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Overview

• Belle and Belle II experiments at KEK
• Highlights of Fragmentation studies at Belle
• Opportunities for Fragmentation studies with the Belle II dataset 

• Hadronization Studies ßàMC Model Tuning
• Jet studies

• More QCD topics
－Input to 𝑔 − 2
－𝛼!
－Jet mass 
－…
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𝒆!𝒆" has a long history in studying QCD

• PETRA at DESY àDiscovery of the gluon (shown 1979)
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KEK facility 
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Belle (II) detector

(Super)KEKB



Belle Experiment (1999 - 2010)

5 +About 4x106 events per 𝑓𝑏!" off-resonanceFrom: PTEP 2019 (2019) 12, 123C01, PTEP 2020 (2020) 2, 029201 



The future is now: Next Generation B 
factory SuperKEKB

•

“nano-beams” are the 
key; vertical beam size 
is 50nm at the IP

Beam currents only a 
factor of two higher 
than KEKB (~PEPII)

Close to Belle lumi before long shutdown

• Belle II already delivered world record luminosity

• Belle II will have 50× Belle luminosity (100 × BaBar)



Study of Fragmentation Functions
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PDF in SIDIS ⇔ 𝐹𝐹 in 𝑒!𝑒"

• E.g. Sivers ⇔ Λ↑ production

•

Spacelike SIDIS Timelike SIA

X

X



Fragmentation Functions appear almost always 
when accessing partonic structure of the nucleon
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• Proton Structure extracted using QCD factorization theorem
• FFs contribute to virtually all processes
• Particular important for transverse spin structure 

} }}



Belle II Strength: Complex Final states. 
Example: Polarized Final States

• Similar to PDFs: Encode spin/orbit correlations
• Determining final state polarization needs self analyzing decay (Λ)
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Parton polarization à

Hadron Polarization⇣
Spin averaged longitudinal transverse

spin averaged 𝐷!
"/$(𝑧, 𝑝%) 𝐻!

&"/$(𝑧, 𝑝%)

longitudinal 𝑮𝟏
𝚲/𝒒 𝒛, 𝒑𝑻 𝑯𝟏𝑳

𝒉/𝒒 𝒛, 𝒑𝑻

Transverse (here L) 𝑫𝟏𝑻
/𝚲/𝒒(𝒛, 𝒑𝑻)

𝑮𝟏𝑻
𝒉/𝒒 𝒛, 𝒑𝑻 =

𝑯𝟏
𝚲/𝐪(𝒛, 𝒑𝑻) =

𝑯𝟏𝑻
/𝚲/𝐪(𝒛, 𝒑𝑻) =



Polarized Hyperon Production 

• Large Λ transverse polarization in 
unpolarized pp collision

• Caused by polarizing FF 𝐷"#$ 𝑧, 𝑝$% ?
• Polarizing FF is chiral-even, has been 

proposed
as a test of universality.

• FF counterpart of the Sivers function.
• OPAL experiment at LEP has studied 

transverse Λ
polarization, no significant signal was 
observed.
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PRL105,202001（2010）

Eur. Phys. J. C2, 49 (1998)

PRL36, 1113 (1976); PRL41, 607 (1978)

PRD 91, 032004 (2015)



Belle II Makes Precision 𝚲 program possible!

• Opportunities at Belle II:
－Feed down correction for 𝑝" dependence and associated 

production
• (currently only for z dependence, introduces large uncertainties)
• Λ↑ − Λ↑ correlations
• Extension to tensor polarized FFs: e-Print: 2206.11742 [hep-ph]
• ….

－Explore low 𝑝" region (not shown here) with higher statistics and 
better tracking resolution 12
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First observation of 
Λ↑ at Belle!
(Here feed-down
corrected)

Not shown: Associate 
production in tension with
theory predictionàneeds
to be understood



Parton polarization à

Hadron Polarization⇣
Spin averaged longitudinal transverse

spin averaged 𝐷!
"/$(𝑧,𝑀) 𝑯𝟏

/𝒉/𝒒(𝒛, 𝒑𝑻M, (Ph),q) ‘Di-hadron 
Collins’

longitudinal

Transverse Type equation here. G1⊥(z,M,Ph,q)=
T-odd, chiral-even
àjet handedness
QCD vaccum strucuture

H1∢(z,M, (Ph),q)=. 
T-odd, chiral-odd
Colinear

Belle II Strength: Complex Final states. 
Example: Dihadron Fragmentation Functions
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Additional Observable:
𝑅 = 𝑃" −𝑃# : 
The relative momentum of the hadron pair is an additional degree of freedom:
the orientation of the two hadrons w.r.t. each other and the jet direction can be an indicator of the quark transverse spin

• Relative momentum of hadrons can carry away angular momentum

• Relative and total angular momentum àIn principle endless tower of FFs

More degrees of freedomàMore information about correlations in final state

àSee e.g. recent extraction of 𝑒 𝑥 (e-Print: 2203.14975 [hep-ph])
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Access to polarization dependent di-hadron 
FFs in di-hadron back-to-back correlations

• Statistics Hungry, only possible at B-factories

14

RSf

q

qs
!

R
!

R
!

1h2
h

Cross-section 𝑒#𝑒$ → ℎ%ℎ& ℎ% ℎ& + 𝑋
∝ 𝐷%' 𝐷%' + 𝐻%' 𝐻%'cos 𝜙(% + 𝜙(&

Thrust axis

Di-hadron plane



15

arXiv:1104.2425
AV et. al, PRL 107, 072004(2011)

First measurement of Interference Fragmentation Function
a12µ H1

< * H1
<



Acceptance Impact on Partial Wave 
composition
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16• Belle II prospects:  Sufficient statistics for full partial wave decomposition
Belle Collaboration Phys.Rev. D96 (2017) no.3, 032005

• Consider dependence of FFs on decay angle 𝜃
• Higher order PWs lead to different moments in q and f

à These are different FFs that are mixed by the acceptance



Belle II prospects

• Higher order PWs lead to different moments in q and f
• In models, evolution of the different PWs different
• Important to have a full picture to understand mixing effects in 

ratios/partial integrals/acceptance
• Missing info from partial wave estimated to have effects up to 

10% e.g. on extraction of transversity

• Full partial wave decomposition èfull description of two-particle 
correlations in hadronization

èDescribe hadronization dynamics
èBridge between FFs and MCEGs

17



Relation to Monte Carlo Event Generators (MCEGs)

• Focus on more 
‘inclusive’ 
measurements à
factorization holds

• Recent activity in more 
exclusive measurements 
(in particular jets)

• Needs MCEGs for
experimental extraction

• Very precise 
extractionsàBenchmark
for MCEGs

18

• Exclusive final states

• “Hard” subprocesses 
well constrained by 
theory

• Measurements 
focusing on MCEG 
improvement different 
from measurements 
extracting hard physics 
(grooming) or FFs 
(more exclusive)

Fragmentation Functions Hadronization Model in MCEG



Compare Partial Wave Decomposition 
in MC and Data
• Comparing to Polarized Lund model here (StringSpinner, A. Kerbizi et 

al, Comput.Phys.Commun. 272 (2022))

19
6/27/22



MC tuning studies

• Event Shapes
• Jet rates vs resolution, hemisphere,
• Event rates relative to event plane (and 𝑧, 𝑝#), including baryons
• Multiplicities of resonance production (𝜌,𝜔, 𝐾∗, 𝜙, Λ, Σ, Ξ, Ω )
－Ratios between pseudo-scalar and vector mesons (also important 

for cosmic events)
• Charge/strangeness/baryon number compensation along event 

axis

20



Current Status of HF FFs from Belle, BaBar

21

• Single hadron differential 
cross sections for L, S, X, 
W, L c, S c, X c, W c (etc) vs 𝑥)
available

• Heavier particles generally 
plotted vs normalized 
momentum

• Unlike light hadrons 
charmed hadrons contain 
large fraction of charm 
quark momentum
èpeaked at larger 𝑥)

• Belle II prospects: 
Multidimensional extraction, 
𝑝" dependence

PRL.95, 142003 (2005)(Babar)
PRD73, 032002 (2006) (Belle)
PRD75, 012003 (2007)(Babar)
PRL 99, 062001 (2007)(Babar)



Brand New Opportunities at Belle II: 
Precision Jet Physics in 𝒆!𝒆"
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• Jet physics (will) play an 
important role at the 
EIC and LHC

• Precision 
measurements in 𝑒#𝑒$
annihilation will test 
current theoretical 
understanding

• Lower energies like 
Belle in particular 
sensitive to 
hadronization effects

• Example: Transverse 
Momentum Imbalance 
ß à TMD framework

Belle II 
projections 
(stat only)
compared to theory

Using 𝑅 = 1.0, 𝐸"#$ > 3.75 𝐺𝑒𝑉,



Motivation: Belle II needed to reduce uncertainty 
on Muon anomalous magnetic moment 𝒂𝝁 =

𝒈𝝁2𝟐
𝟐

• Currently: 𝑎'
()* − 𝑎'+, 2= 4.2𝜎 with uncertainty on 𝑎'

()*, 𝑎'+,
comparable

• Plan to reduce 𝜎-%&'( by a factor 4: 
àDiscovery potential of experiment limited if 𝜎-%)* is not reduced 
as well.

• “The dominant sources of theory error are by far the hadronic 
contributions, in particular, the 𝒪 𝛼% HVP term and the 
𝒪 𝛼. HLbL term” 

23



Motivation: Belle II needed to reduce 
uncertainty on 𝑎"

• Muon anomalous magnetic moment 𝑎* =
+8$&
&

• Currently: 𝑎*
,-) − 𝑎*!. 7= 4.2𝜎 with uncertainty on 𝑎*

,-), 𝑎*!. comparable
• Plan to reduce 𝜎/89:; by a factor 4: 
àDiscovery potential of g-2 experiment limited if 𝜎/8<= is not reduced
as well.

• “The dominant sources of theory error are by far the hadronic 
contributions, in particular, the 𝒪 𝛼& HVP term and the 𝒪 𝛼0 HLbL
term” 

• Gold Standard for HVP determination: Experimental measurement of 
𝑒#𝑒$ hadronic cross-section (𝑅 measurement)
－E.g. New lattice calculations (Nature 593, 51–55 (2021)) reduce 

tension to 2𝜎
－But: Tension between KLOE/BaBar measurement make up ~1/3rd of 

HVP uncertainty

24



Tension in existing KLOE/BaBar
measurements
Need to be resolved !

25
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Motivation: Belle II needed to reduce 
uncertainty on 𝑎"
• Muon anomalous magnetic moment 𝑎' =

(!)*
*

• Currently: 𝑎'
+,- − 𝑎'./ &= 4.2𝜎 with uncertainty on 𝑎'

+,-, 𝑎'./ comparable
• Plan to reduce 𝜎0!"#$ by a factor 4: 
àDiscovery potential of g-2 experiment limited if 𝜎0!%& is not reduced as 
well.

• “The dominant sources of theory error are by far the hadronic contributions, 
in particular, the 𝒪 𝛼* HVP term and the 𝒪 𝛼1 HLbL term” 

• Gold Standard for HVP determination: Experimental measurement of 𝑒2𝑒)
hadronic cross-section (𝑅 measurement)
－E.g. New lattice calculations (Nature 593, 51–55 (2021)) reduce tension to 2𝜎
－But: Tension between KLOE/BaBar measurement make up ~1/3rd of HVP 

uncertainty
• Belle II will provide new input to resolve current tensions and 

work on reducing uncertainties on 𝑅 measurements è Crucial for 
discovery potential of g-2 experiment

• A host of other measurements possible to reduce subdominant 
uncertainties and provide complementary information on HVP, Hlbl àmore 
confidence in results

26



𝜶𝑺 (and test of QCD calculations)
• Measurements	of	𝛼+ generally	also	test	QCD	calculation	framework

• 𝛼+ = 0.1179 ± 0.0009, (𝑍 pole) è /0)
0)

≈ 0.8%:
è Order of magnitude larger than QED, weak, gravitational coupling 
uncertainties!

• Need reduction of 𝛿𝛼+ to improve uncertainties on all pQCD
observables

27



𝜶𝑺 (and test of QCD calculations)
• Measurements	of	𝛼+ generally	also	test	QCD	calculation	framework

• 𝛼+ = 0.1179 ± 0.0009, (𝑍 pole) è /0)
0)

≈ 0.8%:
è Order of magnitude larger than QED, weak, gravitational coupling 
uncertainties!

• Need reduction of 𝛿𝛼+ to improve uncertainties on all pQCD
observables

Belle II can contribute to reduce uncertainties on 𝛼+ through
• 𝜏 spectral functions (currently ≈ 1.6% uncertainty on 𝛼+ extraction)
－In particular some  2,4 𝜋 final states still dominated by LEP
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𝜶𝑺 (and test of QCD calculations)
• Measurements	of	𝛼+ generally	also	test	QCD	calculation	framework

• 𝛼+ = 0.1179 ± 0.0009, (𝑍 pole) è /0)
0)

≈ 0.8%:
è Order of magnitude larger than QED, weak, gravitational coupling 
uncertainties!

• Need reduction of 𝛿𝛼+ to improve uncertainties on all pQCD
observables

Belle II can contribute to reduce uncertainties on 𝛼+ through
• 𝜏 spectral functions (currently ≈ 1.6% uncertainty on 𝛼+ extraction)
－In particular some  2,4 𝜋 final states still dominated by LEP

• 𝑒1𝑒2 R ratio (𝜎(𝑒1𝑒2 → hadrons)/𝜎 𝑒1𝑒2 → 𝜇1𝜇2 )
－Belle II could provide independent 𝑅 measurement from 𝑠 ≈ 2 −
10 through radiative return technique
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𝜶𝑺 (and test of QCD calculations)
• Measurements	of	𝛼! generally	also	test	QCD	calculation	framework
• 𝛼! = 0.1179 ± 0.0009, (𝑍 pole) è 12<

2<
≈ 0.8%:

è Order of magnitude larger than QED, weak, gravitational coupling 
uncertainties!

• Need reduction of 𝛿𝛼! to improve uncertainties on all pQCD observables

Belle II can contribute to reduce uncertainties on 𝛼! through
• 𝜏 spectral functions (currently ≈ 1.6% uncertainty on 𝛼! extraction)
－In particular some  2,4 𝜋 final states still dominated by LEP

• 𝑒#𝑒$ R ratio (𝜎(𝑒#𝑒$ → hadrons)/𝜎 𝑒#𝑒$ → 𝜇#𝜇$ )
－Belle II could provide independent 𝑅 measurement from 𝑠 ≈ 2 −
10 through radiative return technique

• 𝑒#𝑒$ event shapes, EEC (currently few percent 𝛼! uncertainty)
－Advances in theory to NNLL, progress to reduce dependence on 

hadronization uncertainties (e.g. groomed jet)
• FFs
－From MLLA
－From scaling violations combining FFs at Belle II with FFs at higher 

energies
30



𝜶𝑺 (and test of QCD calculations)
• Measurements	of	𝛼! generally	also	test	QCD	calculation	framework
• 𝛼! = 0.1179 ± 0.0009, (𝑍 pole) è 12<

2<
≈ 0.8%:

è Order of magnitude larger than QED, weak, gravitational coupling 
uncertainties!

• Need reduction of 𝛿𝛼! to improve uncertainties on all pQCD observables

Belle II can contribute to reduce uncertainties on 𝛼! through
• 𝜏 spectral functions (currently ≈ 1.6% uncertainty on 𝛼! extraction)
－In particular some  2,4 𝜋 final states still dominated by LEP

• 𝑒#𝑒$ R ratio (𝜎(𝑒#𝑒$ → hadrons)/𝜎 𝑒#𝑒$ → 𝜇#𝜇$ )
－Belle II could provide independent 𝑅 measurement from 𝑠 ≈ 2 −
10 through radiative return technique

• 𝑒#𝑒$ event shapes, EEC (currently few percent 𝛼! uncertainty)
－Advances in theory to NNLL, progress to reduce dependence on 

hadronization uncertainties (e.g. groomed jet)
• FFs
－From MLLA
－From scaling violations combining FFs at Belle II with FFs at higher 

energies
31



Jet mass
• Proposal to polarize electron beam at SuperKEKB
à Whitepaper: e-Print: 2205.12847

• Can access jet mass
• ”QCD Higgs mechanism”

𝑑𝜎3

𝑑Ω𝑑𝑧

∝ 𝜆,k
/

l

m

1
2𝐶 𝑦 𝐺%/→5 𝑧, 𝑄

+ 2𝐷 𝑦 𝑆" cos 𝜙
𝑀5
𝑄

1
𝑧
𝐺"/→5 𝑧, 𝑄 +

𝑚/
678

𝑀5
𝐻%/→5 𝑧, 𝑄

32 See also A. Accardi, A. Signori, Phys.Lett.B 798 (2019) 134993



Summary and Outlook

• 𝑒1𝑒2 annihilation allow for precision studies of QCD
• Belle II will provide world record statistics for
－Precision measurements of fragmentation functions with complex 

final states
－Tune MC generators
－Probe Jet calculations at low scales where hadronization effects 

play a significant role
－Constrain HVP, Hlbl contributions to g-2
－Constrain 𝛼!
－Test QCD calculations of event shapes
－…
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Save the Date

34

25th International Symposium on Spin 
Physics will be hosted by Duke University 

in Durham, NC
September 24-29 2023
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Future measurement to study 
hadronization in 𝒆!𝒆"

• Back-to-back hadrons to explore 𝑘" spectrum
• Event shapes
－Rich topic at LEP
－LEP did flavor tagged/𝑞/5𝑞
àcan this be done with jet charge?
－Energy-Energy Correlations

• Jet topic still to be explored further in 𝑒#𝑒$
－Reanalysis of ALPEH data 

(MITHIG-MOD-NOTE-21-001)
－Start of program at Belle

• Initially focused on
－ 𝑞' distributions in di-jets, jet-hadron 

correlations,
－ T-odd jets
－ WTA vs standard jet axis
－ …

36

Z. Kang at INT FF worskhop 2021



“Ridge” Correlations

• Example of QCD
correlation analysis
‘off the beaten path’

• Makes use of clean
𝑒1𝑒2 environment

37 hep-ex:2008.04187



Di-hadron fragmentation functions 

• Additional degree of freedom (𝑅 = 𝑃" − 𝑃% )
－Plus z, PT

• Relative momentum of hadrons can carry away angular 
momentum
－Partial wave decomposition in q
－Relative and total angular momentum àIn principle endless tower 

of FFs
－Analogue of 1h production with spin in final state

• Transverse polarization dependence in collinear framework
• Makes ‘new’ FFs possible, such as G1

⊥ : T-odd chiral even. In 1h 
case, this needs polarized hadron in the final state

• Similar to L FF,chiral-even, T-odd: Important to check 
factorization

38
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e- 7GeV 2.6 A
e+ 4GeV 3.6 A

Target: L = 8x1035/cm2/s
SuperKEKB

Nano beam 
collision

Damping ring (new)

Low emittance gun

Positron source

Belle  II

`

New IR

TiN-coated beam pipe with antechambers
Cu for wigglers and Al alloy for the rest

Redesign the lattices of HER & LER 
to squeeze the emittance 

Reinforce RF systems for 
higher beam current

New positron target / 
capture section

New superconducting final 
focusing quads (QCS) near the IP

To inject low emittance
electrons

@1.1 GeV
To inject low emittance
positrons

Replace short  dipoles 
with longer ones (LER)

KEKB àSuperKEKB: Deliver 
Instantaneous Luminosity x 40

39

(~2x KEKB)



Need for precise extraction of TMD FFs to extract TMD PDFs

• Example: variation in Sivers effect varying 𝜉 = 3+
*+

40
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• SIDIS necessary to extract flavor dependence of FFs 
but cannot disentangle source of pT
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Unpolarized SIDIS@EIC
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5 GeV x 100 GeV

Same precision and 
kinematic coverage for p±, 

K±, p±
should provide great input 
to simultaneously constrain

TMD PDFs and FFs 
Elke Aschenauer at

From M Boglione
PoS QCDEV2016 (2017) 026



Transverse momentum dependence

• Goal: Extract 𝐷(𝑧, 𝑘#)

• Several ways to be sensitive to 𝑘#
－Vs thrust  or jet direction à Have to relate measured 𝑝" to 𝑘"
－Relative in back-to-back hadronsàsensitive to 𝐷 𝑧%, 𝑘"; ⊗𝐷(𝑧&, 𝑘"&)
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Transverse momentum distributions

• 0.85< Thrust T < 0.9
－Transverse momenta mostly Gaussian
－Possible deviations for large 𝑃<" tails, but also large uncertainties
àTMD evolution
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Transverse Momentum: Gaussian widths

• 0.85 < T < 0.9
－Fit Gauss to low 𝑃<" data 
－Mostly well described with possible exception at high z
－Deviation from Gauss at large 𝑃<"
－Clear increase in width with z for low values of z
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Mass Dependence of 𝝈àtest 
hadronization model

• Found consistent with di-quark model
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Perturbative QCD tests
• Time like splitting functions have singularities < 0.1 (unlike space 

like important for DIS)
• MLLA à test for resummation
• Observed shape consistent with QCD calculations (access to aS)
• FCC-ee might go to lower z. Impact?
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Motivation: Belle II needed to reduce uncertainty on 𝑎g
• Muon anomalous magnetic moment 𝑎' =

(!)*
*

• Currently: 𝑎'
+,- − 𝑎'./ &= 4.2𝜎 with uncertainty on 𝑎'

+,-, 𝑎'./ comparable
• Plan to reduce 𝜎0!"#$ by a factor 4: 
àDiscovery potential of experiment limited if 𝜎0!%& is not reduced as well.

• “The dominant sources of theory error are by far the hadronic contributions, 
in particular, the 𝒪 𝛼* HVP term and the 𝒪 𝛼1 HLbL term” 
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Motivation: Belle II needed to reduce uncertainty on 𝑎g
• Muon anomalous magnetic moment 𝑎' =

(!)*
*

• Currently: 𝑎'
+,- − 𝑎'./ &= 4.2𝜎 with uncertainty on 𝑎'

+,-, 𝑎'./ comparable
• Plan to reduce 𝜎0!"#$ by a factor 4: 
àDiscovery potential of g-2 experiment limited if 𝜎0!%& is not reduced as 
well.

• “The dominant sources of theory error are by far the hadronic contributions, 
in particular, the 𝒪 𝛼* HVP term and the 𝒪 𝛼1 HLbL term” 

• Gold Standard for HVP determination: Experimental measurement of 𝑒2𝑒)
hadronic cross-section (𝑅 measurement)

• E.g. New lattice calculations (Nature 593, 51–55 (2021)) reduce tension to 2𝜎
• But: Tension between KLOE/BaBar measurement make up ~1/3rd of HVP 

uncertainty
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Motivation: Belle II needed to reduce uncertainty on 𝑎g
• Muon anomalous magnetic moment 𝑎> =

?'@A
A

• Currently: 𝑎>
BCD − 𝑎>EF 7= 4.2𝜎 with uncertainty on 𝑎>

BCD, 𝑎>EF comparable
• Plan to reduce 𝜎G'()* by a factor 4: 
àDiscovery potential of g-2 experiment limited if 𝜎G'+, is not reduced as well.

• “The dominant sources of theory error are by far the hadronic contributions, in particular, 
the 𝒪 𝛼A HVP term and the 𝒪 𝛼H HLbL term” 

• Gold Standard for HVP determination: Experimental measurement of 𝑒I𝑒@ hadronic cross-
section (𝑅 measurement)
• E.g. New lattice calculations (Nature 593, 51–55 (2021)) reduce tension to 2𝜎
• But: Tension between KLOE/BaBar measurement make up ~1/3rd of HVP uncertainty

• Belle II will provide new input to resolve current tensions and work on 
reducing uncertainties on 𝑅 meausurements è Crucial for discovery 
potential of g-2 experiment

• A host of other measurements possible to reduce subdominant uncertainties and provide 
complementary information on HVP, Hlbl àmore confidence in results

51



How to measure HVP in 𝑒2𝑒3
• Use dispersion relation 

𝑎>
JKL,MN =

𝛼A

2𝜋A
B
F-.

O𝐾 𝑠
𝑠

𝑅 𝑠 𝑑𝑠

• 𝑅: hadronic 𝑅 ratio: 𝑅 𝑠 = HP
QRS.

𝜎T(𝑒I𝑒@ → ℎ𝑎𝑑𝑟𝑜𝑛𝑠)

• 𝑅 is dominated by 
low 𝑠 region

à 𝑒&𝑒! → 𝜋𝜋 (70%)
àresonance region around 𝜌, 𝜔

Fixed energy B factories: ISR technique

• E.g. at BaBar effectively the ratio  W B/B0→RR
W B/B0→>>

is measured
àdominant systematic cancel
àremaining systematics dominated by PID, ISR calculations
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Additional Measurements related to g-2

• Conserved vector current (CVC): 
𝜏 → 𝜋A𝜋𝜈B ↔ 𝑒2𝑒) → 𝜋𝜋

• However: isospin breaking effects not fully understood
àtension between 𝜏 decay and CVC 𝑒I𝑒@
àFuture theory developments could bring this channel
into play again

• Belle II will provide further input
• Hadronic Light-by-Light (HLbL)

• HLbL is 𝒪 𝛼H àneeds to be known to within ≈ 10%
• 4-point function àsignificantly more complex than HVP

àexperimental input is needed to validate theory models
àSee whitepaper for measurements validating different aspects

of the calculations
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BNL-E821 2004

DEHZ 03 (τ)
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This work (τ)
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0 ± 63

FIG. 5: Compilation of recently published results for aSM
µ

(in units of 10−11), subtracted by the central value of the
experimental average [46, 47]. The shaded band indicates
the experimental error. The SM predictions are taken from:
DEHZ 03 [11], HMNT 07 [48], J 07 [49], and the present τ - and
e+e−-based predictions using τ and e+e− spectral functions.

TABLE IV: Contributions to BCVC
π−π0 (×10−2) from the isospin-

breaking corrections discussed in Sec. III. For those cor-
rections shown in two separated columns, they correspond
to the Gounaris-Sakurai and Kühn-Santamaria parametrisa-
tions, respectively.

∆BCVC
π−π0 (10−2)

Source
GS model KS model

SEW +0.57± 0.01

GEM −0.07± 0.17

FSR −0.19± 0.02

ρ–ω interference −0.01 ± 0.01 −0.02± 0.01

mπ± −mπ0 effect on σ +0.19

mπ± −mπ0 effect on Γρ −0.22

mρ± −mρ0
bare

+0.08 ± 0.08 +0.09± 0.08

ππγ, electrom. decays +0.34 ± 0.03 +0.37± 0.04

+0.69 ± 0.19 +0.72± 0.19
Total

+0.69± 0.22

with smin being the threshold of the invariant mass-
squared of the final state X0 in e+e− annihilation. This
relation was tested ever since the discovery of the τ lep-
ton. In the best known vector channel, the π−π0 final
state, it has attained a precision of better than 1% [13],
and a discrepancy between BCVC

π−π0 and Bπ−π0 at a level

of 4.5σ was observed.5 CVC comparisons of τ branch-
ing fractions are of special interest because they are es-
sentially insensitive to the shape of the τ spectral func-
tion, hence avoiding experimental difficulties, such as the
mass dependence of the π0 detection efficiency and feed-
through, and biases from the unfolding of the raw mass
distribution from acceptance and resolution effects.

23.5 24 24.5 25 25.5 26 26.5 27

B(τ– → ντπ
–π0)     (%)

Belle

CLEO

ALEPH

DELPHI

L3

OPAL

τ average

e+e− average

CMD2 03

CMD2 06

SND 06

KLOE 08

τ decays

e+e– CVC

25.24 ± 0.01 ± 0.39

25.44 ± 0.12 ± 0.42

25.49 ± 0.10 ± 0.09

25.31 ± 0.20 ± 0.14

24.62 ± 0.35 ± 0.50

25.46 ± 0.17 ± 0.29

25.42 ± 0.10

24.78 ± 0.28

25.03 ± 0.29

24.94 ± 0.31

24.90 ± 0.36

24.64 ± 0.29

FIG. 6: The measured branching fractions for τ− →
π−π0ντ [7–9, 14, 17, 18] compared to the predictions from
the e+e− → π+π− spectral functions, applying the isospin-
breaking corrections discussed in Sec. III. For the e+e− re-
sults, we have used only the data from the indicated exper-
iments in 0.63 − 0.958GeV and the combined e+e− data in
the remaining energy domains below mτ . The long and short
vertical error bands correspond to the τ and e+e− averages
of (25.42 ± 0.10)% and (24.78 ± 0.28)%, respectively.

Similar to ∆ahad,LOµ [ππ, τ ], we have evaluated the IB
corrections to

∆BCVC
π−π0 =

3

2

Be|Vud|2

πα2m2
τ

∫ m2
τ

smin

ds sσ0
π+π−(s) (9)

×
(

1−
s

m2
τ

)2 (

1 +
2s

m2
τ

)[

SEW

RIB
− 1

]

,

where smin = (mπ− + mπ0)2. The results are sum-
marised in Table IV. The corresponding BCVC

π−π0 (Table V)
is (24.78 ± 0.17exp ± 0.22IB)% and (24.92 ± 0.21exp ±
0.22IB)%, based on the combined e+e− data, includ-
ing and excluding the KLOE data, respectively. The

5 The use of the term standard deviation (σ) in this context re-
quires caution because the results discussed in this paper are
mostly dominated by systematic uncertainties with questionable
statistical properties.
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Summary and Take away message
• 𝑎* measurements among the most sensitive to New Physics
BUT: 

Discovery potential needs experimental input from 𝑒#𝑒$ to 
reduce theory uncertainty to same level as expected 

experimental uncertainties
Need:

àHVP from 𝑒!𝑒" → 𝜋𝜋
àHLbL from form factors and 𝛾𝛾 →hadrons

Belle II is a second generation 𝐵-factory
• State of the art detector optimized for precision physics with identified hadrons
• Will reduce systematics by resolving current experimental tension in HVP
• Excellent opportunity to reduce systematics to expected precision of 𝑎#

$%&

• Must do experiment to validate theory calculations for HVP and HLbL
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Details in “Opportunities for precision QCD physics in hadronization at 
Belle II -- a snowmass whitepaper” (2204.02280 [hep-ex])
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