.7550–0.7575 134 ± 18 8.40 ± 0.13 41.39 ± 5.54 ± 5.27 0.9350–0.9375 45 ± 7 8.06 ± 0.13 11.71 ± 1.86 ± 0.54
0.7575–0.7600 166 ± 17 8.40 ± 0.13 51.12 ± 5.14 ± 2.39 0.9375–0.9400 39 ± 6 8.06 ± 0.13 10.16 ± 1.47 ± 0.88
0.7600–0.7625 159 ± 13 8.39 ± 0.13 48.88 ± 4.01 ± 2.13 0.9400–0.9425 44 ± 5 8.06 ± 0.13 11.42 ± 1.39 ± 0.58
0.7625–0.7650 220 ± 19 8.39 ± 0.13 67.36 ± 5.80 ± 1.93 0.9425–0.9450 57 ± 11 8.05 ± 0.13 14.63 ± 2.90 ± 1.75
0.7650–0.7675 265 ± 17 8.38 ± 0.13 80.95 ± 5.17 ± 2.34 0.9450–0.9475 46 ± 7 8.05 ± 0.13 11.89 ± 1.80 ± 0.72
0.7675–0.7700 389 ± 21 8.38 ± 0.13 118.63 ± 6.35 ± 11.43 0.9475–0.9500 43 ± 5 8.04 ± 0.13 10.92 ± 1.40 ± 0.26
0.7700–0.7725 603 ± 29 8.37 ± 0.13 183.30 ± 8.86 ± 4.57 0.9500–0.9525 48 ± 7 8.04 ± 0.13 12.37 ± 1.68 ± 0.34
0.7725–0.7750 959 ± 36 8.37 ± 0.13 290.79 ± 10.98 ± 7.94 0.9525–0.9550 39 ± 5 8.03 ± 0.13 9.97 ± 1.39 ± 0.57
0.7750–0.7775 1588 ± 41 8.36 ± 0.13 480.21 ± 12.35 ± 11.41 0.9550–0.9575 50 ± 7 8.03 ± 0.13 12.75 ± 1.73 ± 0.31
0.7775–0.7800 3110 ± 64 8.36 ± 0.13 938.09 ± 19.25 ± 21.37 0.9575–0.9600 52 ± 8 8.03 ± 0.13 13.15 ± 1.93 ± 0.31
0.7800–0.7825 5124 ± 43 8.35 ± 0.13 1541.62 ± 12.86 ± 34.87 0.9600–0.9625 46 ± 6 8.02 ± 0.13 11.57 ± 1.63 ± 1.04
0.7825–0.7850 5342 ± 63 8.35 ± 0.13 1603.13 ± 19.00 ± 36.07 0.9625–0.9650 56 ± 8 8.02 ± 0.13 14.14 ± 1.95 ± 0.38
0.7850–0.7875 3365 ± 63 8.34 ± 0.13 1007.06 ± 18.93 ± 22.62 0.9650–0.9675 42 ± 8 8.01 ± 0.13 10.70 ± 1.99 ± 1.06
0.7875–0.7900 2079 ± 50 8.34 ± 0.13 620.45 ± 15.02 ± 15.34 0.9675–0.9700 36 ± 8 8.01 ± 0.13 9.13 ± 1.96 ± 0.41
0.7900–0.7925 1226 ± 32 8.33 ± 0.13 364.90 ± 9.58 ± 12.33 0.9700–0.9725 51 ± 5 8.00 ± 0.13 12.78 ± 1.36 ± 0.88
0.7925–0.7950 844 ± 24 8.33 ± 0.13 250.54 ± 6.98 ± 6.88 0.9725–0.9750 58 ± 6 8.00 ± 0.13 14.48 ± 1.58 ± 0.59
0.7950–0.7975 583 ± 20 8.32 ± 0.13 172.52 ± 5.85 ± 4.25 0.9750–0.9775 51 ± 8 8.00 ± 0.13 12.69 ± 2.03 ± 1.79
0.7975–0.8000 459 ± 19 8.32 ± 0.13 135.69 ± 5.53 ± 3.37 0.9775–0.9800 57 ± 8 7.99 ± 0.13 14.22 ± 2.08 ± 1.56
0.8000–0.8025 348 ± 24 8.31 ± 0.13 102.39 ± 7.11 ± 4.93 0.9800–0.9825 75 ± 11 7.99 ± 0.13 18.72 ± 2.73 ± 2.17
0.8025–0.8050 276 ± 22 8.31 ± 0.13 81.14 ± 6.39 ± 4.39 0.9825–0.9850 64 ± 7 7.98 ± 0.13 15.93 ± 1.79 ± 1.02
0.8050–0.8075 244 ± 12 8.30 ± 0.13 71.49 ± 3.61 ± 2.47 0.9850–0.9875 71 ± 9 7.98 ± 0.13 17.62 ± 2.21 ± 1.15
0.8075–0.8100 205 ± 17 8.30 ± 0.13 59.85 ± 4.96 ± 1.62 0.9875–0.9900 104 ± 15 7.98 ± 0.13 25.73 ± 3.83 ± 2.72
0.8100–0.8125 180 ± 14 8.29 ± 0.13 52.57 ± 4.13 ± 1.62 0.9900–0.9925 84 ± 10 7.97 ± 0.13 20.83 ± 2.37 ± 1.32
0.8125–0.8150 156 ± 13 8.29 ± 0.13 45.31 ± 3.65 ± 2.38 0.9925–0.9950 93 ± 9 7.97 ± 0.13 22.84 ± 2.20 ± 0.68
0.8150–0.8175 144 ± 10 8.28 ± 0.13 41.71 ± 3.04 ± 1.46 0.9950–0.9975 99 ± 9 7.96 ± 0.13 24.47 ± 2.20 ± 0.67
0.8175–0.8200 132 ± 15 8.28 ± 0.13 38.26 ± 4.39 ± 1.94 0.9975–1.0000 100 ± 11 7.96 ± 0.13 24.60 ± 2.65 ± 2.51
0.8200–0.8225 113 ± 11 8.28 ± 0.13 32.49 ± 3.27 ± 2.52 1.0000–1.0025 133 ± 12 7.95 ± 0.13 32.47 ± 3.01 ± 1.42
0.8225–0.8250 103 ± 12 8.27 ± 0.13 29.65 ± 3.57 ± 2.31 1.0025–1.0050 128 ± 16 7.95 ± 0.13 31.20 ± 4.00 ± 1.53
0.8250–0.8275 93 ± 11 8.27 ± 0.13 26.59 ± 3.15 ± 0.88 1.0050–1.0075 174 ± 14 7.95 ± 0.13 42.48 ± 3.33 ± 2.46
0.8275–0.8300 75 ± 12 8.26 ± 0.13 21.42 ± 3.47 ± 2.47 1.0075–1.0100 173 ± 8 7.94 ± 0.13 42.16 ± 2.03 ± 1.58
0.8300–0.8325 51 ± 6 8.26 ± 0.13 14.68 ± 1.66 ± 0.79 1.0100–1.0125 262 ± 25 7.94 ± 0.13 63.75 ± 5.98 ± 3.89
0.8325–0.8350 50 ± 8 8.25 ± 0.13 14.25 ± 2.24 ± 0.89 1.0125–1.0150 481 ± 35 7.93 ± 0.13 116.54 ± 8.42 ± 6.60
0.8350–0.8375 71 ± 8 8.25 ± 0.13 20.24 ± 2.23 ± 1.65 1.0150–1.0175 1177 ± 37 7.93 ± 0.13 284.82 ± 8.94 ± 7.24
0.8375–0.8400 69 ± 9 8.24 ± 0.13 19.50 ± 2.65 ± 1.09 1.0175–1.0200 2565 ± 37 7.93 ± 0.13 619.46 ± 8.87 ± 17.02
0.8400–0.8425 69 ± 8 8.24 ± 0.13 19.46 ± 2.29 ± 2.22 1.0200–1.0225 1326 ± 34 7.92 ± 0.13 319.66 ± 8.30 ± 7.09
0.8425–0.8450 59 ± 8 8.23 ± 0.13 16.73 ± 2.25 ± 0.86 1.0225–1.0250 407 ± 30 7.92 ± 0.13 97.99 ± 7.26 ± 2.16
0.8450–0.8475 66 ± 9 8.23 ± 0.13 18.68 ± 2.57 ± 1.03 1.0250–1.0275 126 ± 17 7.91 ± 0.13 30.34 ± 4.10 ± 3.42
0.8475–0.8500 61 ± 6 8.22 ± 0.13 17.13 ± 1.73 ± 1.30 1.0275–1.0300 53 ± 15 7.91 ± 0.13 12.75 ± 3.48 ± 0.67
0.8500–0.8525 66 ± 10 8.22 ± 0.13 18.58 ± 2.79 ± 0.65 1.0300–1.0325 −3 ± 9 7.91 ± 0.13 −3.37 ± 9.40 ± 9.40
0.8525–0.8550 51 ± 8 8.21 ± 0.13 14.27 ± 2.28 ± 0.99 1.0325–1.0350 15 ± 9 7.90 ± 0.13 3.70 ± 2.12 ± 1.89
0.8550–0.8575 38 ± 8 8.21 ± 0.13 10.59 ± 2.21 ± 0.94 1.0350–1.0375 1 ± 6 7.90 ± 0.13 0.15 ± 1.49 ± 0.18
0.8575–0.8600 52 ± 7 8.20 ± 0.13 14.53 ± 1.99 ± 0.44 1.0375–1.0400 8 ± 6 7.89 ± 0.13 1.81 ± 1.43 ± 0.32
0.8600–0.8625 48 ± 7 8.20 ± 0.13 13.41 ± 1.90 ± 0.49 1.0400–1.0425 5 ± 7 7.89 ± 0.13 1.09 ± 1.58 ± 0.35
0.8625–0.8650 47 ± 7 8.20 ± 0.13 13.14 ± 1.85 ± 0.47 1.0425–1.0450 4 ± 5 7.89 ± 0.13 0.95 ± 1.13 ± 0.52
0.8650–0.8675 48 ± 7 8.19 ± 0.13 13.36 ± 1.88 ± 1.08 1.0450–1.0475 6 ± 4 7.88 ± 0.13 1.36 ± 1.05 ± 0.51
0.8675–0.8700 42 ± 7 8.19 ± 0.13 11.58 ± 1.81 ± 1.55 1.0475–1.0500 3 ± 3 7.88 ± 0.13 0.68 ± 0.82 ± 0.22
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Table IV. Cross section for e+e− → π+π−π0 in the energy range 1.05–3.50GeV. The conventions are the same as in Table III.
√
s′ (GeV) Nunf ε (%) σ (nb)

√
s′ (GeV) Nunf ε (%) σ (nb)

1.050–1.075 63 ± 15 7.86 ± 0.13 1.48 ± 0.35 ± 0.10 1.900–1.925 38 ± 11 6.95 ± 0.17 0.54 ± 0.16 ± 0.14
1.075–1.100 159 ± 17 7.82 ± 0.13 3.65 ± 0.39 ± 0.13 1.925–1.950 61 ± 13 6.94 ± 0.17 0.84 ± 0.18 ± 0.15
1.100–1.125 194 ± 20 7.78 ± 0.19 4.36 ± 0.44 ± 0.15 1.950–1.975 37 ± 9 6.92 ± 0.17 0.51 ± 0.13 ± 0.11
1.125–1.150 208 ± 19 7.75 ± 0.19 4.59 ± 0.41 ± 0.17 1.975–2.000 31 ± 10 6.91 ± 0.17 0.42 ± 0.13 ± 0.12
1.150–1.175 232 ± 20 7.71 ± 0.18 5.03 ± 0.44 ± 0.15 2.000–2.050 55 ± 12 6.88 ± 0.17 0.37 ± 0.08 ± 0.08
1.175–1.200 244 ± 22 7.68 ± 0.18 5.18 ± 0.47 ± 0.16 2.050–2.100 76 ± 12 6.85 ± 0.17 0.50 ± 0.08 ± 0.07
1.200–1.225 208 ± 23 7.64 ± 0.18 4.36 ± 0.48 ± 0.16 2.100–2.150 70 ± 13 6.83 ± 0.17 0.45 ± 0.08 ± 0.05
1.225–1.250 276 ± 22 7.61 ± 0.18 5.68 ± 0.45 ± 0.18 2.150–2.200 53 ± 10 6.80 ± 0.17 0.33 ± 0.06 ± 0.03
1.250–1.275 249 ± 23 7.58 ± 0.18 5.04 ± 0.47 ± 0.19 2.200–2.250 54 ± 10 6.78 ± 0.17 0.32 ± 0.06 ± 0.02
1.275–1.300 206 ± 24 7.54 ± 0.18 4.09 ± 0.47 ± 0.16 2.250–2.300 54 ± 10 6.75 ± 0.17 0.32 ± 0.06 ± 0.02
1.300–1.325 247 ± 26 7.51 ± 0.18 4.84 ± 0.52 ± 0.17 2.300–2.350 53 ± 10 6.73 ± 0.17 0.30 ± 0.06 ± 0.02
1.325–1.350 257 ± 25 7.48 ± 0.18 4.95 ± 0.48 ± 0.17 2.350–2.400 40 ± 9 6.71 ± 0.17 0.23 ± 0.05 ± 0.02
1.350–1.375 218 ± 22 7.45 ± 0.18 4.13 ± 0.41 ± 0.13 2.400–2.450 26 ± 8 6.69 ± 0.17 0.14 ± 0.05 ± 0.01
1.375–1.400 201 ± 22 7.42 ± 0.18 3.76 ± 0.41 ± 0.17 2.450–2.500 33 ± 8 6.67 ± 0.17 0.18 ± 0.05 ± 0.02
1.400–1.425 261 ± 25 7.39 ± 0.18 4.80 ± 0.45 ± 0.19 2.500–2.550 28 ± 8 6.65 ± 0.17 0.15 ± 0.04 ± 0.01
1.425–1.450 229 ± 20 7.37 ± 0.18 4.14 ± 0.36 ± 0.16 2.550–2.600 12 ± 7 6.63 ± 0.17 0.06 ± 0.03 ± 0.01
1.450–1.475 232 ± 21 7.34 ± 0.18 4.15 ± 0.37 ± 0.16 2.600–2.650 25 ± 7 6.61 ± 0.17 0.13 ± 0.03 ± 0.01
1.475–1.500 229 ± 20 7.31 ± 0.18 4.03 ± 0.35 ± 0.15 2.650–2.700 33 ± 8 6.60 ± 0.17 0.16 ± 0.04 ± 0.01
1.500–1.525 244 ± 21 7.29 ± 0.17 4.23 ± 0.36 ± 0.15 2.700–2.750 7 ± 5 6.58 ± 0.17 0.04 ± 0.03 ± 0.01
1.525–1.550 265 ± 22 7.26 ± 0.17 4.53 ± 0.38 ± 0.16 2.750–2.800 12 ± 6 6.56 ± 0.17 0.06 ± 0.03 ± 0.01
1.550–1.575 300 ± 22 7.24 ± 0.17 5.06 ± 0.38 ± 0.16 2.800–2.850 5 ± 5 6.55 ± 0.17 0.02 ± 0.02 ± 0.01
1.575–1.600 305 ± 22 7.21 ± 0.17 5.08 ± 0.37 ± 0.15 2.850–2.900 14 ± 8 6.53 ± 0.17 0.07 ± 0.04 ± 0.02
1.600–1.625 321 ± 24 7.19 ± 0.17 5.26 ± 0.39 ± 0.17 2.900–2.950 6 ± 6 6.51 ± 0.17 0.02 ± 0.03 ± 0.01
1.625–1.650 283 ± 24 7.17 ± 0.17 4.58 ± 0.38 ± 0.16 2.950–3.000 12 ± 6 6.49 ± 0.17 0.05 ± 0.02 ± 0.01
1.650–1.675 256 ± 19 7.14 ± 0.17 4.09 ± 0.31 ± 0.15 3.000–3.050 18 ± 4 6.48 ± 0.17 0.08 ± 0.02 ± 0.08
1.675–1.700 214 ± 20 7.12 ± 0.17 3.37 ± 0.32 ± 0.14 3.050–3.100 19 ± 4 6.46 ± 0.17 0.082 ± 0.018 ± 0.004
1.700–1.725 133 ± 19 7.10 ± 0.17 2.06 ± 0.29 ± 0.15 3.100–3.150 16 ± 5 6.44 ± 0.17 0.065 ± 0.020 ± 0.004
1.725–1.750 130 ± 17 7.08 ± 0.17 2.00 ± 0.26 ± 0.18 3.150–3.200 19 ± 5 6.42 ± 0.17 0.08 ± 0.02 ± 0.06
1.750–1.775 101 ± 14 7.06 ± 0.17 1.53 ± 0.21 ± 0.11 3.200–3.250 8 ± 5 6.40 ± 0.17 0.03 ± 0.02 ± 0.01
1.775–1.800 83 ± 12 7.04 ± 0.17 1.24 ± 0.18 ± 0.10 3.250–3.300 9 ± 5 6.38 ± 0.17 0.037 ± 0.019 ± 0.003
1.800–1.825 77 ± 14 7.02 ± 0.17 1.13 ± 0.20 ± 0.12 3.300–3.350 5 ± 3 6.36 ± 0.17 0.020 ± 0.012 ± 0.004
1.825–1.850 76 ± 14 7.01 ± 0.17 1.11 ± 0.21 ± 0.13 3.350–3.400 6 ± 4 6.34 ± 0.17 0.023 ± 0.015 ± 0.005
1.850–1.875 79 ± 15 6.99 ± 0.17 1.14 ± 0.21 ± 0.15 3.400–3.450 8 ± 4 6.31 ± 0.18 0.030 ± 0.017 ± 0.005
1.875–1.900 48 ± 11 6.97 ± 0.17 0.69 ± 0.16 ± 0.11 3.450–3.500 14 ± 4 6.29 ± 0.18 0.05 ± 0.02 ± 0.01
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