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A search for inelastic dark matter at the Belle II Experiment

Tommy Lam

(ABSTRACT)

The Standard Model (SM) of particle physics is a remarkably successful and highly predictive

theory of fundamental particles and interactions. However, it is an incomplete description

of nature, as it fails to account for several observed phenomena, most notably the existence

of dark matter. Observations ranging from galactic rotation curves to anisotropies in the

Cosmic Microwave Background (CMB) provide compelling evidence for a non-baryonic grav-

itational source that lies entirely beyond the scope of the SM.

One viable extension to the SM is the inelastic dark matter (iDM) model. This model intro-

duces a dark sector containing two dark fermions, �1 and �2, with a mass splitting (�m� =

m�2 �m�1). These particles couple to the SM through a massive dark photon (A) portal via

kinetic mixing with the electroweak U(1)Y hypercharge component. In this work, we search

for iDM production in e+e� collisions through the process e+e� ! A0
ISR ! �1�2
ISR.

The signature is characterized by a high-energy initial-state radiation (ISR) photon and a

displaced vertex arising from the decay �2 ! �1A
0�(! l+l�) for l 2 [e; �].

This analysis is performed using data collected by the Belle II detector at the SuperKEKB

asymmetric-energy electron-positron collider in Tsukuba, Japan. We outline reconstruction

and selection strategies optimized to isolate these rare signatures from dominant SM back-

grounds, such as Bhabha scattering, two-photon processes, and continuum q�q production.

To maximize signal sensitivity across a broad mass range (0:05GeV/c2 � m�1 � 3:2GeV/c2),

we employ an ensemble of Gradient-Boosted Decision Trees. These models are trained on



specific mass windows and particle identification categories to effectively discriminate sig-

nal from background using features such as vertex displacement, track-cluster isolation, and

missing energy.

The statistical analysis uses a frequentist approach to determine Belle II’s sensitivity. We

perform a single-bin counting experiment using sideband data to estimate the background

level within a defined signal window. In the absence of an observed excess, we set median

upper limits on the signal yield at a 95% confidence level (CL) using the ~q test statistic and

toy-based calculations.



A search for inelastic dark matter at the Belle II Experiment

Tommy Lam

(GENERAL AUDIENCE ABSTRACT)

One of the most profound realizations in modern physics is that everything we have observed

accounts for only a small fraction of the universe. In fact, the “ordinary” matter described by

our best theories only makes up about 15% of the total matter density. The remaining 85%

is a mysterious, invisible substance known as dark matter. While we can see its gravitational

“signatures” across the cosmos, such as how it pulls on stars in galaxies or bends the path

of distant light, dark matter itself remains one of the greatest unsolved puzzles in physics

because it does not emit or reflect any light.

This thesis investigates a theory called inelastic dark matter. In this model, dark matter

comprises a family of particles that can undergo state changes upon interaction. To search for

this, I used data from the Belle II experiment in Japan, which smashes subatomic particles

together at nearly the speed of light. If this theory is correct, these collisions could produce a

“heavy” dark matter particle that travels a short distance before transforming into a “light”

version. This transformation leaves a unique signal, called a displaced vertex, which is

essentially a delayed “flash” of energy that appears to come from nowhere.

Detecting these rare “flashes” is an immense challenge because they are buried among billions

of ordinary events. To find them, I used the Belle II detector, which acts like a massive,

three-storey digital camera that captures the aftermath of every collision event. Because the

data is so vast, I employ machine learning methods to act as a sophisticated filter. This

software is trained to distinguish subtle differences between common background noise and

the specific patterns expected from dark matter. Finally, I use statistical tools to assess



whether any remaining signals are genuine discoveries or merely random fluctuations. By

combining high-energy physics with modern data science, this work provides a new approach

to testing the frontiers of our universe and searching for the invisible constituents that hold

it together.
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�"�X�j �.�B���;�`���K �Q�7 �?�Q�r �2�t�i�`���T�Q�H���i�2�/ �?�B�i�b �7�`�Q�K �K�m�Q�M�@�H�B�F�2 �i�`���+�F�b ���`�2 �K���i�+�?�2�/ ���M�/

�m�b�2�/ �7�Q�` �E�G�J �2�7�7�B�+�B�2�M�+�B�2�b�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�y�3

�"�X�9 ���M �2�t���K�T�H�2 �Q�7 �E�G�J�ö�b �2�7�7�B�+�B�2�M�+�v �`���i�B�Q �T�H�Q�i �[�m�B�+�F�H�v �?�B�;�?�H�B�;�?�i�B�M�; ���M �2�t�i�`�2�K�2�H�v

�B�M�2�7�7�B�+�B�2�M�i �H���v�2�`�- �i���F�2�M �Q�M �k�y�k�e�@�y�j�@�j�y�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�y�N

�"�X�8 �6�Q�` �� �M�Q�K�B�M���H �T�?�v�b�B�+�b �`�m�M�- �i�?�2 �_�S�* �i�B�K�B�M�; �/�B�b�i�`�B�#�m�i�B�Q�M�X �A�M �T���`�i�B�+�m�H���`�- �i�?�2

�i�B�K�B�M�; �Q�7 �i�?�2 ���`�`�B�p���H �i�B�K�2 �7�`�Q�K �i�?�2 �/���i�� �+�Q�M�+�2�M�i�`���i�Q�` �2�H�2�+�i�`�Q�M�B�+�b �r�B�i�? �`�2�b�T�2�+�i

�i�Q �i�?�2 �G�R �i�`�B�;�;�2�`�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�R�R

�*�X�R �h�?�2 ���`�+�?�B�i�2�+�i�m�`�2 �Q�7 �i�?�2 �+�`�B�i�B�+ �U�Q�M �i�?�2 �H�2�7�i�V ���M�/ �;�2�M�2�`���i�Q�` �U�Q�M �i�?�2 �`�B�;�?�i�V �m�b�2�/

�B�M �i�?�B�b �r�Q�`�F�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�R�N

�*�X�k �h�?�2 �H�2�7�i �B�K���;�2 �B�b �i�?�2 �`���r �B�K���;�2 �r�?�2�`�2N = 60 �T�Q�B�M�i�b ���`�2 �+�?�Q�b�2�M �7�`�Q�K �� �k�.

�:���m�b�b�B���M �+�2�M�i�2�`�2�/ �r�B�i�?� = 1�X �h�?�2 �`�B�;�?�i �B�K���;�2 �B�b �i�?�2 �/�B�;�B�i�B�x�2�/ �p�2�`�b�B�Q�M �Q�7 �i�?�2

�H�2�7�i �B�K���;�2�- �r�?�2�`�2 �B�7 �� �T�Q�B�M�i �7���H�H�b �B�M ��1 � 1 �#�B�M�- �i�?���i �B�b �+�Q�M�b�B�/�2�`�2�/ �� �?�B�i�X�X �X �X�k�k�y

�*�X�j ���M �Q�p�2�`�H���v �Q�7 �R�y�y�y �B�K���;�2�b �b�i���+�F�2�/ �7�Q�` �2���+�? �T�`�B�Q�`�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�k�R
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�*�X�9 ���M �B�H�H�m�b�i�`���i�B�Q�M �Q�7 �?�Q�r �� �:�J�J �r�Q�m�H�/ �+�?���`���+�i�2�`�B�x�2 �T�`�B�Q�` �ó�/�X�ô �.�2�b�T�B�i�2 �i�?�2 �/�B�;�@

�B�i�B�x���i�B�Q�M �T�`�Q�+�2�b�b �+���m�b�B�M�; �i�?�2 �:�J�J �i�Q �Q�#�i���B�M �b�i���M�/���`�/ �/�2�p�B���i�B�Q�M�b �i�?���i ���`�2

�H���`�;�2�` �i�?���M �i�?�2 �B�M�B�i�B���H �B�M�T�m�i�- �B�i �b�i�B�H�H �Q�7�7�2�`�b �� �#���b�2�H�B�M�2 �Q�7 �r�?���i ���M �B�/�2���H �q�:���L

�b�?�Q�m�H�/ �`�2�T�`�Q�/�m�+�2�X �U���V �� �?�B�b�i�Q�;�`���K �Q�7 �i�?�2 �b�[�m���`�2 �`�Q�Q�i �Q�7 �i�?�2 �2�B�;�2�M�p���H�m�2�b �Q�7

�i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�t �m�b�B�M�; �:�J�J �Q�M �j�y�y�y �B�K���;�2�b�X �"�2�+���m�b�2 �i�?�21� �+�m�`�p�2

�7�Q�`�K�b ���M �2�H�H�B�T�b�2�- �i�?�2 �H���`�;�2�` �U�b�K���H�H�2�`�V �2�B�;�2�M�p���H�m�2 �B�b ���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2 �K���D�Q�`

�U�K�B�M�Q�`�V ���t�B�b �Q�7 �i�?�2 �2�H�H�B�T�b�2�X �U�#�V �� �b���K�T�H�2 �B�K���;�2 �7�`�Q�K �T�`�B�Q�` �ó�/�X�ô �U�+�V ���T�T�H�v�B�M�;

�:�J�J �Q�M �i�?�2 �b���K�T�H�2 �B�K���;�2�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�k�9

�*�X�8 �:�B�p�2�M ���M �B�K���;�2 �7�`�Q�K �� �b�m�+�+�2�b�b�7�m�H�H�v �i�`���B�M�2�/ �q�:���L �m�b�B�M�; �T�`�B�Q�` �ó�/�-�ô �r�2 �B�H�H�m�b�@

�i�`���i�2 �i�?�2 �2�7�7�2�+�i�b �Q�7 �i�?�2 �i�?�`�2�b�?�Q�H�/�B�M�; �T�`�Q�+�2�/�m�`�2 �7�Q�` �/�B�7�7�2�`�2�M�i �p���H�m�2�b�X�X �X �X �X �X�k�k�8

�*�X�e �� �+�Q�K�T���`�B�b�Q�M �Q�7 �i�?�2g(t) �Q�7 �� �:���L �H�2���`�M�B�M�; �T�`�B�Q�` �ó�#�ô �r�B�i�? �?�v�T�2�`�@�T���`���K�2�i�2�`�b

f d�H���i�2�M�i�- n�+�`�B�i�B�+g = f 85; 5g�X �h�?�2 �K���t�B�K�m�K �2�T�Q�+�? �U�B�X�2�X�- �r�?�2�Mg(t) = 400�V �B�b

t � 950�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�k�e

�*�X�d �� �+�Q�K�T���`�B�b�Q�M �Q�7 �i�?�2g(t) �Q�7 �� �:���L �H�2���`�M�B�M�; �T�`�B�Q�` �ó�+�ô �r�B�i�? �?�v�T�2�`�@�T���`���K�2�i�2�`�b

f d�H���i�2�M�in�+�`�B�i�B�+g = f 85; 5g�X �h�?�2 �K���t�B�K�m�K �2�T�Q�+�? �U�B�X�2�X�- �r�?�2�Mg(t) = 400�V �B�b

t � 920�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�k�d

�*�X�3 �� �+�Q�K�T���`�B�b�Q�M �Q�7 �i�?�2g(t) �Q�7 �� �:���L �H�2���`�M�B�M�; �T�`�B�Q�` �ó�#�ô �r�B�i�? �?�v�T�2�`�@�T���`���K�2�i�2�`�b

f d�H���i�2�M�in�+�`�B�i�B�+g = f 86; 5g�X �h�?�2 �K���t�B�K�m�K �2�T�Q�+�? �U�B�X�2�X�- �r�?�2�Mg(t) = 400�V �B�b

t � 3200�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�k�3

�*�X�N �J�m�H�i�B�T�H�2 �`�m�M�b �r�B�i�?d�H���i�2�M�i�4 �3�e�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�k�N

�*�X�R�y �J�m�H�i�B�T�H�2 �`�m�M�b �r�B�i�?d�H���i�2�M�i�4 �3�d�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�k�N

�*�X�R�R �J�m�H�i�B�T�H�2 �`�m�M�b �r�B�i�?d�H���i�2�M�i�4 �N�y�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�j�y

�*�X�R�k �� �b�B�/�2�@�#�v�@�b�B�/�2 �+�Q�K�T���`�B�b�Q�M �Q�7g(t) �r�B�i�? �p���`�v�B�M�;n�+�`�B�i�B�+���M�/ �7�B�t�2�/d�H���i�2�M�i= 87�X �X �k�j�R
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�*�X�R�j �a���K�T�H�2�b �Q�7 �m�b�B�M�; �.�S�:�J�J �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �M�m�K�#�2�` �Q�7 �+�H�m�b�i�2�`�b �7�`�Q�K �� �;�2�M�@

�2�`���i�Q�` �r�B�i�?d�H���i�2�M�i= 85 ���M�/n�+�`�B�i�B�+= 4�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�j�j

�*�X�R�9 �l�b�B�M�; �� �/���i�� �b�2�i �Q�7 �k�8�y �;�2�M�2�`���i�2�/ �B�K���;�2�b �r�B�i�? �i���`�;�2�i �T�`�B�Q�`b�-�i�?�2 �H�2�7�i �T�H�Q�i

�+�Q�K�T���`�2�b �i�?�2 �M�m�K�#�2�` �Q�7 �+�H�m�b�i�2�`�b �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2 �.�S�:�J�J �r�B�i�? �Q�M�2 �/�2�i�2�`�@

�K�B�M�2�/ �p�B�b�m���H�H�v�X �h�?�2 �`�B�;�?�i �T�H�Q�i �T���M�2�H �b�?�Q�r�b �i�?�2 �M�m�K�#�2�` �Q�7 �+�H�m�b�i�2�`�b �/�2�i�2�`�K�B�M�2�/

�p�B�b�m���H�H�v �K�B�M�m�b �i�?�2 �M�m�K�#�2�` �/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2 �.�S�:�J�J�X �6�`�Q�K �i�?�B�b�- �r�2 �b�2�2

�i�?���i �i�?�2 �.�S�:�J�J �?���b ���M ���+�+�m�`���+�v �Q�782:8� 5:8�W �r�?�B�H�2 �#�2�B�M�; �r�B�i�?�B�M� 1 �+�H�m�b�@

�i�2�`�b98:8 � 6:3�W �Q�7 �i�?�2 �i�B�K�2 �r�B�i�? �� �b�H�B�;�?�i �#�B���b �i�Q�r���`�/�b �m�M�/�2�`�2�b�i�B�K���i�B�M�; �i�?�2

�M�m�K�#�2�` �Q�7 �+�H�m�b�i�2�`�b�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�j�9

�*�X�R�8 �� �?�B�b�i�Q�;�`���K �Q�7 �i�?�2 �2�B�;�2�M�p���H�m�2�b �Q�7 �i�?�2 �+�Q�p���`�B���M�+�2 �K���i�`�B�t�- �b�Q�`�i�2�/ �#�v �i�?�2 �K���D�Q�`

���M�/ �K�B�M�Q�` �p���H�m�2�b�X �h�?�2 �T�`�B�Q�` �m�b�2�/ �?�2�`�2 �r���b �T�`�B�Q�` �ó�#�X�ô �q�?�2�M �r�2 �+�Q�K�T���`�2 �i�?�B�b �i�Q

�6�B�;�X�*�X�9���- �r�2 �b�2�2 �i�?���i �r�?�B�H�2 �;�2�M�2�`���i�2�/ �B�K���;�2�b �H�Q�Q�F �`�2���b�Q�M���#�H�2 �B�M�/�B�p�B�/�m���H�H�v�-

�i�?�2 �6�Q�J �B�H�H�m�b�i�`���i�2�b �i�?���i �i�?�2 �;�2�M�2�`���i�Q�`�ö�b ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 �i�?�2 �T�`�B�Q�` �B�b �M�Q�i

�7���B�i�?�7�m�H�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�j�8

�*�X�R�e �l�b�B�M�; �T�`�B�Q�` �ó�/�ô ���M�/ �� �b�m�+�+�2�b�b�7�m�H�H�v �i�`���B�M�2�/ �:���L �m�b�B�M�;d�H���i�2�M�i= 85 ���M�/n�+�`�B�i�B�+�-

�r�2 �b�2�2 �i�?���i �`�2�K�Q�p�B�M�; �i�?�2 �+�Q�K�T�H�B�+���i�B�Q�M �Q�7 �i�`���M�b�H���i�B�Q�M���H �B�M�p���`�B���M�+�2 �B�K�T�`�Q�p�2�b

�i�?�2 �:���L�ö�b ���#�B�H�B�i�v �i�Q ���T�T�`�Q�t�B�K���i�2 �i�?�2 �T�`�B�Q�`�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�j�e

�.�X�R �J���b�b ���+�+�`�2�i�B�Q�M �`���i�2_M �p�b�X �T�Q�b�i�@�#�Q�m�M�+�2 �i�B�K�2 �7�`�Q�K �J�R�e �B�M �b�Q�H�B�/ �`�2�/�- �Q�m�` �K�Q�/�@

�B�7�B�2�/ �K�Q�/�2�H �B�M �/���b�?�2�/ �#�H�m�2�- ���M�/ �M�m�K�2�`�B�+���H �b�B�K�m�H���i�B�Q�M �B�M �/���b�?�2�/�@�/�Q�i�i�2�/ �#�H���+�F�-

���H�H �7�Q�` �i�?�2 �+�Q�`�2 �+�Q�H�H���T�b�2 �Q�7 �i�?�2 �b�k�y �T�`�Q�;�2�M�B�i�Q�` �Q�7 �q�>�y�d �(�j�k�d�)�X �X �X �X �X �X �X �X �X�k�8�R
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�.�X�k �S���`���#�Q�H�B�+ �7�B�i�b �i�Q �i�?�2 �i�Q�i���H �M�2�m�i�`�B�M�Q �2�K�B�b�b�B�Q�M �2�M�2�`�;�B�2�b �7�`�Q�K �h���#�H�2 �R �Q�7 �L���F���x���i�Q

�2�i ���H�X �U�k�y�R�j�V �(�j�k�3�)�- �b�?�Q�r�M �B�M �b�Q�H�B�/ �+�Q�H�Q�`�2�/ �H�B�M�2�b �U�`�2�/�- �#�H�m�2�- �#�H���+�F �7�Q�`� e�-�� e�- ���M�/

� x �- �`�2�b�T�2�+�i�B�p�2�H�v�V�X �h�?�2 �b�i���` �b�v�K�#�Q�H�b ���`�2 �Q�#�i���B�M�2�/ �7�`�Q�K �Q�m�` ���M���H�v�i�B�+ �K�Q�/�2�H

�+�Q�K�T�m�i�2�/ �m�b�B�M�; �i�?�2 �T�`�Q�;�2�M�B�i�Q�` �b�2�i �Q�7 �(�j�R�N�) ���M�/ �T�H�Q�i�i�2�/ ���i �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�;

�7�B�M���H �`�2�K�M���M�i �#���`�v�Q�M�B�+ �K���b�b�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�8�k

�.�X�j �a���K�2 ���b �6�B�;�X�.�X�k�#�m�i �7�Q�` �M�2�m�i�`�B�M�Q �K�2���M �2�M�2�`�;�B�2�b�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�8�9

�.�X�9 �L�2�m�i�`�B�M�Q �H�m�K�B�M�Q�b�B�i�vL � e �p�2�`�b�m�b �T�Q�b�i�@�#�Q�m�M�+�2 �i�B�K�2 �7�`�Q�K �J�R�e �U�`�2�/�V�- �Q�m�` �K�Q�/�@

�B�7�B�2�/ �K�Q�/�2�H �U�#�H�m�2�V�- ���M�/ �i�?�2 �b�B�K�m�H���i�B�Q�M �U�#�H���+�F�V�X ���H�H ���`�2 �+�Q�K�T�m�i�2�/ �#���b�2�/ �Q�M

�i�?�2 �b�k�y �T�`�Q�;�2�M�B�i�Q�` �7�`�Q�K �q�>�y�d �(�j�k�d�)�X �h�?�2 �K�Q�/�B�7�B�2�/ ���M���H�v�i�B�+ �K�Q�/�2�H �/�Q�2�b �b�B�;�@

�M�B�7�B�+���M�i�H�v �#�2�i�i�2�` �B�M �K���i�+�?�B�M�; �b�B�K�m�H���i�B�Q�M �`�2�b�m�H�i�b�X �L�Q�i�2 �i�?�2 �i�B�K�2�@���t�B�b �b�r�B�i�+�? ���i

t = 0 �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�8�8

�.�X�8 �*�Q�K�T���`�B�b�Q�M �Q�7 �M�2�m�i�`�B�M�Q �H�m�K�B�M�Q�b�B�i�B�2�b �T�`�2�/�B�+�i�2�/ �#�v �Q�m�` �K�Q�/�B�7�B�2�/ ���M���H�v�i�B�+ �K�Q�/�2�H

�U�/���b�?�2�/ �H�B�M�2�b�V �i�Q �M�m�K�2�`�B�+���H �b�B�K�m�H���i�B�Q�M�b �U�/�Q�i�@�/���b�?�2�/ �H�B�M�2�b�V �7�Q�` �i�?�`�2�2 �/�B�7�7�2�`�2�M�i

�T�`�Q�;�2�M�B�i�Q�`�b�- �7�`�Q�K �H�2�7�i �i�Q �`�B�;�?�i�, �M�3�X�3 �(�j�k�8�)�- �x�N�X�e �(�j�k�e�)�- ���M�/ �b�R�R�X�k �(�j�k�e�)�X ���H�H

�i�?�2�b�2 �T�`�2�/�B�+�i�B�Q�M�b �7�`�Q�K �i�?�2 ���M���H�v�i�B�+ �K�Q�/�2�H�b �m�b�2 �T���`���K�2�i�2�`�b �+���H�B�#�`���i�2�/ �i�Q �i�?�2

�M�m�K�2�`�B�+���H �b�B�K�m�H���i�B�Q�M �Q�7 �i�?�2 �+�Q�`�2 �+�Q�H�H���T�b�2 �Q�7 �i�?�2 �b�k�y �T�`�Q�;�2�M�B�i�Q�` �U�b�2�2 �i�2�t�i�V�X�X �k�8�e

�.�X�e �*�Q�K�T���`�B�b�Q�M �Q�7 �i�?�2 �T�`�2�/�B�+�i�2�/ �#�Q�m�M�+�2 �i�B�K�2 �U�`�2�H���i�B�p�2 �i�Q �i�?�2 �B�M�B�i�B���H �+�Q�H�H���T�b�2�V �p�b�X

� 2:5 �r�B�i�? �K�Q�/�B�7�B�2�/ �K�Q�/�2�H �B�M �#�H�m�2 ���M�/ �(�j�9�R�) �B�M �#�H���+�F�X �h�?�2 �b�Q�H�B�/ �H�B�M�2�b �B�M �i�?�2

�#�Q�i�i�Q�K �T�H�Q�i �`�2�T�`�2�b�2�M�i �i�?�2 �/�B�7�7�2�`�2�M�+�2 �B�M �#�Q�m�M�+�2 �i�B�K�2�b �#�2�i�r�2�2�M �Q�m�` �K�Q�/�2�H ���M�/

�L���F���K�m�`�� �U�B�X�2�X�-� tb = tb;�K�Q�/� tb;�L���F���K�m�`���V�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�8�N

�.�X�d �*�Q�K�T���`�B�b�Q�M �Q�7 �i�?�2 �T�`�2�/�B�+�i�2�/ �M�2�m�i�`�B�M�Q �2�K�B�b�b�B�Q�M �/�m�`�B�M�; �i�?�2 �7�B�`�b�i �R �b�2�+�Q�M�/ �T�Q�b�i�@

�#�Q�m�M�+�2�X �h�?�2 �/�B�7�7�2�`�2�M�+�2�b �#�2�i�r�2�2�M �Q�m�` �K�Q�/�2�H ���M�/ �L���F���K�m�`���ö�b �T�`�2�/�B�+�i�B�Q�M ���`�2

�B�H�H�m�b�i�`���i�2�/ �B�M �i�?�2 �K�B�/�/�H�2 ���M�/ �#�Q�i�i�Q�K �T�H�Q�i�b �7�Q�`� = � e + �� e ���M�/� x �- �`�2�b�T�2�+�i�B�p�2�H�v�X�k�e�y

�t�t�t�B



�G�B�b�i �Q�7 �h���#�H�2�b

�R�X�R �J�Q�/�2�H �+�Q�M�7�B�;�m�`���i�B�Q�M�b �m�b�2�/ �B�M �i�?�B�b ���M���H�v�b�B�b�X �h�?�2 �#�2�M�+�?�K���`�F �K�Q�/�2�H �B�b �ó�:�`�B�/

�R�y�X�ô�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�d

�R�X�k �h�?�2 �H�B�b�i �Q�7 �`�m�M�b �r�?�Q�b�2 �+�Q�M�/�B�i�B�Q�M�b �r�2 �m�b�2 �i�Q �b�B�K�m�H���i�2 �b�B�;�M���H�X ���b �i�?�2�b�2 �`�m�M�b ���`�2

�`�2�T�`�2�b�2�M�i���i�B�p�2 �Q�7 �� �;�B�p�2�M �#�m�+�F�2�i�- �i�?�2 �M�m�K�#�2�` �Q�7 �2�p�2�M�i�b �b�B�K�m�H���i�2�/ �B�M �2���+�? �`�m�M

�B�b �/�2�i�2�`�K�B�M�2�/ �#�v �b�+���H�B�M�; �i�?�2 �R�y�-�y�y�y �2�p�2�M�i�b �#�vL bucket/ L �_�m�M �R�X�X �X �X �X �X �X �X �X �X�k�N

�k�X�R �J���+�?�B�M�2 �S���`���K�2�i�2�`�b �Q�7 �a�m�T�2�`�E�1�E�" �(�N�y�- �h���#�H�2 �k�X�k�)�X �L�Q�i�2 �i�?���i �T���`�2�M�i�?�2�b�2�b

�p���H�m�2�b �B�M�/�B�+���i�2 �i�?�2 �T���`���K�2�i�2�`�ö�b �p���H�m�2 ���i �x�2�`�Q �#�2���K �+�m�`�`�2�M�i�X�X �X �X �X �X �X �X �X �X�j�9

�k�X�k �a�m�K�K���`�B�x�B�M�; �i�?�2 �b�T�2�+�B�7�B�+���i�B�Q�M�b �Q�7 �"�2�H�H�2 ���M�/ �"�2�H�H�2 �A�A�ö�b �*�.�* �(�N�3�- �h���#�H�2 �e�X�R�)�X�X �9�k

�k�X�j �J���B�M �T���`���K�2�i�2�`�b �Q�7 �i�?�2 �b�Q�H�2�M�Q�B�/ �+�Q�B�H �(�R�k�3�- �h���#�H�2 �R�R�X�k�)�X �X �X �X �X �X �X �X �X �X �X �X �X�8�j

�k�X�9 �J���B�M �T���`���K�2�i�2�`�b �Q�7 �i�?�2 �B�`�Q�M �b�i�`�m�+�i�m�`�2 �(�R�k�3�- �h���#�H�2 �R�R�X�R�)�X�X �X �X �X �X �X �X �X �X �X �X �X�8�9

�k�X�8 �*�`�Q�b�b �b�2�+�i�B�Q�M�b ���M�/ �2�t�T�2�+�i�2�/ �`���i�2�b �Q�7 �i�?�2 �K���B�M �B�M�i�2�`���+�i�B�Q�M �T�`�Q�+�2�b�b�2�b �Q�7�(4 S)�@

�`�2�b�Q�M���M�+�2 �#�2���K �+�`�Q�b�b �b�2�+�i�B�Q�M ���i �i�?�2 �i���`�;�2�i �H�m�K�B�M�Q�b�B�i�vL = 6 � 1035cm� 2s� 1

�(�R�y�d�- �h���#�H�2 �3�)�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�8�N

�k�X�e �J���B�M �i�`�B�;�;�2�` �+�Q�M�/�B�i�B�Q�M�b ���M�/ �`���i�2�b �B�M �i�?�2 �k�y�k�k �/���i���@�i���F�B�M�; �`�m�M�b �r�B�i�?L =

4:5 � 1034cm� 2s� 1 �(�R�y�d�- �h���#�H�2 �R�y�)�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�e�k

�t�t�t�B�B



�j�X�R �:�2�M�2�`�B�+ �#���+�F�;�`�Q�m�M�/ �b���K�T�H�2�b�- �i�?�2�B�` �T�`�B�K���`�v �T�?�v�b�B�+�b �;�2�M�2�`���i�Q�`�b�- ���M�/ �i�?�2 ���K�Q�m�M�i

�Q�7 �/���i�� �U�B�M �m�M�B�i�b �Q�7 �B�M�i�2�;�`���i�2�/ �H�m�K�B�M�Q�b�B�i�v�V �b�B�K�m�H���i�2�/ �7�Q�` �2���+�? �b���K�T�H�2�X ���H�Q�M�;

�r�B�i�? �i�?�2 �T�`�B�K���`�v �;�2�M�2�`���i�Q�`�b�- �b�2�+�Q�M�/���`�v �;�2�M�2�`���i�Q�`�b ���`�2 ���H�b�Q �m�b�2�/ �i�Q �?���M�/�H�2

�i�?�2 �/�2�+���v �Q�7� �U�i���m�Q�H���(�R�3�j�)�V�- �i�?�2 �7�`���;�K�2�M�i���i�B�Q�M �Q�7 �[�m���`�F�b �U�T�-���Ñ�Ô�ž�4�(�R�3�9�)�V�-

���M�/ �i�?�2 �Z�1�. �`���/�B���i�B�p�2 �+�Q�`�`�2�+�i�B�Q�M�b �U�T�Ñ�ñ���ñ���(�R�3�8�-�R�3�e�)�V�X�X �X �X �X �X �X �X �X �X �X �X�3�e

�j�X�k �*�m�i�b �Q�M �i�?�2 �A�a�_ �T�?�Q�i�Q�M �+���M�/�B�/���i�2�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�3�d

�j�X�j �*�m�i�b �Q�M �i�?�2 �i�`���+�F�b �m�b�2�/ �i�Q �7�Q�`�K �i�?�2 �/�B�b�T�H���+�2�/ �p�2�`�i�2�t �UV0�V�X�X �X �X �X �X �X �X �X �X �X�3�3

�j�X�9 �*�m�i�b �7�Q�` �i�?�2 �7�Q�`�K�2�/ �/�B�b�T�H���+�2�/ �p�2�`�i�2�t�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�N�y

�j�X�8 �P�p�2�`���H�H �+�m�i�b �Q�M �i�?�2 �b�B�;�M���H �2�p�2�M�i �B�i�b�2�H�7�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�N�R

�j�X�e �J�Q�/�2�H �/�2�T�2�M�/�2�M�i �+�m�i�b�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�y�3

�j�X�d �h�`�B�;�;�2�` �H�B�M�2�b �Q�7 �B�M�i�2�`�2�b�i�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�R�e

�j�X�3 �G�B�M�2���`�B�i�v �`�2�b�m�H�i�b �7�Q�` �#���b�2�H�B�M�2 �#���+�F�;�`�Q�m�M�/ �b�+�2�M���`�B�Q�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�k�e

�j�X�N �G�B�M�2���`�B�i�v �`�2�b�m�H�i�b �7�Q�` �#���b�2�H�B�M�2 �#���+�F�;�`�Q�m�M�/� 3 �b�+�2�M���`�B�Q�X�X �X �X �X �X �X �X �X �X �X �X �X �X�R�k�e

�j�X�R�y �G�B�M�2���`�B�i�v �`�2�b�m�H�i�b �7�Q�` �2�t�T�Q�M�2�M�i�B���H �#���+�F�;�`�Q�m�M�/ �b�+�2�M���`�B�Q�X�X �X �X �X �X �X �X �X �X �X �X �X �X�R�k�3

�j�X�R�R �G�B�M�2���`�B�i�v �`�2�b�m�H�i�b �7�Q�` �2�t�T�Q�M�2�M�i�B���H �2�M�?���M�+�2�/ �#���+�F�;�`�Q�m�M�/� 3 �b�+�2�M���`�B�Q �i�?�2 �M�m�K�@

�#�2�` �Q�7 �2�p�2�M�i�b�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�R�j�k

�*�X�R �*�Q�K�T���`�B�M�; �i�?�2 ���p�2�`���;�2 �2�T�Q�+�?t �r�?�2�`�2g(t) = 400 �U�1�T�Q�+�?max �V �r�B�i�?d�H���i�2�M�i2

[85; 88]�7�Q�` �/�B�7�7�2�`�2�M�in�+�`�B�i�B�+�X �q�2 �b�2�2 �i�?���i �i�?�2�`�2 �B�b �� �+�H�2���` �i�`�2�M�/ �#�2�i�r�2�2�M�1�T�Q�+�?max

���M�/n�+�`�B�i�B�+�- �B�K�T�H�v�B�M�; �i�?���in�+�`�B�i�B�+���7�7�2�+�i�b �i�?�2 �`���i�2 �Q�7 �i�?�2 �/�B�b�+�`�B�K�B�M���i�Q�` �H�2���`�M�B�M�;

���M�/ �/�2�H���v�b �i�?�2 �T�Q�B�M�i �r�?�2�`�2 �Q�p�2�`�i�`���B�M�B�M�; �Q�+�+�m�`�b�X�X �X �X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�j�k

�.�X�R �h�?�2 ���/�D�m�b�i���#�H�2 �T���`���K�2�i�2�`�b �Q�7 �J�R�e�ö�b ���M���H�v�i�B�+ �K�Q�/�2�H�X �X �X �X �X �X �X �X �X �X �X �X �X �X�k�9�j

�t�t�t�B�B�B



�.�X�k ���/�/�B�i�B�Q�M���H ���/�D�m�b�i���#�H�2 �T���`���K�2�i�2�`�b �B�M �i�?�2 �K�Q�/�B�7�B�2�/ ���M���H�v�i�B�+ �K�Q�/�2�H�X �X �X �X �X �X �X�k�8�y
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�.�J �(�j�3�)�X

�q�2���F �;�`���p�B�i���i�B�Q�M���H �H�2�M�b�B�M�; �?���T�T�2�M�b �r�?�2�M �� �K���b�b�B�p�2 �Q�#�D�2�+�i �#�2�M�/�b �i�?�2 �H�B�;�?�i �b�H�B�;�?�i�H�v �#�m�i �b�v�b�@

�i�2�K���i�B�+���H�H�v �/�B�b�i�Q�`�i�b �U�Q�`�b�?�2���`�b�V �i�?�2 �H�B�;�?�i �7�`�Q�K �� �+�Q�H�H�2�+�i�B�Q�M �Q�7 �K�Q�`�2 �/�B�b�i���M�i �Q�#�D�2�+�i�b �(�j�N�)�X �6�B�;�X

�R�X�j�B�H�H�m�b�i�`���i�2�b �?�Q�r �r�2���F �H�2�M�b�B�M�; �B�K�T���+�i�b �p���`�B�Q�m�b �Q�#�D�2�+�i�b ���M�/ �?�Q�r �B�i �/�B�7�7�2�`�b �7�`�Q�K �b�i�`�Q�M�; �H�2�M�b�@

�B�M�;�X �6�Q�` �H���`�;�2�@�b�+���H�2 �b�i�`�m�+�i�m�`�2�b�- �b�m�+�? ���b �;���H���t�v �+�H�m�b�i�2�`�b�- �B�i �T�`�Q�p�B�/�2�b ���M �Q�m�i�H�B�M�2 �Q�7 �i�?�2 �K���b�b

�/�B�b�i�`�B�#�m�i�B�Q�M �#���b�2�/ �Q�M �i�?�2 �H�2�p�2�H �Q�7 �/�B�b�i�Q�`�i�B�Q�M�X

�q�2���F �H�2�M�b�B�M�;�- �r�?�2�M �+�Q�K�#�B�M�2�/ �r�B�i�? �s�@�`���v �Q�#�b�2�`�p���i�B�Q�M�b�- �T�`�Q�p�B�/�2�b �+�Q�M�+�H�m�b�B�p�2 �2�p�B�/�2�M�+�2 �7�Q�` �i�?�2

�2�t�B�b�i�2�M�+�2 �Q�7 �.�J�X �A�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �K�2�`�;�B�M�; �+�H�m�b�i�2�`�b�- �i�?�2�b�2 �T�`�Q�p�B�/�2 �i�r�Q �/�B�7�7�2�`�2�M�i �Q�#�b�2�`�p���i�B�Q�M�b�X

�6�Q�` �2�t���K�T�H�2�- �K�2�`�;�B�M�; �+�H�m�b�i�2�` �R�1�y�e�8�d�@�8�8�3 �B�b �/�2�T�B�+�i�2�/ �B�M �6�B�;�X�R�X�9�X �s�@�`���v�b�- �+�Q�K�B�M�; �7�`�Q�K

�B�Q�M�B�x�2�/ �;���b �B�M �i�?�2 �+�H�m�b�i�2�`�b�ö �B�M�i�`���+�H�m�b�i�2�` �K�2�/�B�m�K�- �b�?�Q�r �?�Q�i �T�H���b�K�� �T�2�`�K�2���i�B�M�; �i�?�`�Q�m�;�?�Q�m�i

�#�Q�i�? �+�H�m�b�i�2�`�b ���b �i�?�2�v �B�M�i�2�`���+�i �r�B�i�? �Q�M�2 ���M�Q�i�?�2�` �B�M �i�?�2 �+�2�M�i�`���H �`�2�;�B�Q�M �7�Q �i�?�2 �B�K���;�2�X �P�M �i�?�2

�Q�i�?�2�` �?���M�/�- �r�2���F �H�2�M�b�B�M�; �/���i�� �B�K�T�H�v �i�?���i �K�Q�b�i �Q�7 �i�?�2 �K���i�i�2�` �+�Q�M�i�2�M�i �Q�7 �i�?�2 �K�2�`�;�B�M�; �+�H�m�b�i�2�`�b

�B�b ���i �i�?�2 �7���` �H�2�7�i �Q�` �`�B�;�?�i �Q�7 �i�?�2 �B�K���;�2�X

�q�?�2�M �Q�#�b�2�`�p���i�B�Q�M�b ���`�2 �+�Q�m�T�H�2�/�- �i�?�2�v �B�K�T�H�v �2�B�i�?�2�` �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 ���M �m�M�b�2�2�M �U�p�B�� �2�H�2�+�i�`�Q�@

�K���;�M�2�i�B�+ �`���/�B���i�B�Q�M�V �#�m�i �K���b�b�B�p�2 �+�Q�K�T�Q�M�2�M�i �U�B�X�2�X�- �.�J�V �B�M �Q�m�` �m�M�B�p�2�`�b�2 �Q�` �i�?�2 �M�2�+�2�b�b�B�i�v �i�Q

�b�B�;�M�B�7�B�+���M�i�H�v �K�Q�/�B�7�v �Q�m�` �m�M�/�2�`�b�i���M�/�B�M�; �Q�7 �;�`���p�B�i�v�X
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�6�B�;�m�`�2 �R�X�9�, ���M �B�K���;�2 �b�?�Q�r�B�M�; �i�r�Q �+�H�m�b�i�2�`�b �K�2�`�;�B�M�;�X �h�?�2 �;�`�2�2�M �+�Q�M�i�Q�m�`�b ���`�2 �7�`�Q�K �r�2���F
�H�2�M�b�B�M�; ���M�/ �Q�m�i�H�B�M�2 �i�?�2 �+�H�m�b�i�2�`�b�ö �K���b�b �/�B�b�i�`�B�#�m�i�B�Q�M�b�X �h�?�2 �#�H�m�2�f�`�2�/ �b�?�Q�r�b �i�?�2 �s�@�`���v �2�K�B�b�b�B�Q�M�b
�7�`�Q�K �i�?�2 �+�H�m�b�i�2�`�b�ö �T�H���b�K�� �+�H�Q�m�/�b�X �(�9�y�- �6�B�;�X �R�#�)

�R�X�k�X�j �.�2�M�b�B�i�v �6�H�m�+�i�m���i�B�Q�M�b ���M�/ �a�i�`�m�+�i�m�`�2 �6�Q�`�K���i�B�Q�M

�h�?�2 �M�2�t�i �b�2�i �Q�7 �Q�#�b�2�`�p���i�B�Q�M���H �b�B�;�M���i�m�`�2�b �Q�7 �.�J �B�b �7�`�Q�K �+�Q�b�K�Q�H�Q�;�v�X �"�2�7�Q�`�2 �/�2�H�p�B�M�; �B�M�i�Q �i�?�2

�Q�#�b�2�`�p���i�B�Q�M���H �2�p�B�/�2�M�+�2�- �A �#�`�B�2�7�H�v �b�m�K�K���`�B�x�2 �i�?�2 �`�2�H�2�p���M�i �i�?�2�Q�`�v�X

�J�B�M�m�i�2�b ���7�i�2�` �i�?�2 �"�B�; �"���M�;�- �i�?�2 �m�M�B�p�2�`�b�2 �?���/ �2�t�T���M�/�2�/ �2�M�Q�m�;�? �i�?���i �i�?�2 �7�m�M�/���K�2�M�i���H �7�Q�`�+�2�b

�r�2�`�2 ���+�i�B�p�2 ���M�/ �T�`�Q�i�Q�M�b ���M�/ �2�H�2�+�i�`�Q�M�b �+�Q�@�2�t�B�b�i�2�/ �r�B�i�? �T�?�Q�i�Q�M�b �B�M �� �T�?�Q�i�Q�@�#���`�v�Q�M�B�+ �7�H�m�B�/�X

�h�Q �/�2�b�+�`�B�#�2 �i�?�2 �`�Q�H�2 �K���i�i�2�` ���M�/ �2�M�2�`�;�v �T�H���v �B�M �i�?�B�b �T�2�`�B�Q�/�- �i�?�2 �6�`�B�2�/�K���M�M���G�2�K���B�i�`�2 �2�[�m���i�B�Q�M�b
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�r�?�2�`�2a �B�b �i�?�2 �+�Q�b�K�B�+ �b�+���H�2 �T���`���K�2�i�2�` �U�`�Q�m�;�?�H�v�- �i�?�2 �b�B�x�2 �Q�7 �i�?�2 �m�M�B�p�2�`�b�2R(t) �M�Q�`�K���H�B�x�2�/ �#�v

�i�?�2 �+�m�`�`�2�M�i �b�B�x�2 �i�Q�/���v �Q�`R0�V�-•a �B�b �i�?�2 ���+�+�2�H�2�`���i�B�Q�M �`���i�2 �Q�7 �i�?�2 �m�M�B�p�2�`�b�2�-G �B�b �i�?�2 �;�`���p�B�i���i�B�Q�M���H
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�+�Q�M�b�i���M�i�-� �B�b �i�?�2 �K���i�i�2�` �/�2�M�b�B�i�v �Q�7 �i�?�2 �T�?�Q�i�Q�@�#���`�v�Q�M�B�+ �7�H�m�B�/�- ���M�/P �B�b �i�?�2 ���b�b�Q�+�B���i�2�/ �T�`�2�b�b�m�`�2�X

�6�Q�` �i�?�2 �2�M�2�`�;�v�@�K���i�i�2�` �/�2�M�b�B�i�v�- �r�2 �M�Q�i�2 �i�?���i �i�?�2 ���p�2�`���;�2 �/�2�M�b�B�i�v �+���M �#�2 �`�2�r�`�B�i�i�2�M ���b

� =
1X

n= �1

� na� n ; �U�R�X�j�V

�r�?�2�`�2n = 0 �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �+�Q�b�K�Q�H�Q�;�B�+���H �+�Q�M�b�i���M�i�-n = 3 �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �K���i�i�2�` �/�2�M�b�B�i�B�2�b�-

���M�/n = 4 �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �`���/�B���i�B�Q�M�X

���H�Q�M�; �r�B�i�? �i�?�2 ���b�b�m�K�T�i�B�Q�M �i�?���i �i�?�2 �T�?�Q�i�Q�@�#���`�v�Q�M�B�+ �7�H�m�B�/ �B�b �� �U�M�2���`�V �T�2�`�7�2�+�i �7�H�m�B�/ �b�m�+�? �i�?���i

! = P/ �c 2 = n/3 � 1�- �i�?�2�M �r�2 �+���M �`�2�r�`�B�i�2 �1�[�X�R�X�k���b
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�r�?�2�`�2H0 �B�b �i�?�2 �>�m�#�#�H�2 �+�Q�M�b�i���M�i ���M�/
 n �B�b �� �M�Q�`�K���H�B�x�2�/ �K���i�i�2�` �/�2�M�b�B�i�v �U�B�M �m�M�B�i�b �Q�7� c =

3H 2/8 �G �V�X

���#�Q�m�i �j�d�3�-�y�y�y �v�2���`�b ���7�i�2�` �i�?�2 �"�B�; �"���M�;�- �i�?�2 �m�M�B�p�2�`�b�2 �?���/ �+�Q�Q�H�2�/ �2�M�Q�m�;�? �7�Q�` �T�`�Q�i�Q�M�b ���M�/

�2�H�2�+�i�`�Q�M�b �i�Q �7�B�M���H�H�v �+�Q�K�#�B�M�2 �i�Q �7�Q�`�K �?�v�/�`�Q�;�2�M�X ���b �� �`�2�b�m�H�i �Q�7 �i�?�B�b �`�2�+�Q�K�#�B�M���i�B�Q�M �T�`�Q�+�2�b�b�-

�T�?�Q�i�Q�M�b ���`�2 �M�Q �H�Q�M�;�2�` �+�Q�m�T�H�2�/ �r�B�i�? �K���i�i�2�`�- ���H�H�Q�r�B�M�; �i�?�2�K �i�Q �T�`�Q�T���;���i�2 �7�`�2�2�H�v ���M�/ �K���F�B�M�;

�i�?�2 �m�M�B�p�2�`�b�2 �i�`���M�b�T���`�2�M�i�X �h�?�2 �H�B�;�?�i �2�K�B�i�i�2�/ ���i �i�?�2 �2�M�/ �Q�7 �i�?�B�b �`�2�+�Q�K�#�B�M���i�B�Q�M �2�`�� �B�b �i�?�2�M

�`�2�/�b�?�B�7�i�2�/ ���7�i�2�` �R�j�X�d �#�B�H�H�B�Q�M �v�2���`�b �i�Q �7�Q�`�K �r�?���i �r�2 �b�2�2 �i�Q�/���v ���b �i�?�2 �*�Q�b�K�B�+ �J�B�+�`�Q�r���p�2

�"���+�F�;�`�Q�m�M�/ �U�*�J�"�V�X

�"�2�7�Q�`�2 �`�2�+�Q�K�#�B�M���i�B�Q�M�- �b�B�M�+�2 �i�?�2 �2�t�B�b�i�B�M�; �2�H�2�+�i�`�Q�M�b�- �T�`�Q�i�Q�M�b�- ���M�/ �T�?�Q�i�Q�M�b �+�Q�@�2�t�B�b�i �r�B�i�?�B�M �i�?�2

�T�?�Q�i�Q�M�@�#���`�v�Q�M�B�+ �7�H�m�B�/�- �i�?�2 �/�2�M�b�B�i�v �r�Q�m�H�/ �#�2 �K�Q�b�i�H�v �7�H���i ���+�`�Q�b�b �i�?�2 �m�M�B�p�2�`�b�2�X �h�Q �/�2�b�+�`�B�#�2 �i�?�2

�H�2�p�2�H �Q�7 ���M�B�b�Q�i�`�Q�T�v �B�M �i�?�B�b �7�H�m�B�/�- �r�2 �/�2�7�B�M�2 �i�?�2 �H�Q�+���H �/�2�M�b�B�i�v �7�H�m�+�i�m���i�B�Q�M� = � (x; t )/ �� � 1�X

�6�`�Q�K �1�[�X�R�X�9���M�/ �i�?�2 �`�2�H�2�p���M�i �2�[�m���i�B�Q�M �Q�7 �b�i���i�2�- �r�2 �M�Q�i�2� / a� 3(1+ ! )(t)�- �r�?�2�`�2� / a(t) �B�M

�� �K���i�i�2�`�@�/�Q�K�B�M���i�2�/ �m�M�B�p�2�`�b�2 �(�j�- �*�?�X �k�k�X�9�)�X
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�b�F�v�- �r�?�B�+�? �`�Q�m�;�?�H�v �i�`���M�b�H���i�2�b �i�Q� (tCMB ) � 10� 5�X ���/�/�B�i�B�Q�M���H�H�v�- �r�2 �F�M�Q�r �i�?�2 �+�m�`�`�2�M�i �i�2�K�T�2�`�@

���i�m�`�2 �Q�7 �*�J�" �`�2�H�B�+ �T�?�Q�i�Q�M�b �i�Q �#�2� 0:2�K�2�o�- �`�2�H���i�B�p�2 �i�Q �i�?�2� 0:2 �2�o ���i �i�?�2�B�` �2�K�B�b�b�B�Q�M �H�Q�M�;

���;�Q�- �r�?�B�+�? �v�B�2�H�/�ba(t �i�Q�/���v)/ a(tCMB ) � 103 �U�r�B�i�? ���M �2�t�T���M�/�B�M�; �m�M�B�p�2�`�b�2�- �r�2 �2�t�T�2�+�i �i�?�B�b �`���i�B�Q
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�a�m�T�2�`�*�.�J�a �(�3�y�)�- �S���M�/���s �(�3�R�)�V �+���M �#�2 �m�b�2�/ �i�Q �b�2���`�+�? �7�Q�`a + e ! e ���b �r�2�H�H�X
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�S�"�> �`�2�H�v �Q�M �;�`���p�B�i���i�B�Q�M���H�@�r���p�2 �/�2�i�2�+�i�Q�`�b �(�3�j�)�X

�R�X�8 �A�M�2�H���b�i�B�+ �.���`�F �J���i�i�2�`

�P�M�2 �T���`�i�B�+�m�H���` �T���`�i�B�+�H�2�@�H�B�F�2 �/���`�F �K���i�i�2�` �b�2���`�+�? �i�?���i �B�b �`�2�H�2�p���M�i �7�Q�` ���+�+�2�H�2�`���i�Q�`�b �B�b �i�?�2 �b�2���`�+�?

�7�Q�` �B�M�2�H���b�i�B�+ �.�J �U�B�.�J�V �T�`�Q�/�m�+�i�B�Q�M �(�3�9�)�X ���b �i�?�B�b �r�B�H�H �#�2 �i�?�2 �7�Q�+�m�b �Q�7 �i�?�B�b �#�Q�/�v �Q�7 �r�Q�`�F�-

�A �2�H���#�Q�`���i�2 �?�2�`�2 �Q�M �i�?�2 �K�2�+�?���M�B�b�K �#�v �r�?�B�+�? �B�.�J �K�Q�/�2�H�b �+���M �T�`�Q�/�m�+�2 ���M �2�t�T�2�`�B�K�2�M�i���H�H�v

���+�+�2�b�b�B�#�H�2 �b�B�;�M���i�m�`�2 �Q�7 �� �/�B�b�T�H���+�2�/ �p�2�`�i�2�t ���M�/ ���M �B�M�B�i�B���H �b�i���i�2 �`���/�B���i�2�/ �U�A�a�_�V �T�?�Q�i�Q�M�X

�h�?�2 �G���;�`���M�;�B���M�b �m�b�2�/ �i�Q �/�2�b�+�`�B�#�2 �i�?�B�b �K�Q�/�2�H ���`�2�,

L  = i �� 1 /@�1 + i �� 2 /@�2 +
i
2

gX X̂ � �� 2
 � � 1 �
i
2

gX X̂ � �� 1
 � � 2 �
1
2

m� 1 �� 1� 1 �
1
2

m� 2 �� 2� 2

L DM $ SM = �
1
4

X̂ �� X̂ �� +
1
2

m2
A 0X̂ � X̂ � �

�
2cW

X̂ �� B̂ �� :

�h�?�2 �7�B�`�b�i �T���`�iL  �/�2�b�+�`�B�#�2�b �i�r�Q �/���`�F �7�2�`�K�B�Q�M�b �r�B�i�? �K���b�b�2�bm� 1 ���M�/m� 2 �X �"�v �+�Q�M�p�2�M�i�B�Q�M�- �r�2

�b�i�B�T�m�H���i�2m� 2 > m � 1 ���M�/ �/�2�7�B�M�2� m� = m� 2 � m� 1 �X

�h�?�2 �b�2�+�Q�M�/ �T���`�iL DM $ SM �/�2�b�+�`�B�#�2�b �� �K���b�b�B�p�2 �/���`�F �T�?�Q�i�Q�MA0 �r�B�i�? �K���b�bmA 0�- �r�?�B�+�? �T�`�Q�p�B�/�2�b

�� �T�Q�`�i���H �i�Q �i�?�2 �b�i���M�/���`�/ �K�Q�/�2�H �U�a�J�V �p�B�� �� �+�Q�m�T�H�B�M�; �r�B�i�?B̂ �� �- �Q�` �i�?�2 �+�Q�K�T�Q�M�2�M�i �T�2�`�i���B�M�B�M�;

�i�Q �i�?�2U(1)Y �U�r�2���F �?�v�T�2�`�+�?���`�;�2�V �+�Q�K�T�Q�M�2�M�i �Q�7 �i�?�2 �2�H�2�+�i�`�Q�r�2���F �7�Q�`�+�2�X �h�?�B�b �F�B�M�2�i�B�+ �K�B�t�B�M�;

�i�2�`�K �/�2�b�+�`�B�#�B�M�; �i�?�2 �B�.�J ���M�/ �a�J �+�Q�m�T�H�B�M�; �B�b �b�+���H�2�/ �#�v� �- �M�Q�`�K���H�B�x�2�/ �#�vcW � �+�Q�b� W �- �r�?�2�`�2

� W �B�b �i�?�2 �q�2�B�M�#�2�`�; ���M�;�H�2�X �6�Q�` �i�?�2 �T�`�Q�T�Q�b�2�/ �K�Q�/�2�H�- �r�2 ���b�b�m�K�2 �i�?���i �i�?�2�`�2 �B�b �M�Q �K���b�b �K�B�t�B�M�;

�#�2�i�r�2�2�M �i�?�2 �/���`�F �T�?�Q�i�Q�M ���M�/ �i�?�2 �b�i���M�/���`�/ �K�Q�/�2�HẐ �#�Q�b�Q�M�- �r�?�B�+�? �+�Q�m�H�/ ���`�B�b�2 �7�`�Q�K �i�?�2

�b�+�2�M���`�B�Q �r�?�2�`�2 �2�B�i�?�2�` �i�?�2 �a�J �>�B�;�;�b �B�b �+�?���`�;�2�/ �m�M�/�2�` �i�?�2 �/���`�FU(1)X �Q�` �i�?�2�`�2 �� �M�2�r �b�+���H���`
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�7�B�2�H�/ �U�2�X�;�X�- �/���`�F �>�B�;�;�b�V �i�?���i �B�b �+�?���`�;�2�/ �m�M�/�2�` �#�Q�i�? �i�?�2 �a�J ���M�/ �/���`�F �;���m�;�2 �;�`�Q�m�T�X

�h�?�2 �/���`�F �T�?�Q�i�Q�M �B�M�i�2�`���+�i�b �r�B�i�? �#�Q�i�? �/���`�F �7�2�`�K�B�Q�M�b �U�B�X�2�X� 1� 2 $ A0 ���M�/� 2 ! � 1A0�V �p�B��

�� �i�?�`�2�2�@�T�Q�B�M�i �B�M�i�2�`���+�i�B�Q�M �UX̂ � �� 2
 � � 1 ���M�/ �B�i�b �+�Q�M�D�m�;���i�2�V�- �b�+���H�2�/ �#�vgX �X �6�Q�` �+�Q�M�p�2�M�B�2�M�+�2�- �r�2
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