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Abstract

This thesis reports a precise measurement of the e+e− → π+π−π0 cross section in the center-of-mass
energies from 0.62 GeV to 3.5 GeV using the radiative-return method. We use a data sample of electron-
positron collisions, corresponding to 191 fb−1 of the integrated luminosity, collected at a center-of-mass
energy near the Υ (4S) resonance with the Belle II detector at the SuperKEKB collider. We measure the
cross section and discuss the contribution to the hadronic-vacuum-polarization components of themuon
anomalous magnetic moment from the 3π channel.
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Chapter 1

Introduction

The standard model (SM) is a theory that describes the primordial composition of matter in the universe
and the fundamental interactions between them: it consists of fermionswith spin 1/2, gauge bosonswith
spin 1, and Higgs bosons with spin 0 that give them masses. In 2012, the ATLAS and CMS experiments
at the LHC collider discovered the predicted Higgs boson, thus accomplished the SM [1, 2]. However,
physics beyond the SM is still necessary to explain phenomena such as the existence of dark matter and
the asymmetry between matter and antimatter. To test the predictive power of the SM, we are pursuing
with two approaches: one is to directly produce and discover new particles through particle collisions at
high energies, and the other is to precisely measure low-energy observables to test for possible physics
beyond the SM that may appear as higher-order effects. Even in 2023, certain phenomena suggestive of
physics beyond the SM have been observed, but no definitive discoveries have been made

The anomalous magnetic moment of muon, a second-generation lepton, is one of the most precisely
measurable and predictable physical quantities and has been subjected to the SM test for over half a
century. The Hamiltonian of the magnetic dipole moment ~µ and electric dipole moment ~d of leptons in
an electromagnetic field is given by

H = −~µ · ~B − ~d · ~E, (1.1)

where ~B and ~E are the magnetic and electric field. The muonwith massmµ, spin vector ~S, and electrical
charge q = e has a magnetic moment

~µ = gµ
e~

2mµ

~S, (1.2)

where gµ is the gyro-magnetic ratio. Although the Dirac theory predicts the value of gµ to be exactly
two, gµ deviates slightly from this value due to radiation corrections. This deviation is known as the
muon anomalous magnetic moment, defined as

aµ ≡
gµ − 2

2
. (1.3)

The predicted value in the SM is calculated as the sum over all Feynman diagrams via loop interactions
of SM particles. Thus, most particles in the SM are involved, and the direct measurement value may
incorporate a contribution from physics beyond the SM.

As of 2023, the situation is complex and puzzling: the significant difference of 5 standard deviations
(σ) between measured values and theoretical predictions is questionable. Figure 1.1 summarizes the aµ
values and uncertainties of measurements and SM predictions. Both the measurement and prediction
precision have reached the order of 0.1 parts-per-million (ppm).

The experimental value of aµ is determined by measuring the spin dynamics of the muon in a static
magnetic field using µ+ → e+ν̄µνe decay. The measurements conducted at the Brookhaven National
Laboratory (BNL) [3] and the Fermi National Laboratory (FNAL) [4, 5] are in good agreement, with the
world average of

aµ(Exp.) = 116 592 059(22)× 10−11, (1.4)
and the precision, the relative uncertainty, of 0.19 ppm. To confirm this, analysis using an even larger
FNAL dataset and validation experiments at the Japan Proton Accelerator Research Complex (J-PARC)
using a method independent of the previous ones are underway.

1
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Figure 1.1: Muon anomalous magnetic moment of the direct measurement and SM
prediction. The circles show the experimental results from BNL [3] and FNAL [4, 5], and the
average. The filled and open squares with error bards represent the SM predictions with the
HVP contributions calculated using the dispersion relation (DR) [6] and lattice QCD [7],
respectively. The red and blue bands show the total uncertainty on measurement average
and SM prediction using the DR, respectively.

The theoretical prediction of aµ is the sum of contributions from all sectors, including quantum elec-
trodynamics (QED), electroweak (EW), and quantum chromodynamics (QCD). The precision of the SM
prediction is 0.37 ppm. The hadronic vacuum polarization (HVP) term in the QCD contribution domi-
nates the uncertainty. Since a prediction using perturbative QCD at low energy is difficult, predictions
in the energy range below 2–3GeV are made by several alternative methods, using dispersion relations
1 and lattice QCD.

The dispersive method uses cross sections of the processes e+e− → hadrons as theoretical input via
the dispersion relation. The cross sections for hadronic annihilation in various final states are exclusively
measured by e+e− collider experiments. and contribution to aµ is calculated as a sum of the cross
sections. This calculation method has long been the standard for predicting HVP contribution. The
predicted aµ using the dispersive method is

aµ(SM, DR) = 116 591 810(43)× 10−11, (1.5)

and themajor uncertainty of HVP contribution derives from the inputs, i.e., the uncertainty onmeasured
cross sections. The difference from the experimental average is

∆aµ = aµ(Exp.)− aµ(SM, DR) = 249(48)× 10−11, (1.6)

which corresponds to a significance of 5.1σ.
On the other hand, the latticeQCDprecision has been improving year by year thanks to advancements

in computational power and methods, and a result in 2020 [7] finally achieved that is compatible with
the precision of the dispersive method. However, this value is closer to the direct measurement; the
difference from the experimental average is

aµ(Exp.)− aµ(SM, Lattice QCD) = 105(55)× 10−11. (1.7)

This disagrees with the dispersive method by a significance of more than 2σ. Several independent
groups have subsequently validated it using lattice QCD, and the results are consistent.

Another controversial point is that the discrepancies of measured cross section between e+e− exper-
iments are becoming non-negligible in the dispersive method, particularly in the e+e− → π+π− cross
section measurement, which is the most significant HVP contribution. Figure 1.2 compares the e+e− →
π+π− contribution between experiments, especially the difference between the KLOE [8, 9, 10, 11],
BABAR [12] and CMD-3 [13, 14], which are more accurate and cannot be ignored. The difference
between the combination of the e+e− → π+π− cross section as of 2020 [6] and the CMD-3 result in
2023 [13, 14] is critical, reducing the significance between the measured aµ (Exp.).

1It is also referred to as the dispersive method or e+e− data-driven method.
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Figure 1.2: Results for aππµ in the energy range ≤ 1 GeV. The gray bands correspond to the
combined fit to all e+e− datasets apart from SND20 and CMD-3, with the largest band
including the additional systematic effect due to the BABAR-KLOE tension. The plot is
adapted from Ref. [20]

Another way to estimate the π+π− HVP contribution with the dispersion relation is to use the
τ hadronic spectral function obtained from the tau hadronic decay, τ± → π±π0ντ decay. Precision
measurements have been made by Belle [15], CLEO [16], ALEPH [17] and others. If we replace only
the π+π− HVP contribution estimated from the e+e− data by from the τ data, the difference from the
experiment average is [18]

aµ(Exp.)− aµ(SM, τ) = 135(45)× 10−11. (1.8)

This is close to the central value estimated by Lattice QCD.
Future validation is planned with theMUonE experiment, which measures muon-electron scattering

angle, as a completely independent method to estimate HVP contribution [19].
If the difference between the experimental and SM predictions is due to physics beyond the SM,

the contribution from new particles that are sufficiently heavier than the muon can be represented by a
general form given by

aNP
µ = C (mµ/MNP)

2
, (1.9)

where C is a coupling constant andMNP is the mass of a new particle. Its sensitivity is proportional to
the square of the ratio of the lepton mass to the new particle mass, making it approximately 40000 times
greater than that of the electron g− 2. This property makes muon g− 2 an ideal candidate for exploring
physics beyond the StandardModel. The difference in Eq. (1.8) suggests the existence of new particles of
about 100GeV/c2, assuming that the coupling constant is about α/π, which is the same size as the weak
contribution,

In summary, it is necessary to clarify the deviations between experimental and theoretical values,
variations in HVP calculation methods, and differences in the cross-section measurements. In these aµ
differences, have we have potentially underestimated or neglected systematic uncertainty in the direct
g − 2 measurements or the cross-section measurements? Are there any unaccounted effects in lattice
QCD, or could we be encountering contributions from physics beyond the SM? It is vital to have more
precise measurements of the cross section from independent experiments to confirm the dispersive
method. This thesis presents a new experiment to measure the e+e− → π+π−π0 cross section, which
would be a help in the enormous verification efforts to solve the muon g − 2 puzzle.

The cross section for the e+e− → π+π−π0 process is the second largest contribution to the HVP
term. Systematic uncertainty, particularly on the cross section below 1.1GeV, is dominant. A precise
evaluation of the detection efficiency is crucial in this measurement. This channel is expected to be
statistically comparable to previous measurements based on a dataset collected during the early Belle II
experimental period. Furthermore, this measurement of the first light-hadron production cross section
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measurement performed in the Belle II experiment could provide an indication of the challenges in the
future analyses of other channels.

This thesis presents a measurement of the cross section of the e+e− → π+π−π0 process using the
electron-positron collision dataset at or near a center-of-mass energy of 10.58GeV collected by the Belle
II experiment. The radiative return method is employed to scan the hadronic energy range of 0.6–
3.5GeV, which involves studying the e+e− → π+π−π0γ process associated with energetic initial-state
radiation photon emission. The thesis proceeds in the following structure. Chapter 2 introduces the
theoretical prediction of aµ, the measurement method of the hadronic annihilation cross section in e+e−

experiments, and the analysis strategy, followed by the experimental setup in chapter 3. The analytical
method is presented as follows: chapter 4 covers extraction of signal events, chapter 5 covers estimation
of residual background processes, chapter 6 covers estimation of signal efficiency, and chapter 7 covers
the mitigation of detector effects that may distort the energy spectrum. The results and aµ contribution
calculated from the measured cross section are summarized and discussed in chapter 8.



Chapter 2

Theoretical prediction of muon
anomalous magnetic moment and
hadronic annihilation cross section
measurements in e+e− collisions

This chapter briefly reviews the theoretical predictions for the muon anomalous magnetic moment, the
important technique for measuring e+e− → hadrons cross sections, the radiative returnmethod, and the
previous measurements of the e+e− → π+π−π0 cross section. Finally, a strategy of the measurements
made in this thesis is presented.

2.1 Theoretical prediction of aµ
The muon anomalous magnetic moment aµ is predicted as a sum of contributions via virtual particles
in all sectors of the SM. The contribution is divided into QED term, EW term, HVP term and hadronic
light-by-light (HLbL) term:

aSM
µ = aQED

µ + aEW
µ + aHVP

µ + aHLbL
µ .

The consensus of theorists as of 2020 is summarized in the Theory Initiative White Paper [6]. Table 2.1
shows the contributions of the theoretical values, where the HVP and HLbL contributions are divided
into leading order (LO), next-to-leading order (NLO) and next-to-next leading order (NNLO) terms. The
sub-sections provide a detailed description of the values and calculation methods for the contributions.
These are based on Ref. [6] and the references listed in Table 2.1.

Contribution Value ×1011 References
Experiment (World average) 116 592 059.(22) Refs. [3, 5]
QED 116 584 718.931(104) Refs. [21, 22]
Electroweak 153.6(1.0) Refs. [23, 24]
HVP LO (e+e−) 6 931(40) Refs. [25, 26, 27, 28, 29, 30]
HVP NLO (e+e−) −98.3(7) Ref. [30]
HVP NNLO (e+e−) 12.4(1) Ref. [31]
HVP (e+e−, LO + NLO + NNLO) 6 845(40)
HLbL (phenomenology + lattice + NLO) 92(18) Ref. [6]
Total SM Value 116 591 810(43) Refs. [6]
Difference: ∆aµ := a

Exp.
µ − aSMµ 249(48)

Table 2.1: Summary of the contributions to aSMµ , adopted from Ref [6].
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(a) One-loop diagram

(b) Two-loop diagrams

(c) Three-loop diagrams

(d) Four-loop diagrams

Figure 2.1: (a) One-loop, (b) Two-loop, (c) three-loop and (d) four-loop Feynman diagrams
contributing to aQED

µ . The three-loop and four-loop diagrams are divided into
gauge-invariant sets. The straight and wavy lines represent lepton and photon propagators,
respectively. Adopted from Refs. [21, 22].

2.1.1 QED contribution

The QED contribution can be expressed using the perturbative expansion as

aQED
µ =

∑

n

aQED,n-loop
µ (2.1)

=
∑

n

(α
π

)n
A(2n) (2.2)

=
∑

n

(α
π

)n(
A

(2n)
1 +A

(2n)
2

(
mµ

me

)
+A

(2n)
2

(
mµ

mτ

)
+A

(2n)
3

(
mµ

me
,
mµ

mτ

))
, (2.3)

where aQED,n-loop
µ = (α/π)nA(2n) is the QED contribution of n-loop diagrams, corresponding to the

2n th-order of the perturbative series of QED. In Eq. (2.3), the coefficients of the series A(2n) are divided
into the mass-independent and mass-dependent terms. Each coefficient A(2n)

i=1,2,3 can be calculated in
a technique with Feynman diagrams. The lowest term, which is the only mass-independent term,
corresponds to the diagram in Fig. 2.1 (a), where A(2)

1 = 1/2; this is the famous Schwinger’s calculation
of the one-loop Feynman diagram of QED in 1947. The contribution with the QED coupling constant
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α−1 = 137.035 999 046(27) is

aQED,1-loop
µ =

α

2π
= 116 140 973.321(23)× 10−11 [22]. (2.4)

The number of Feynman diagrams increases as the number of loops, one diagram for A(2), seven for
A(4), 72 forA(6) and 891 forA(8). The Feynman diagrams up to four-loop are depicted in Figs. 2.1 (b)–(d),
and the contributions are [22]

aQED,2-loop
µ = 413 217.625 8(70)× 10−11 (2.5)
aQED,3-loop
µ = 30 140.902 33(33)× 10−11 (2.6)
aQED,4-loop
µ = 381.004(17)× 10−11. (2.7)

The numerical and analytical calculations are in good agreement up to the four-loop diagrams. The
five-loop term is numerically calculated with 12672 diagrams as shown in Fig 2.2, and results in

aQED,5-loop
µ = 5.078 3(59)× 10−11 [22]. (2.8)

The contribution of higher-order term, the sixth-loop term, is expected to be the order of 10−12 and is
negligibly small compared to the target uncertainty on aµ [32]. In total, the QED contribution is

aQED
µ = 116 584 718.931(104)× 10−11 [22]. (2.9)

I(a) I(b) I(c) I(d) I(e)

I(f) I(g) I(h) I(i) I(j)

II(a) II(b) II(c) II(d) II(e)

II(f) III(a) III(b) III(c) IV

V VI(a) VI(b) VI(c) VI(d) VI(e)

VI(f) VI(g) VI(h) VI(i) VI(j) VI(k)

Figure 2.2: Five-loop Feynman diagrams contributing to aQED
µ . They are divided into

32 gauge-invariant subsets over six super sets. The straight and wavy lines represent lepton
and photon propagators, respectively. The external photon vertex is omitted for simplicity.
Adopted from Ref. [21].

The precision of the QED contribution depends on the coupling constant α, which is determined by
measurements. The recent situation for α measurements is shown in Fig. 2.3. The measured values in
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the atom-interferometry experiments using Cesium atoms and Rubidium atoms are

α−1(Cs) =137.035 999 046(27)[33] (2.10)
α−1(Rb) =137.035 999 206(11)[34], (2.11)

respectively, and differ by more than 5σ. The α value for Cesium is used in the calculations in this thesis.
In another way, the α can be derived from the electron g − 2. In contrast to muons, the significantly
smaller mass of electrons than hadrons and EW bosons results in very small hadronic and electroweak
contributions at sizes of 1.47 pats-per-billion (ppb) and 0.026 ppb, respectively [22]. This statement
implies that the electron g − 2 measurements, currently measured with a precision of 0.11 ppb, are
precise measurements of the QED contribution. The α calculated from the measured electron g − 2 is

α−1(ae) = 137.035 999 166(15)[35], (2.12)

which is smaller than the experimental value using Cesium by 3.9σ and larger than that using Rubidium
by 2.1σ. Although such differences ∆ae/ae = O(10−12) are visible at present, the uncertainty on the
QED contribution to aµ of O(10−9) is negligible compared to the differences in aµ, ∆aµ/aµ = O(10−7),
which is currently under discussion.

0 50 100 150 200
910× - 137. 035 999 000) -1α(

Cs
Rb
g/2(2008) with SM
g/2(2022) with SM

1− 0.5− 0 0.5    ppb

Figure 2.3: The coupling constant α determined from electron g − 2 measurement by
Northwestern in 2023 (red) [35], from electron g − 2 measurement by Harvard in 2008
(blue) [36], and from atom-interferometry experiments using Rubidium [34] and
Cesium [33]. The slight difference between solid and open points comes from the use of
different A(10) values. Adopted from Ref. [35]

2.1.2 Electroweak contribution
The EW contribution includes all SM contributions except pure QED, HVP, and HLbL contributions.
Hence, it corresponds to the Feynman diagram via the EW bosons and is strongly suppressed by the
heavy masses of Z, W and H bosons. The contribution is divided into one-loop, two-loop and higher-
order terms as [24]

aEWµ = aEW,1-loopµ + a
EW,2-loop
µ;bos + a

EW,2-loop
µ;ferm + aEW,>2-loop

µ , (2.13)

where the two-loop contribution is divided into bosonic and fermionic terms.
Typical diagrams of one-loop EW contribution are shown in Fig. 2.4. The lowest-order, one-loop,

term is calculated as [24]

aEW,1-loopµ =
GF√

2

m2
µ

8π2

(
5

3
+

1

3

(
1− 4 sin2 θW

)2
+O(

m2
µ

m2
Z,H

)

)
, sin2 θW = 1−

(
mW

mZ

)2

= 0.2231 (2.14)

where GF = 1.1663788(6) × 10−5 GeV−2 is the Fermi constant from muon lifetime [37], θW is the weak
mixing angle,mW,Z,H are the masses ofW , Z, andH bosons. The one-loop contribution is calculated to
be

aEW,1-loopµ = 194.79(1)× 10−11 [24, 6]. (2.15)

The terms of O(m2
µ/m

2
Z,H) in Eq. (2.14) is negligibly small, less than 10−13.

The two-loop contribution is a term proportional to GFα; the diagrams are shown in Fig. 2.5. The
bosonic contribution is defined as the contribution of the two-loop diagram without a closed fermion
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loop such as Fig 2.5 (a)–(c), and the fermionic is a diagram including a closed fermion loop such as
Fig 2.5 (d)–(f). The total two-loop contribution is

aEW,2-loopµ = a
EW,2-loop
µ;bos + a

EW,2-loop
µ;ferm = −41.2(1.0)× 10−11 [6]. (2.16)

The dominant contirbution beyond two-loop is estimated to be aEW,>2-loop
µ = (0± 0.20)× 10−11.

In total, EW contribution is

aEWµ = 153.6(1.0)× 10−11 [6]. (2.17)

This uncertainty is mainly caused by hadronic uncertainty in the two-loop fermionic loop diagram (see
Fig. 2.5 (e)), and uncertainties arising from other effects, higher-order terms above the three-loop, and
experimental uncertainty in boson masses and top-quark mass are considered negligible as they are less
than 10−12.

(a) (b) (c) (d)

Figure 2.4: One-loop Feynman diagrams contributing to aEWµ , which is adopted from Ref. [6].

(a) (b) (c) (d) (e) (f)

Figure 2.5: Bosonic (a)–(c) and fermionic (d)–(f) two-loop Feynman diagrams contributing to
aEWµ , which is adopted from Ref. [6].

2.1.3 LO HVP prediction using dispersive relation
The HVP term is a contribution with quark and gluon via a virtual photon, as a diagram shown in
Fig. 2.6. It is hard to analytically calculate the photon propagator including the HVP, in a perturbative
way. Considering vacuum polarization in photon propagation, the vacuum polarization effects can be
expressed by replacing free photon propagator in the one-loop diagram (Fig. 2.1 (a)) [38]

1

q2
→
∫ ∞

0

ds

s

1

q2 − s
1

π
ImΠ(s), (2.18)

where q is the momentum of virtual photon, and ImΠ(s) is the imaginary part of the photon self-energy
function. By using the optical theorem, we can obtain the relation between the imaginary part of the
hadronic contribution to the photon self-energy Πhad and the hadronic cross section from electron-
positron annihilation:

ImΠhad(q2) =
s

4πα
σ(e+e− → hadrons). (2.19)

Here, the ratio of hadronic cross section from e+e− annihilation to di-muon production as the R(s) in a
function of squared hadronic energy s, so-called hadronic R-ratio, is often defined as

R(s) := σtot/
4πα2

3s
, (2.20)
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where σtot is the total cross section of the hadron and the normalization factor 4πα2/3s is the point-like
cross section (tree level) of the e+e− → µ+µ− process for s � 4mµ. The LO HVP contribution to aµ,
the contribution from the diagram shown in Fig. 2.6, can be calculated by replacing the aµ contribution
of a “massive photon” of

√
smass [39] with the HVP according to Eq. (2.18) [40, 38],

aµ =
α

π

∫ ∞

0

ds

s

1

π
ImΠ(s)K(s). (2.21)

TheK(s) is the QED kernel function, which can be expressed as [41]

K(s) = (2− x2) +
(1 + x2)(1 + x)2

x2

(
ln (1 + x)− x+

x− 2

2

)
+

1 + x

1− xx
2 lnx, (2.22)

where x = (1− βµ)/(1 + βµ) and βµ =
√

1− 4m2
µ/s. The R-ratio can be obtained using the perturbative

QCD calculation on the high energy side, while on the low energy side, the measured R-ratio is used as
input instead. Namely, the LO HVP contribution can be calculated using Eqs. (2.19), (2.21), and (2.20) as

aLO,HVP
µ =

α2

3π2

(∫ E2
cut

m2
π0

ds
Re+e−data(s)K(s)

s
+

∫ ∞

E2
cut

ds
RpQCD(s)K(s)

s

)
, (2.23)

whereRe+e−data(s) andRpQCD(s) are theR-ratiosmeasured by the e+e− experiments and calculated from
perturbative QCD, and E2

cut is a transition point of the R-ratios. Introducing the K̂(s) ≡ K(s) · s ·m2
µ,

Eq. (2.23) is rewritten as [40]

aLO,HVP
µ =

(αmµ

3π

)2
(∫ E2

cut

m2
π0

ds
Re+e−data(s)K̂(s)

s2
+

∫ ∞

E2
cut

ds
RpQCD(s)K̂(s)

s2

)
, (2.24)

The variable K̂(s) increases gradually from approximately 0.63 at the threshold of s = 4m2
π , and reaches

1 at s→∞, as shown in Fig. 2.7. Thus, examining Eq. (2.24), we can see that the primary termwithin the
integral is a product of the R-ratio and 1/s2. Therefore, the contribution of the R-ratio is significantly
amplified in the low-energy region.

Figure 2.6: One-loop Feynman diagrams contributing to aHVP
µ . The straight and wavy lines

represent lepton and photon propagators, respectively. The grey blob represents hadronic
vacuum polarization. Adopted from Ref. [21].

Figure 2.8 shows the measured R-ratio and perturbative QCD prediction over a wide energy range
up to Z boson. In the cross section measurement, measurements are carried out at exclusive channels
in the region below 2GeV and are calculated as the integral sum of all channels. Figure 2.9 plots the
contributions to the R-ratio from the exclusive final states. The precise measurements for the exclusive
final states are conducted by electron-positron collider experiments: CMD-2, CMD-3 and SND at the
VEPP-2M and VEPP-2000 collider, KLOE at the DAΦNE collider, BESIII at the BEPC collider, and BABAR
at the PEP-II collider. Figure 2.10 plots the measured inclusive R-ratio and the estimate of perturbative
QCD in the energy range of 1.937–4.50GeV. Inclusive measurements in the energy region above 1.8
are made as well by BESII at the BEPC collider, BESIII, and KEDR at BINP. The breakdown of the
contribution for each energy range is shown in Fig. 2.11, and it can be seen that it mostly depends on
that below 1.8GeV, i.e., in the region where the experimental values are used as input.
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Figure 2.7: Graph of modified kernel function K̂(s) ≡ K(s) · s ·m2
µ in the g − 2 dispersion

integral.

In the white paper [22], the results of the calculations of the two groups, DHMZ [25, 29] and
KNT [26, 30], are combined, and the value is [6]

aLO,HVP
µ = 6 931(40)× 10−11. (2.25)

Each of these two groups calculates with different treatment of data and correlations. This uncertainty is
due to themeasurement of the cross sections. As a conservative value, the larger systematic error is taken
for each channel, and the BABAR-KLOE discrepancy arises half of its difference as the systematic error.
Figure 2.12 shows a breakdown of the contribution and uncertainty for various channels. Regarding
contribution to aHVP,LO

µ , the π+π− channel, which produces a ρ(770) resonance of large cross section,
accounts for the most significant proportion of 74%. The π+π−π0 channel, which is the second largest,
has a significant contribution from ω(782) and φ(1020) contributes about 7%. The other channels above
and below 1.8GeV have contributions of about 10%. Regarding the uncertainty, the π+π− channel
represents the most significant proportion, accounting for 65%. Following this is the π+π−π0 channel,
which accounts for 16%, and the π+π−π0π0 channel, which accounts for 10%. The uncertainty resulting
from π+π− has beenmeasured through various experiments, as aforementioned in chapter 1 and Fig. 1.2,
particularly inKLOE andBABAR, the systematic uncertainty reaches a level of 0.5%. The tension between
KLOE and BABAR has been conservatively factored into the uncertainty, although CMD-3 has not been
considered in the value Eq. (2.25). As a result, approximately half of the aHVP,LO

µ uncertainty of 4.0×1010

is attributed to the deviation between these two experiments, resulting in approximately 40% of the total
uncertainty of aSMµ

Higher-order HVP contribution

The HVP contribution of the NLO comes from the Feynman diagrams such as Fig. 2.13. The diagrams
(a) and (b) are the main contributions, where (a) has a contribution of about 1 × 10−9, while (b) has a
negative contribution of about 2 × 10−9. The contribution from (c) is small, and in total, the NLO HVP
contribution is

aNLO,HVP
µ = −98.3(7)× 10−11 [30]. (2.26)

The contribution from the NNLO is non-negligible, and its value is estimated at

aNNLO,HVP
µ = −12.4(1)× 10−11 [31], (2.27)

which is 0.1 ppm level of aµ.
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5 52. Plots of Cross Sections and Related Quantities

52.3 σ and R in e+e− Collisions
σ and R in e+e− Collisions
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Figure 52.2: World data on the total cross section of e+e− → hadrons and the ratio R(s) = σ(e+e− →
hadrons, s)/σ(e+e− → µ+µ−, s). σ(e+e− → hadrons, s) is the experimental cross section corrected for initial state
radiation and electron-positron vertex loops, σ(e+e− → µ+µ−, s) = 4πα2(s)/3s. Data errors are total below 2 GeV
and statistical above 2 GeV. The curves are an educative guide: the broken one (green) is a naive quark-parton model
prediction, and the solid one (red) is 3-loop pQCD prediction (see “Quantum Chromodynamics” section of this
Review, Eq. (9.7) or, for more details [99], Breit-Wigner parameterizations of J/ψ, ψ(2S), and Υ (nS), n = 1, 2, 3, 4
are also shown. The full list of references to the original data and the details of the R ratio extraction from them can
be found in [100]. Corresponding computer-readable data files are available at http://pdg.lbl.gov/current/xsect/.
(Courtesy of the COMPAS (Protvino) and HEPDATA (Durham) Groups, August 2019. Corrections by P. Janot
(CERN) and M. Schmitt (Northwestern U.))

21st May, 2020 7:49pm

Figure 2.8: World data on the total cross section of e+e− → hadrons and the R-ratio.
Adopted from Figure 53.2 in Ref. [37].

2.1.4 Hadronic Light-by-light contribution

The HLbL contribution arises from diagrams in which lepton current does not couple directly to the
external field but via a hadronic blob; an example of a diagram of the LO is shown in the left-hand
side of Fig. 2.14. This HLbL contribution causes the second-largest uncertainty in SM prediction after
LO HVP, 18% of the aSMµ uncertainty. As with the HVP, this prediction is also difficult by perturbative
QCD, so there are two methods: one based on data-driven phenomenological evaluation and the other
on first-principles calculations using lattice QCD.

The data-driven approach is more complex than the HVP case because it has a four-point interaction.
As shown in Fig. 2.14, the hadronic blob part can be decomposed into the diagrams on the right-hand
side. The contribution of the exchanging light pseudo-scalars π0, η, η′ is the dominant part of the HLbL
contribution, which can be calculated from the experimentally measured form factor through the two-
photon process, e.g., the γγ∗ → π0 process. The remaining terms contribute around 1×10−10–2×10−10.
The contribution using the dispersion relation is calculated up to NLO [6],

aHLbL, LO
µ (DR) = 92(19)× 10−11, and (2.28)

aHLbL, NLO
µ (DR) = 2(1)× 10−11. (2.29)
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Figure 2.9: (a) The total hadronic R-ratio and (b) the uncertainty for the exclusive channels
below 1.937GeV. Adopted from Ref. [26].

The results of the LO HLbL using lattice QCD calculation,

ahLbL, LOµ (Lattice QCD) = 79(35)× 10−11, (2.30)

which is consistent with one using the dispersion relation. In total, the contribution is predicted as

aHLbL
µ = 92(18)× 10−11 [6]. (2.31)

2.1.5 New physics contribution
The difference between the experimental value and theoretical prediction is δaµ = (24.9± 4.8)× 10−10.
The difference can be explained by the radiative correction through new physics, and its size can
provide information about the energy scale of this new physics. Many new physics models, such as
supersymmetry (SUSY), Leptoquark, Vector-like lepton,Axion-likeparticle and soonhavebeenproposed
to explain the currently visible difference [43, 44, 45, 46, 47, 48]. In this sub-section, the one of the case
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Figure 2.10: The inclusive R-ratio in the energy range of 1.937–4.50GeV. Adopted from
Ref. [26].

Figure 2.11: Breakdown of contributions and error squares from different energy regions.
Adopted from Ref. [38].

π+π−

π+π−π0

π+π−π0π0
π+π−π+π−

K+K−
K0
SK

0
L

π0γ

E > 1.8 GeV

(a) Contribution

π+π−π+π−π0

π+π−π0π0

π+π−π+π−
K+K−

K0
SK

0
L

E > 1.8 GeV

(b) Error2

Figure 2.12: Contribution and error-square of each channel to aµ(3π). The values are taken
from KNT19 [30].

of the Minimal Supersymmetric StandardModel (MSSM) will be discussed to introduce the possibilities
of the new physics.

Since this deviation is at the same level as the EW contribution, aEWµ = 15.4 (0.1)× 10−10, physics on
the same energy scale as EW is suggested as one of the scenarios. In particular, the MSSM, low-energy
SUSY model, is one of the most promising candidates to explain this difference. SUSY itself is also very
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(a) (b) (c)

Figure 2.13: Next-to-leading-order Feynman diagrams contributing to aHVP
µ . The straight and

wavy lines represent lepton and photon propagators, respectively. The grey blob represents
hadronic vacuum polarization. Adopted from Ref. [6].

���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������

µ−(p) µ−(p′)

↓ k = p′ − p

=

�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������

π0, η, η′

+ . . .+

��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������

��������
��������
��������
��������
��������
��������
��������

�������
�������
�������
�������
�������
�������
�������

�������
�������
�������
�������
�������
�������
�������

π+

+ . . .+
Exchanges of

other resonances

(f0, a1, f2, . . .)

+

q

+ . . .

Figure 2.14: HLbL Feynman diagrams of hLbL contribution in model calculations. The blobs
on the right-hand side of the equal sign are form factors that describe the interaction of
photons with hadrons. Adopted from Ref. [42].

attractive in that it can explain multiple unsolved issues in the SM, such as the gauge hierarchy problem,
gauge coupling unification, and relic density of dark matter.

The SUSY contribution, aSUSY
µ , appears as radiative corrections associated with the newly introduced

Supersymmetric partner particles: smuons, neutrino, bino, wino, and higgsino. The one-loop diagrams
of themain contributions are shown in Figs 2.15, where each is labeledWHL, BHL, BHRandBLR, and the
one-loop SUSY contribution is the sumof these. WHL (C) andWHL (N) represent the chargino-sneutrino

µL µR

W̃±–H̃± γ

ν̃µ

(a) WHL(C)

µL µR

µ̃L
γ

W̃ 0–H̃0
d

(b) WHL(N)

µL µR

µ̃L
γ

B̃–H̃0
d

(c) BHL

µL µR

µ̃R
γ

H̃0
d–B̃

(d) BHR

µL µR

µ̃L–µ̃R γ

B̃

(e) BLR

Figure 2.15: Feynman diagrams of SUSY loop. One-loop Feynman diagrams of SUSY
contribution to aµ in the gauge eigenstate basis.

loop and the neutralino-smuon loop, respectively. The numerical expressions are given by [44]

aWHL
µ =

α2

4π

m2
µ

M2µ
tanβ · fC

(
M2

2

m2
ν̃µ

,
µ2

m2
ν̃µ

)
− α2

8π

m2
µ

M2µ
tanβ · fN

(
M2

2

mµ̃2
L

,
µ2

mµ̃2
L

)
, (2.32)

aBHL
µ =

αY
8π

m2
µ

M1µ
tanβ · fN

(
M2

1

mµ̃2
L

,
µ2

mµ̃2
L

)
, (2.33)

aBHR
µ = −αY

4π

m2
µ

M1µ
tanβ · fN

(
M2

1

mµ̃2
R

,
µ2

mµ̃2
R

)
, (2.34)

aBLR
µ =

αY
4π

m2
µM1µ

mµ̃2
Lmµ̃2

R

tanβ · fN
(
mµ̃2

L

M2
1

,
mµ̃2

R

M2
1

)
, (2.35)

where α2 and αY are the gauge coupling constants of SU(2)L and U(1)Y gauge group, M1 (M2) is
the bino (wino) soft mass, µ is the higgsino mass parameter, tanβ = vu/vd is the ratio of the vacuum
expectation values of the up- and down-type Higgs, andmµ̃L/R andmν̃µ are the masses of the left/right-
handed smuon and themuon sneutrino, respectively. And the functions of the chargino-sneutralino and
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neutralino-smuon loop, fC and fN , are expressed as

fC(x, y) = xy

[
5− 3(x+ y) + xy

(x− 1)2(y − 1)2
− 2 lnx

(x− y)(x− 1)3
+

2 ln y

(x− y)(y − 1)3

]
, (2.36)

fN (x, y) = xy

[−3 + x+ y + xy

(x− 1)2(y − 1)2
+

2x lnx

(x− y)(x− 1)3
− 2y ln y

(x− y)(y − 1)3

]
. (2.37)

The required muon chirality symmetry breaking is caused by the Yukawa coupling to the Higgsino.
Therefore, aSUSY

µ is proportion to tanβ, appearing in the coupling constants. In the BLR case, this is
realized by the smuon left-right flip based on the smuon mixing matrix. However, the constraints
imposed by the proton-proton collision experiments at the LHC limit the SUSY parameters that can
explain the g − 2 discrepancy and have large tanβ. Here, as an example, we consider the pure-bino
contribution (BLR) scenario (BLR; Fig. 2.15 (e) and Eq. (2.35)), which is one of several scenarios that is
not completely explored by LHC experiments. In this case, the BLR contribution is dominant. Under
these conditions, the lightest neutralino is the lightest supersymmetric particle, the so-called LSP, and
is a good candidate for dark matter. Therefore, we can constrain the higgsino mass parameter from the
measured thermal relic abundance of the neutralino. The bounds on the neutralino and muon masses
at this time are shown in Fig. 2.16, where the orange region can account for the g − 2 discrepancy.
The blue region is limited by direct measurements of events from proton-proton collisions at the LHC.
The muon g − 2 discrepancy can be explained by 1σ for parameters with tanβ = 5 and smuon mass
µ̃1 . 220 GeV/c2. These remaining regions are often difficult to measure even at the LHC, where the
mass difference between the bino and the smuon is small, the detection efficiency suffers due to the low
momentum of the lepton final state. But this is an example where g − 2 provides a good constraint on
the search targets of future energy frontier experiments.
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Figure 2.16: Constraints on mass parameters in the bino-dominated SUSY scenario (BLR)
with dark matter relic abundance. The vertical and horizontal axis represent smuon and bino
mass. The orange and yellow regions is the parameters that can solve the g − 2 discrepancy
at the 1σ and 2σ level. The blue area is excluded parameters by direct measurements.
Adopted from Ref. [44].
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Figure 2.17: Feynman diagrams of e+e− → hadrons process with initial-state radiation. (a)
represents a tree-level process without ISR emission. (b) represents the LO ISR process with
a single hard photon emission. (c)–(f) represent NLO ISR process. (f) is the process with two
hard photon emission

2.2 Cross section measurement at e+e− collision experiment
In straightforward terms, the total number of process occurrences can be given by the cross section for
the process σ and the integrated luminosity index Lint,

N =

∫
dtσL. = σLint, (2.38)

where Lint is the index of the dataset size, obtained as an integral of the instantaneous luminosity L in
that time direction. To measure the cross section σ, it is necessary to assess the size of the dataset and
the signal efficiency of detectors. In addition, to obtain the cross section spectrum, the energy of this
hadronic system must be scanned. For this purpose, an ISR-based technique, so-called radiative return
method, is introduced in this analysis.

2.2.1 Radiative return method
The radiative return method is a technique used to scan hadronic energies at a fixed e+e−-collision
energy. Now we consider the lowest-order process, a hadron-production process that involves a single
hard photon emission (see Fig. 2.17 (b)). A hadronic energy

√
s′ in the process is given by a relation

of s′ = s − √sEγ , where the e+e− energy in the center-of-mass (c.m.) system
√
s and the ISR photon

energy in the e+e− c.m. Eγ . When the initial e+e− energy is
√
s = 10.58 GeV, the hadronic energy range

0.4–3.5GeV corresponds to the ISR photon energy range 4.7–5.3GeV. The probability of the ISR photon
polar angle with respect to the e+e− collision axis in the e+e− c.m. system, θγ , and the photon energy
with respect to beam energy, x := 2Eγ/

√
s, can be given up tom2

e/s term by [49, 50]

w0(θγ , x) =
α

πx

2(x2 − 2x+ 2) sin2 θγ − x2 sin4 θγ − 2
m2
e

s

[
(1− 2x) sin2 θγ − x2 cos4 θγ

]

2
(

sin2 θγ +
m2
e

s cos2 θγ

)2 . (2.39)

According to this function (shown in Fig. 2.18), most of the emitted photons are emitted at a small θγ ,
i.e., along the e+e− beam axis, and thus are not detected by detectors. For conditions where m2

e/s is
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Figure 2.18: Fraction of an ISR emission angle θγ in the lowest order process, w0(θγ , x),
normalized by an integral over θγ .

sufficiently small, integrating Eq. (2.39) over the range of polar angle θmin < θ < π − θmin yields

W0(θmin, x) =

∫ π−θmin

θmin

w0(θγ , x) sin θγdθγ . (2.40)

We call this function the radiator function. When the integral range θminis a sufficiently large angle
θmin � me/

√
s, the radiator function is given by

W0(θmin, x) =
α

πx

[
(2− 2x+ x2) ln

(
1 + cos θmin

1− cos θmin

)
− x2 cos θmin

]
, (2.41)

and when θmin = 0,

W0(0, x) =
α

πx

(
ln

(
s

m2
e

)
− 1

)
(2− 2x+ x2). (2.42)

The cross section of the e+e− → γhadrons process is

dσhadron+γ(m)

dm
=

2m

s
·W0(θmin, x) · σ0(m), (2.43)

where σ0(m) is the born cross section of the e+e− → hadrons process (Fig. 2.17 (a)). The radiator function
can describe the cross section with an accuracy of 10%–20%, but in practice it is necessary to consider
higher-order terms. The higher-order processes involving multiple photons, e.g., processes involving
two photons (Fig. 2.17 (c)–(f)). Giving the ratio of the radiator function including higher-order photon
emissionW (θmin, x) to the lowest-order photon radiationW0 as a radiative correction

Rrad =
W (θmin, x)

W0(θmin, x)
. (2.44)

Here, at
√
s = 10.58 GeV, the Rradis found to be one within 2%, under the condition that the highest-

energy ISR photon is limited to 20◦–160◦ and the invariant mass of the photon and hadronic system is
greater than 8GeV/c2. The latter condition is to drop collinear photons and soft photons in the process
with two external photon emission.

The observed cross section is

dσvis(m)

dm
=

2m

s
·W0(θmin, x) ·Rrad · σ0(m). (2.45)
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We call this visible cross section, which includes all radiative effects from ISR, final-state radiation (FSR),
and vacuum polarization (VP). The spectrum observed by detectors can be obtained from Eqs. (2.38) and
(2.45) as

dN

dm
= ε(m) · dLeff.

dm
·Rrad · σ0(m), (2.46)

where ε(m) is the detection efficiency. The luminosity with the radiator function is considered as
hadronic-mass-dependent luminosity, so-called effective luminosity, and expressed as

dLeff.
dm

=
2m

s
W0(θmin, x)Lint. (2.47)

The radiative return method has several advantages and disadvantages due to the emission of high-
energy ISR compared to the scan method. Whereas the scan method requires changing accelerator
conditions to measure a cross section at a given energy, the radiative return method allows measur-
ing the entire spectrum below the collision energy with a single dataset. This makes it robust against
accelerator/detector performance changes over time and beam energy. On the other hand, about the
accuracy of hadronic energym, the former can be determined by the beam energy resolution, while the
latter requires an understanding of the detector resolution. The second difference is that the hadrons
are boosted in the laboratory frame in the radiative-return method, which mainly affects detection effi-
ciency. The higher hadronic momentum in the laboratory frame allows high efficiency to be maintained
at low-energy regions, and a change in the momentum distribution as a function of hadronic energy is
negligible. In addition, detected particles are in a closer detector area (with advantages and disadvan-
tages). The significant disadvantage is that the cross section becomes smaller due to the ISR emission.
Furthermore, as calculated from Eq. (2.41), ISRs of more than 90% are emitted along the beam axis
and are therefore undetectable. The B-factory experiments, however, can also cover this point because
it has relatively high instantaneous luminosity and can often prepare large datasets. Regarding other
significant shortcomings, the radiative return method suffers from more substantial background events
due to background processes from energies above the spectrum to be measured.

2.2.2 Measurements of e+e− → π+π−π0 cross section
The e+e− → π+π−π0 cross sections measured by several e+e− collision experiments are summarized
in Fig. 2.19 The SND [51, 52, 53, 54] and CMD-2 [55, 56, 57, 58] experiments at the VEPP-2M collider
measured the cross section up to 2.0GeV by the scan method. The BABAR experiment [59, 60] at the
PEP-II collider measured up to around 3.5GeV by the radiative return method at

√
s = 10.58 GeV. The

BESIII experiment [61] at the BEPCII collider reported preliminary results using the radiative return
method at

√
s = 3.773 GeV.

The 3π cross section spectrum is characterized by the vector meson resonances: ω(782) and φ(1020)
resonance below 1.05GeV, the ω(1420) and ω(1650) resonances in a range of 1.1–1.8GeV, and the J/ψ
resonance at 3.09GeV. The ρ(770) → 3π process, which is suppressed due to isospin-breaking, is also
clearly observed by the SND [53] and BABAR [60]. Hereafter, we take the following notations for vector
meson resonances ρ = ρ(770), ω = ω(782), φ = φ(1020), ω′ = ω(1420) and ω′′ = ω(1650).

The cross section comparison of the ω and φ resonances between the BABAR, the currently the best
precise measurement, and SND and CMD-2 are plotted in Fig. 2.20. In the ω energy region, the cross
section difference of around 8% is visible between SND and CMD-2, and in the φ region, a difference of
around 10% between BABAR and SND showing a higher cross section. In the 1.1–2.0GeV ω′ comparison,
BESIII comes out higher cross section than BABAR.

In the energy range below 1.1GeV, the precision of measurements is generally 1-2%. The systematic
uncertainty at theω (φ) resonance region is 1.5% (1.5%) for theBABAR [60], 3.4% (5%) for the SND [53, 51],
1.3% (2.5%) for the CMD-2 data [57, 58], and 2.1% (2.0%) for the BESIII data [61].

The e+e− → π+π−π0 contributions to muon g− 2 for the energy range below 1.8GeV, which is often
used a transition energy with the R-ratio of inclusive data and perturbative QCD, is

aµ(3π) = (46.21± 0.40stat ± 1.40syst)× 10−10 (DHMZ 2019 [29]), (2.48)
aµ(3π) = (46.63± 0.94)× 10−10 (KNT 2019 [30]), (2.49)
aµ(3π) = (45.91± 0.53)× 10−10 (M. Hoferichter et al. [65]). (2.50)
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Figure 2.19: The measured cross section of e+e− → π+π−π0 process. (a) – (d) represent
different energy regions. [62, 63, 64, 55, 56, 57, 58, 52, 53, 54, 61, 59]
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The precision of a single measurement is 1.3% for the BABAR result and 1.9% for the preliminary BESIII
result. Due to the slightly higher cross section, the BESIII alone results are slightly higher with respect
to the average. The DHMZ and KNT results include the BABAR 2023 result [60], and the global fit by
M. Hoferichter et al. includes it.
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Figure 2.20: The relative difference of SND [51, 53] and CMD-2 [57, 58] data to BABAR fit
result [60] on the e+e− → π+π−π0 dressed cross section. The uncertainties shown for the
SND and CMD2 data are statistical. Adopted from Ref. [60].
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2.3 Strategy of the 3π cross section measurement
This thesis reports the measurement of the e+e− → π+π−π0 cross section using the radiative return
method with data of the integrated luminosity of 191 fb−1 corrected by the Belle II experiment. We
measure the spectrum of cross section in the hadronic energy range of 0.6–3.5GeV by studying the
process

e+e− → π+π−π0[→ γγ]γISR. (2.51)

The observed (visible) mass spectrum can be expressed as Eq. (2.46). The analysis is performed with
the following steps to obtain the “dressed” cross section for the e+e− → π+π−π0 process, σee→3π . The
dressed cross section is defined as a cross section that omits the radiative effects of the ISR but includes
the ones of FSR and VP. The number of signal events (Eq. (2.51)) is counted by fitting an invariant mass
of two-photon system from the π0 decay observed events after event selection (Chapter 4). We check
the correctness of the background expectation from simulation by using the data in various data control
samples and subtract the backgrounds from the observed spectrum (Chapter 5). A signal efficiency
depends on the detector acceptance, detection efficiency, and event selection efficiency. We use the
signal Monte-Carlo (MC) simulation to obtain the signal efficiency as the first-order approximation. A
possible difference between the simulation and the data is taken into account in a data-driven way by
studying the difference between data and simulation using various data control samples and prepared
data-MC correction factors (Chapter 6). We unfold the background-subtracted spectrum to correct the
mass-smearing effects fromdetector resolution andNLOFSR effects (Chapter 7). The effective luminosity
dLeff/dm, which takes into account the probability to radiate an ISR photon, can be given from Eq. (2.47)
and the measured integrated luminosity for the given range of the polar angle of the ISR photon. Finally,
we discuss the LO HVP contribution to aµ and ∆α

(5)
had(M2

Z) using the obtained spectrum (Chapter 8).
Wepay attention to signal selection, background estimation, and efficiency determination to be robust

against systematic uncertainty. We use several kinds of control samples in data to confirm the correctness
of the simulation as well as to obtain the data-MC correction factors.

Blind analysis
To mitigate experimenter bias, this analysis is carried out by blinding the signal sample until the signal
selections are elaborated and the correction factors are determined. The datasets and procedures are
split into four steps as follows:

1. MC simulation study

2. Non-signal sample study

3. Partial data study

4. Full data unblinding

In step 1, the analysis program/software is prepared, and the primary event selection criteria are
determined using signal and background MC sample. In step 2, background estimation and a part of
the efficiency correction study are performed using non-signal samples. The full statistic is used since
the control samples in step 2 does not include the signal. In step 3, the overall analysis procedure is
confirmed using randomly-selected 10% data, corresponding to 20 fb−1, and preserves the blindness to
the final results. The method for determining the signal extraction and correction factor is fixed before
step 4, and then the full data is analyzed in step 4. Third-party reviewers of the experiment collaborator
review each step.



Chapter 3

Experiment apparatus and datasets

The measurement of the e+e− → π+π−π0 cross section using the radiative return method is performed
using the SuperKEKB collider and Belle II detector located at the high energy accelerator research
organization (KEK), Tsukuba, Japan. The Belle II experiment is a e+e−-collider experiment operated
at the e+e− center-of-mass energy at or near

√
s = 10.58 GeV. This chapter describes the experimental

apparatuses, SuperKEKB collider and Belle II detector, e+e−-collision data sample collected by the
detector, and MC simulation sample calculated on computers.

3.1 SuperKEKB collider
The SuperKEKB collider [66, 67, 68] is an asymmetric electron-positron collider at or near the c.m. energy
of
√
s = 10.58 GeV upgraded from the KEKB B-factory [69] to achieve 30 times higher instantaneous

luminosity, 6 × 1035 cm−2s−1. Figure 3.1 illustrates the schematics of the SuperKEKB facility. The
SuperKEKB collider consists of the injector linear accelerator (linac), the 7-GeV electron storage ring (the
high-energy ring, HER), the 4-GeV positron storage ring (the low-energy ring, LER) and the final-focus
superconducting magnet system at the interaction point (IP). The linac consists of electron sources,
the positron-generation target, the damping ring, and sixty units of superconducting radio-frequency
cavities. The electrons are provided from the electron source, accelerated by the cavities up to 7 GeV, and
injected into theHER. The positrons are produced by hitting 3.5 GeV electrons on the positron-generation
target. The positrons are temporally stored in the damping ring to reduce its beam emittance and injected
into the LER after acceleration up to 4GeV. On the storage ring HER and LER with a circumference
of about 3 km, accelerators are located to compensate for the energy lost by synchrotron radiation and
collimators are equipped to drop particles that have deviated too far from the beam. To achieve the
unprecedented instantaneous luminosity, beam currents in the both rings doubled those of KEKB and a
novel collision scheme, the nano-beam scheme, was introduced for collision with a large crossing angle
of 83milliradian to avoid luminosity limitation due to the hourglass effect.

Various physical processes occur in the electron-positron collision environment at
√
s = 10.58 GeV.

As summarized in Table 3.1, in addition to the e+e− → qq process, BB events, The e+e− → π+π−π0γ
event, the target of this analysis, is categorized as a hadronic process e+e− → qq. Additionally, a
hadronic process e+e− → Y (4S)(→ BB), the lepton pair production of the e+e− → µ+µ−, τ+τ− and
QED processes of large cross sections e+e− → e+e−(γ), γγ(γ), e+e−e+e− occur.

The SuperKEKB collider started its commissioning operation in 2016, and the physical data taking us-
ing the Belle II detector has been operated sinceMarch 2019. The history of beam currents, instantaneous
luminosity, and integrated luminosity is plotted in Fig. 3.2. The instantaneous luminosity is gradually
increased by increasing beam currents and reducing the beam size at the IP towards the design value of
6× 1035 cm−2s−1. As of 2023, a world-record luminosity of 4.7× 1034 cm−2s−1 was achieved. During the
2019–2021 summer, when data using this analysis had been taken, the instantaneous luminosity ranged
from about 0.2× 1034 cm−2s−1 to 3.1× 1034 cm−2s−1.

23
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Figure 3.1: Schematic drawing of SuperKEKB collider

Table 3.1: Total production cross section of major physical processes in electron-positron
collision at

√
s = 10.58 GeV [70]. Event rate is calculated at the instantaneous luminosity of

6× 1035 cm−2s−1 (= 600 nb · s−1).

Process Cross section ( nb) Rate (Hz)
e+e− → Υ (4S) 1.1 660
e+e− → qq 3.7 2200
e+e− → π+π−γISR 0.17 100
e+e− → π+π−π0γISR 0.026 14

e+e− → µ+µ−(γ) 1.1 660
e+e− → τ+τ−(γ) 0.9 540
e+e− → e+e−(γ) a 300 180000
e+e− → γγ(γ) a 5.0 3000
e+e−e+e− b 40 24000
e+e−µ+µ− b 19 11000

aGenerator-level selection criteria for electrons with 10◦ < θc.m.e < 170◦ and Ec.m.
e > 0.15 GeV.

bGenerator-level selection criteria for at least two particles with plab.T > 0.05 GeV/c and 15◦ < θlab. < 155◦.



3.1. SUPERKEKB COLLIDER 25

Figure 3.2: History of SuperKEKB operation. (top row) Beam currents of HER and (2nd row)
LER, (3rd row) instantaneous luminosity, and (bottom row) integrated luminosity are
plotted. In the bottom plot, the green line indicates the integrated luminosity of the collision,
while the yellow line is the amount of physics data taken by the Belle II detector in it. [71]
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3.2 Belle II detector
TheBelle II detector [72] is a 4π general-purpose detector surrounding the IP. It is designed to study events
occurring in 10.58GeV electron-positron collision environment, allowing measurements of the position,
momentum, energy, and mass (i.e. particle type) of relatively long-lived and stable particles. The SM
charged particles that are directly detected by detectors are the electron, muon, pion, kaon, proton, and
deuteron, while the neutral particles are the photon, K-long, and neutron. The layout and dimension
are illustrated in Fig. 3.3. The detector geometry is forward-backward asymmetric, corresponding
to the asymmetric collision. The detector consists of seven sub-detectors: these are arranged from the
innermost layer as the two types of vertex detectors (VXD) surroundedby the central drift chamber (CDC)
for tracking of charged particle, the time-of-propagation counter (TOP) and the aerogel ring-imaging-
Cherenkov counter (ARICH) for charged hadron identification, the electromagnetic calorimeter (ECL)
for photon detection and electron identification, and K-long and muon detector (KLM). A solenoid-type
superconducting magnet is installed outside the ECL and provides a magnetic field of 1.5 T, with the
KLM serving as a return yoke.

In this analysis, the coordinates of the laboratory frame are defined as a right-handed coordinate
system with respect to the Belle II detector. The z-axis is defined by the magnetic field symmetry axis
with the electron beam direction pointing towards the positive z direction. The x-axis denotes the
horizontal direction. In naming the detector, the positive z side is referred to as forward and the negative
z side as backward, and the cylindrical part is called barrel. This coordinate system can be viewed as a
cylindrical system, with the polar angle θ defined as the opening angle from the positive z-axis and the
azimuthal angle φ as the opening angle from the positive x-axis projected onto the x-y plane. The e+e−

c.m. system is determined by the system calculated based on the boost vector in the laboratory frame
~p = (0.46, 0, 3.0) with units of GeV/c.

This sectiondescribes eachdetector component, trigger systemand thedata acquisition system (DAQ).
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Figure 3.3: Horizontal cross section schematics of the Belle II detector, which is adopted
from [73] and edited.

3.2.1 Vertex detector (VXD)
The VXD is a six-layer silicon detector used to improve the precision of the origins (vertices) of charged
particles. The VXD is installed around a beryllium beam pipe made with a radius of 10mm and covers
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a radius of 14–135mm and a polar angle of 17◦–150◦ as shown in Fig. 3.4; the inner two layers are the
depleted P -channel field effect transistor pixel (DEPFET) sensors (PXD), and the outer four layers are
the double-sided silicon strip sensors (SVD) [74]. Each module has rectangular sensors cylindrically
arranged to overlap in the φ direction, avoiding sensor gap inefficiency. The PXD contains an array of
768 × 250 DEPFETs per module, with pixels of approximately 55–85 µm2 in size and arranged so that
the granularity is higher in the area close to the IP.

The decay point is determiend by extrapolating the tracks reconstructed by CDC and the hits on the
VXD, typically with an accuracy of the impact parameter of 15 µm for 3 GeV/c tracks [75].

As a special note, the second layer of the PXD was only installed in two out of twelve modules at the
time of this experiment, as shown in Fig. 3.4 (b). It is arranged to complement the inadequate efficiency
of one module in the first layer.

(a) (b)

(c)

Figure 3.4: (a) 3D view of the Belle II VXD [74]. (b) Forward view of the Belle II PXD in
2019-2022 [76]. (c) Schematic layout of the Belle II VXD in longitudinal cut (left) and
transverse cut (right). The numbers are the size of sensors in units of cm [74].

3.2.2 Central drift chamber (CDC)
The CDC is a cylindrical drift chamber located outside the VXD and plays a central role in tracking
charged particles. It is also used for particle identification of low-momentum charged particles based on
energy deposition. It has an inner diameter of 160mm and an outer diameter of 1130mm and covers a
polar angle range of 17◦–150◦. The wires are attached in the direction of the magnetic field symmetry
axis and form a cell with a sense wire surrounded by nine field wires. The wires (cells) arrangement
is shown in Fig. 3.5. The cells form 56 layers, with the cell size in the radial direction of 8mm for the
innermost eight layers and 18mm for the outer layers. The cell size in the φ direction is 6mm for the
innermost layer and 18mm for the outermost layer. There are two types of wires: axial wires, which
are horizontal to the magnetic field asymmetric axis, and stereo wires, which are twisted slightly in the
direction of φ. The stereo wires are divided into U-type and V-type wires according to the twist direction
and are twisted at an angle of about 45.4milliradian to 74milliradian. The gas is a mixture of 50% helium
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and 50% ethane. This has the advantages of small radiation length, high resolution and good energy
loss resolution.

The performance evaluation of the CDC alone with cosmic-ray muons shows that for muons above
transverse momentum more than 5 GeV/c, the radial impact parameter resolution is 126 µm, the lon-
gitudinal resolution is 1.4mm, the transverse momentum resolution is 0.73% and the φ resolution is
1.1milliradian [77].

Figure 3.5: Wire configuration in x-y plane of the Belle II CDC, which is adopted from
Ref. [77]. The horizontal axis is the distance from the IP.

3.2.3 Aerogel ring-imaging Cherenkov counter (ARICH) and Time-of-propagation
counter (TOP)

The main purpose of the ARICH and TOP is to identify the type of charged particles of high momenta
above 0.5GeV/c, especially pion-kaon identification, which is difficult with other detectors. The measur-
ing principle of ARICH and TOP is based on the Cherenkov angle, the opening angle of the Cherenkov
light from the direction of particle momentum, which depends on the velocity of the charged particle.
This means that for the same momentum, the Cherenkov angle depends on the mass of the charged
particle. As shown in Fig. 3.6, the mass of the particle can be estimated from the Cherenkov angle for a
track with the same momentum and angle of incidence.

Figure 3.6: Principle of π/K identification for the ARICH counter. The solid-line (red) and
dotted-line (blue) cones illustrate the emitted Cherenkov light for a injected charged pion
and kaon, respectively. [78]

The ARICH is a disc-shaped structure covering a forward region, a polar angle of 14◦–30◦, with



3.2. BELLE II DETECTOR 29

hybrid-avalanche photodetectors located at 200mm forward of the two-layer 20mm thick silica aerogel
as shown in Fig. 3.7. The aerogels have a refractive index of 1.045 and 1.055, and the two layers of aerogel
are designed so that the Cherenkov rings overlap on the photodetector, considering their offset and the
difference in Cherenkov angle.

Figure 3.7: Illustration of the Belle II ARICH. Arrangement of photodetectors (left), aerogel
plates (center) and image exported from detector simulation (right) [79]

The TOP covers the barrel part in a hexadecagonal shape with 16 quartz plates of 2600×450×20 mm,
which serve as Cherenkov radiators. One of the 16 modules is shown in Fig. 3.8. This thin structure
provides lower mass and homogenization and enables the CDC to have a larger lever arm. A mirror
is glued to the forward end face of each quartz plate, and a prism and photodetectors are glued to the
backward end face. Cherenkov photons generated by the injection of charged particles are reflected and
travel in the quartz to the photodetectors. The detection position and time of the Cherenkov photons
are measured by micro-channel-plate photo-multiplier tubes with a very high time resolution of less
than 50 pico seconds per single photon. Particle identification by the TOP is based on the time-of-
flight, traveling time from the collision to the quartz injection, the time-of-propagation of the Cherenkov
light in the TOP module and the count of Cherenkov photons. The probability density function of the
measured position and time is calculated from which the CDC tracking information and the particle
hypothesis can determine the momentum and position of incidence. A comparison of the probability
density function (pdf) (coloured map) for different particle hypotheses with respect to the position and
time of the detected photons (black points) is shown in Fig. 3.9. This example shows that the agreement
with the pdf is very good under the kaon hypothesis.

Performance for π/K identification is evaluated using real data of D∗+ → D0π+(D0 → K−π+)
decays. As a typical performance value in forward end-cap (barrel), the percentage of pionsmisidentified
as pions is 11% (7.8%) when identification is performed with a kaon identification efficiency of 94%
(87%) [80, 79].

3.2.4 Electromagnetic calorimeter (ECL)
The ECL is used for the detection of photons from electromagnetic showers, electron identification, and
triggering. The detector consists of 8736 Thallium-doped Cesium Iodide crystals arranged as shown
in Fig. 3.10. The crystals are cylindrically arranged with an inner diameter of 125 cm, and the end
cap is located 196 cm in front and 102 cm behind the IP. It covers a polar angle range of 12.4◦–155.1◦,
corresponding to a solid angle of 92%, with a 1◦ gap between the barrel and the end cap. The crystals
are trapezoidal and have different shapes depending on their location. It is typically 6 × 6 cm in the
front face and 30 cm length, corresponding to a 16.2 radiation length. The crystal is wrapped in 200 µm
polytetrafluoroethylene, 25 µm aluminium and 25 µm mylar sheet. A 10 × 20 cm2 photon detector is
glued to the outer end face.

The crystals and photodetectors used in the Belle detector are also employed in the Belle II detector.
The typical photon energy resolution isσE/E = 4% at 100MeV and 1.6%at 8GeV. The angular resolution



30 CHAPTER 3. EXPERIMENT APPARATUS AND DATASETS

Figure 3.8: 3D view of a module of the Belle II TOP counter [81]
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Figure 3.9: Space–time distribution of the hits associated with a kaon candidate track [81].
The x-axis represents the position of the detector pixel along the width direction of the
quartz, while the y-axis represents the detection time with respect to the collision. The black
points are the observed hits, while the coloured distribution is the pdf for a pion (left), a kaon
(center) or a proton (right) hypothesis with the same measured track.

is 13milliradian for low energy photons and 3milliradian for high energy photons [70].
A ratio of ECL cluster energy to track momentum, measured by the CDC, is beneficial for electron

identification. Electron identification, when combined with other detectors, has been evaluated using
J/ψ → e+e−, e+e− → e+e− and Ks → π+π− decays in real data. As a typical performance value, the
percentage of pions misidentified as electrons is 2% when identification is performed with an electron
identification efficiency of 94% [82].

3.2.5 K-long and muon detector (KLM)
The KLM is installed for the detection of hadron showers caused by K0

L, which are long-lived neutral
particles, and for the identification of muons, which have high penetrability of materials. The KLM is
divided into a barrel section with an octagonal cylindrical shape and a disc-shaped end-cap section. It
consists of 15 (14 in the end-cap) 4.7 cm-thick iron plates alternating with 14 charged particle detectors,
ensuring 3.9 interaction lengths in the vertical direction. The barrel section covers a polar angle range
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Figure 3.10: Overall configuration of the Belle II ECL. It is adapted from Belle paper [83] as
the crystal layout is common. Upper (lower) half of side panels represents the layout in the
barrel (end-cap) region.

of 45◦–125◦ and the end-cap covers the outside of that range to 20◦–155◦. Two types of charged-particle
detectors, scintillation counters and resistive plate chambers (RPC) are used for the charged-particle
detection part. Scintillation counters are used in the inner two layers of the end-cap part and the barrel
part to withstand neutron backgrounds from the accelerator, while RPCs are employed in the outer 13
layers of the barrel part.

Muon identification, when also combined with other detectors, has been evaluated using J/ψ →
µ+µ− and Ks → π+π− decays in real data. As a typical performance value, the percentage of pions
misidentified as muons is 7% when identification is performed with a muon identification efficiency of
89% [82].

3.2.6 Level-1 trigger
The level-1 trigger system is a group of electronics that uses detector information to invoke data acquisi-
tion pipeline. The main objectives are to find the event occurrences of interest, to determine their event
times, and to suppress the data acquisition rate of some QED events with large cross sections within a
bandwidth. Typical event rates are shown in Table 3.1, where event rates occurring at these frequencies
are eventually reduced to a trigger rate of less than 30 kHz. The trigger system consists of complex logic
circuits using electronics and field-programmable-gated-array circuits. The trigger signal must be fired
and provided to the DAQ system at a latency of 5µs from the event occurrence. Figure 3.11 illustrate
the schematic view of the trigger system. The sub-triggers based on the CDC, ECL, TOP and KLM
are used to reconstruct objects from the respective hit information and send information such as the
number of tracks, number of clusters, energy sum of ECL clusters and so forth. The information is sent
to the downstream electronics, the global reconstruction logic module (GRL), to match the information
between sub-triggers. The processed information is eventually sent to the global decision logic mod-
ule (GDL), which adjusts the timing of the beam crossing and fires the trigger information to the DAQ.
Trigger configurations are changed as necessary based on trigger rates and instantaneous luminosity at
(or during) each experimental period.



32 CHAPTER 3. EXPERIMENT APPARATUS AND DATASETS

Figure 3.11: Schematic view of the Belle II Level-1 trigger system

3.2.7 Data acquisition system (DAQ) and High-level trigger

The DAQ system is designed to process data acquisition with a level-1 trigger rate coming at a maximum
of 30 kHz with a dead time of 1% to store information from all the sub-detectors. The system is shown
in Fig. 3.12. The trigger timing distribution system (TTD) is responsible for the distribution of the
127 MHz system clock synchronized to the 509 kHz of the SuperKEKB accelerator radio frequency and
the distribution of the level-1 trigger timing. When the front-readout electronics on the detectors receive
the trigger signal from the TTD, the event data is fragmented and read out to a common readout board
COPPER board on readout computers. This readout is performed using a bi-directional high-speed serial
communication protocol Belle2link designed for data readout at a speed of 2.54 Gbps via optical fibre.
From winter 2021, COPPER boards are gradually converted to PCIe40 boards to enable more stable and
faster readout [84]. The event rate is filtered by one fifth by applying the high-level trigger (HLT) from
the reconstructed objects on the computers. Data health during data acquisition is checked at any time
by fault detection in various parts of the system and by human monitoring of physical quantities using
the reconstructed events. As the data size of PXD is large, information on the regions of interest, which
is extrapolated from the tracks reconstructed by CDC and SVD, is determined by HLT to limit the data
acquisition area of PXD. The raw data and its backup copy are transferred and stored in two data centers
at KEK and Pacific Northwest National Laboratory (and BNL) using the Belle II distributed computing
system [85].

3.3 Collision data sample

Experimental data used in this analysis were corrected from 2019 until summer 2021 on or near the
Υ (4S) resonance,

√
s = 10.58 GeV, where experimental numbers are assigned according to time series

and experimental conditions, and the dataset used in this analysis correspond to experiment number 7,
8, 10, 12, 14, 16, 17, and 18 in chronological order..

The integrated luminosity of the used dataset is measured to be Lint = 190.57± 12.00 fb−1 [87] using
the QED processes, Bhabha scattering (e+e− → e+e−), and cross-checked using the e+e− → γγ and
e+e− → µ+µ− processes.

To distinguish it from the simulation samples described in later sections, actual data are referred to
as “data”.
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Figure 3.12: Schematic view of the Belle II DAQ [86]

3.4 Monte Carlo simulation sample
In MC simulations, MC event generator software calculates physical processes, its initial state and decay
process, and the interaction of particles with the Belle II detector is simulated using a simulation toolkit
geant4 [88]with the actual detector geometry. Various generators are used to simulate physical processes
at e+e− collisions. We use about one order bigger simulation samples for the signal and the dominant
background. Cross sections, statistics and generators for the used samples are summarized in Table 3.2.

Signal Monte Carlo sample
The signalMCsimulation ofπ+π−π0 process accompanying ISR radiation e+e− → π+π−π0γ is generated
using the Phokhara generator [89], version 9.1. The Phokhara generator program simulate e+e− →
γ+hadrons processes in the NLOQED accuracy. The accuracy of NLO ISRmeans that the diagrams that
include up to two ISR photons (Fig. 2.17 (c)–(f)) are taken into account, but the final-state radiation (FSR)
is not simulated in the three-pion simulation. There is no limitation on the polar angle of the ISR photon
at the sample production.

The hadronic cross section is simulated by a form factor model, where previous experimental data
are used to determine parameters [90]. Intermediate states of three-pion decay consist of a mixture of the
isospin-zero component and a slight isospin-one component. In isospin-zero component in Phokhara,
the form factor take into account the vector meson resonances ω, φ, ω′, ω′′, ρ, and ρ′′ = ρ(1700) via
the intermediate states rhoπ and ρ′′π [Fig. 3.14 (a)]. The isospin-one processes ρ → ωπ0 → 3π and
ρ′′ → ωπ0 → 3π [Fig. 3.14 (b)] are modeled with fixed parameters based on past measurements. To
model the isospin-one component, fourteen parameters are determined by fitting the data: the mass and
width of the ω, φ, ω′, and ω′′ (8 parameters), the amplitudes of the processes of the four vector mesons
via ρπ intermediate state (4 parameters), and the amplitudes of the processes φ → ρ′π and ω′′ → ρ′′π
(2 parameters). Fig. 3.14 shows a cross-section comparison of the data with that obtained by the fitted
parameters.

Sharp resonances such as J/ψ are not simulated in Phokhara. The e+e− → J/ψγ → π+π−π0γ was
independently prepared by generating additional samples in 3π mass range of 3.09 GeV ± 93 keV by
Phokhara.

Background Monte Carlo sample
Other ISR-related background samples, e+e− → π+π−γ, e+e− → π+π−π0π0γ, and e+e− → K0

SK
0
Lγ,

are generated using the Phokhara generator as well. The process e+e− → K+K−π0γ, which is not
implemented in Phokhara, is also generated using Phokhara for NLO-ISR simulation and EvtGen
for hadronic decays. The continuum processes e+e− → qq (qq = uu, dd, ss, cc) is generated by Kkmc
includes thedecayprocesses of all hadronsproducedduring the fragmentationperformedbyPhythia8.2.
However, the hadronic cross section spectrum of Kkmc is not as accurate as that of Phokhara. For uu and
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Figure 3.13: Diagrams contributing to the three-pion current: (a) isospin-zero I = 0
component and (b) isospin-one I = 1 component. Adopted from Ref. [90].
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Figure 3.14: e+e− → π+π−π0 cross section of Phokhara parameters [90] and experimental
data. (a)–(c) shows different mass ranges: (a) ω resonance, (b) φ resonance, and (c)
1.1–3.0GeV. Adopted from Ref. [90].

dd samples, we reject events from π+π−γ, π+π−π0γ, and π+π−π0π0γ fromKkmc to avoid the duplication
with ones generated by Phokhara. Then, we call this Kkmc MC sample as Non-ISR qq MC. Other ISR
processes not provided by Phokhara also remain as background in partially reconstructed events. (see
section 6.5 for the definition of the “partially” reconstructed events.) For this purpose, we use Kkmc
after removing the ISR processes discussed above. The lepton pair production e+e− → µ+µ−(γ), τ+τ− is
generated by Kkmc includes the decay processes of tau lepton performed Tauola2.7. (Radiative) Bhabha,
e+e− → e+e−(γ), and e+e− → γγ(γ) are generated by Babayaga@nlo.

Particles of the beam background from the accelerator are calculated using theoretical formulae and
generators depending on each type of background, and their tracking in the accelerator is simulated and
then overlaid before detector simulation [91].
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Table 3.2: The summary of used MC samples.

Source MC size ( fb−1) Cross section (nb) Generator
π+π−π0γ 2000 0.02594 Phokhara
π+π−π0γ (fake π0) 2000 0.02594 Phokhara
π+π−γ 2000 0.1667 Phokhara
π+π−π0π0γ 1000 0.0395 Phokhara
K+K−π0γ 1000 0.0006 Phokhara + EvtGen
e+e− (γ) 50 295.8 Babayaga@nlo
γγ 500 5.10 Babayaga@nlo
µ+µ−γ 1000 1.148 Kkmc
K0
S K

0
L γ 1000 0.008864 Phokhara

uu 1000 1.605 Kkmc + Phythia + EvtGen
dd 1000 0.401 Kkmc + Phythia + EvtGen
ss 500 0.383 Kkmc + Phythia + EvtGen
cc 500 1.329 Kkmc + Phythia + EvtGen
τ+τ− 300 0.919 Kkmc + Tauola



Chapter 4

Event selection and signal extraction

This chapter describes reconstruction of particles, signal event selection, and signal extraction to ob-
tain the mass spectrum. The particles, which is described by tracks and electromagnetic clusters, are
reconstructed from detector signals in the sample. Then, the signal processes e+e− → π+π−π0γ →
π+π−π0γγγ are reconstructed from these particles and selected by applying event selection criteria to
suppress the number of background events. Finally, the signal is obtained by fitting the two-photon
invariant mass of the products of the π0 decay. This fit is performed for each finely divided 3π mass bin
to obtain the spectrum as a function of 3π mass (Eq. (2.46)).

Section 4.1 describes the trigger conditions used to filter the dataset for this analysis. Section 4.2
explains how the acquired data and simulated samples are processed to reconstruct charged and neutral
particles based on detector signals. Section 4.3 describes selections for the signal process e+e− →
π+π−π0γ. The agreement of kinematic variables of selected signal events between the data and the
simulation is reviewed in Section 4.4. Section 4.5 accounts for obtaining the spectrum as a histogram of
hadronic invariant massM3π .

4.1 Event triggering
ISR-related processes of interest, typically, involve an ISR photon with energies above 4GeV, leaving
signals on the ECL and can be triggered by ECL-based trigger lines. Different conditions of level-1
trigger are used in experiments 7–17, and 18 as summarized in Table 4.1. We use the trigger lines hie for
expeirments 7–17 and lml1 for experiment 18. The trigger line hie is fired by satisfying the total energy
deposit of ECL crystalsEECL

tot is greater than 1GeV. The trigger line lml1 requires at least one ECL cluster
to have the c.m. energy Ec.m.,ECL of more than 2GeV, which is higher enough than that of the signal ISR
photon.

Efficiencies for the ISR signal on both trigger lines are 100% based on simulation. However, a scale-
down filter was imposed on the lml1 trigger during this experimental period due to limitations on the
data-acquisition bandwidth, resulting in only 50% of the events being randomly selected.

Table 4.1: Hardware trigger condition used in each experimental number.

Experiment number Integrated luminosity ( fb−1) Trigger condition Random filtering
7-17 100.7 hie (EECL

tot > 1 GeV) 100%
18 89.9 lml1 (Ec.m.,ECL > 2 GeV) 50%

4.2 Particle reconstruction
Thedetector signals in thedata and theMCsimulation are processed to reconstruct particles and compute
variables through an event reconstruction algorithm using the Belle II analysis software framework
basf2 [92, 93].

36
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4.2.1 Tracking

Charged particle is reconstructed as a track using hit information of VXD and CDC. Tracking algorithm
consists of track finding [94] and track fitting [95].

Firstly, tracks and associated hits are found by complementary track-finding algorithms: the Legendle
transformation, which targets global tracking, and the cellular automaton, which targets short tracks and
tracks displaced from IP. The tracks detected by the two algorithms are combined and extrapolated to
the SVD region using the combinatorial Kalman filter. After finding tracks using SVD hits, it is also
extrapolated to the PXD region.

The precision of track momentum and position is enhanced by the track fitting algorithm, which
fits the hits connected with the found track. The fit is implemented using a generic tracking toolkit
GENFIT2 [96, 97], and the algorithm is based on the Kalman filter. In addition, the Deterministic
Annealing Filter is applied to reduce hits wrongly connected to the track. Extrapolation among the
detectors is calculated with the Runge-Kutta method based on the GEANT3 [98] simulation using
realistic detector geometry and measured magnetic field mapping.

Variables related to tracks are defined as illustrated in Fig. 4.1. The origin point and momentum
direction of a track are determined using the point of closest approach (POCA) on a track helix to the
beam axis. Transverse (x-y) and longitudinal (z) distances from the POCA to IP are defined as dr and dz,
respectively. Transverse component of momentum, perpendicular to the symmetric axis of the magnetic
field, is defined as transverse momentum pT =

√
p2
x + p2

y . The number of CDC hits associated with the
track after track fitting is defined as Ncdchit.

+x

−x
+z

+y

−y

dr

~pT φ

dzIP

~p

POCA

Track helix

θ

Figure 4.1: Track parametrization, adapted from [99]. It shows the relation between
interaction point (IP), the point of closest approach (POCA) and the track helix obtained by
the tracking fitting.

A bias of the track momentum due to the difference in magnetic field mapping is corrected. The
process D0 → K+π− is reconstructed from two charged particles, and the invariant mass of D0 is
compared to the mass measured by other experiments. As a result, the momentum of the track in data
is collected with a scale factor of 0.99971.
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4.2.2 Photon reconstruction
Photon is reconstructed as a cluster, a set of ECL crystals. Electromagnetic and hadronic shower is
reconstructed as a cluster, and the energy, position and time of the energy deposits are obtained. Crystals
with an energy deposit above 10MeV are treated as seeds. Clusters are formed by an algorithm that
connects the surrounding crystals. Up to 21 crystals with amaximumof 5×5, excluding four corners, are
accounted for as one cluster. When multiple showers in the neighborhood and the clusters overlap, the
energy of the overlapping crystals is divided into energy contributions. The cluster centroid is calculated
by taking a weighted average based on the energy contribution of each crystal in the cluster. The clusters
that do not match with any track extrapolated to the ECL region are treated as photons.

Photon variables are defined based on the assumption that photons are emitted from IP. The mo-
mentum vector of a photon is calculated with the cluster energy and the direction from IP to the cluster
position. The weighted number of crystals in the cluster is defined as Ncrystal. A cluster shape variable,
cluster second moment, is a moment of cluster area weighted by crystal energy, which is defined as

S ∝ A
∑n
i Eir

2
i∑n

i Ei
, (4.1)

where i is the index of crystal, Ei is the single crystal energy, and ri is the distance of the i-th digit to the
shower center projected to a plane perpendicular to the shower axis [100]. The cluster second moment
S is calibrated so that it is one for independent high-energy photons.

The energies of crystals are calibrated using the QED process e+e− → γγ. In addition, a bias of the
reconstructed cluster energy in data is corrected using correction factors depending on the energy. The
correction factors are evaluated using the processes π0 → γγ and η → γγγ.

4.2.3 Particle Identification
Type of charged particle is identified by integrating the information of multiple detectors. The likelihood
of each particle is calculated for each detector based on information such as energy deposition, energy-
momentum ratio, time of flight, and radiation angles of Cherenkov photons.

The likelihood ratio of a pion with respect to an electron is defined as

Pπ/e =

∏
i L

i
π/e

∏
i L

i
π/e +

∏
i

(
1− Liπ/e

) , (4.2)

where i is a detector index (i =CDC, ARICH, ECL, and KLM) and Liπ/e is a likelihood of a pion relative
to an electron for a detector i.

As well, the likelihood ratio of a pion with respect to a kaon is defined as

Pπ/K =

∏
i L

i
π/K

∏
i L

i
π/K +

∏
i

(
1− Liπ/K

) , (4.3)

where i is a detector index (i =CDC, ARICH, TOP, ECL, and KLM) and Liπ/K is a likelihood of a pion
relative to a kaon for a detector i.

The likelihood ratio of a muon with respect to the other stable particles (electron, pion, kaon, proton,
deuteron) is defined as

Pµ =

∏
i L

i
µ∏

i L
i
µ +

∏
i

(
1− Liµ

) , (4.4)

where i is a detector index (i =CDC, ARICH, TOP, ECL, and KLM) and Liµ is a likelihood of a muon
relative to the other particles for a detector i.

4.3 Signal selection
The signal e+e− → π+π−π0[→ γγ]γISR candidates are reconstructed from a combination of two charged
particles and three photons and selected by requiring several signal selection criteria, summarized in
Table 4.2. After baseline selection, which loosely selects signal candidates, background suppression criteria
are required to actively reduce individual background processes
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Table 4.2: Summary of selection criteria for the signal event.

Quantity Condition applied to select the signal

Tracks
Transverse momentum pT > 0.2 GeV/c
Polar angle 17.0◦ < θ < 150◦

Closest distance to the IP dr < 0.5 cm and |dz| < 2 cm
CDC hits count Ncdchit > 20

ISR photon
ECL crystal count Ncrystal > 1.5
Energy in c.m. system Ec.m. > 2 GeV
Polar angle 37.3◦ < θ < 123.7◦

γ(π0)

ECL crystal count Ncrystal > 1.5
Energy E > 100 MeV
Polar angle 17◦ < θ < 150◦

Event basis
Tracks count Ntrack == 2
Event charge ΣQtrack == 0
Photon count Ngamma ≥ 3

π+π− γγ γ

Two-photon mass Mγγ < 1.0 GeV/c2

ISR and hadron mass M(π+π−γγγ) > 8 GeV/c2

Four-conservation KFit χ2 χ2
4C,2π3γ < 50

π0 (after 4C-KFit)
Daughter opening azimuthal angle |∆φ| < 1.5 rad
Daughter opening angle < 1.4 rad

Background rejection
Electron rejection Pπ/e > 0.1
Kaon rejection Pπ/K > 0.1
π+π−π0π0γ rejection χ2

4C,2π5γ > 30

qq rejection (1) Mπ±γISR > 2 GeV/c2

qq rejection (2) MγISRγ < 0.11 GeV or MγISRγ > 0.17 GeV/c2

qq rejection (3) SISR > 1.3
π+π−γ and qq rejection M2

π+π−,recoil > 4 GeV2/c4

Baseline selection

Charged pion candidates are selected from the reconstructed tracks. Since the signal particles are
emitted from the vicinity of the IP, the tracks are required to originate from the IP: dr < 0.5 cm and
|dz| < 2 cm. Polar angle must be in CDC acceptance, 17◦ < θ < 150◦. Transverse momentum threshold
pT > 0.2 GeV/c are required to avoid the curled tracks in the solenoid. These selections are loose and
leave a large number of tracks, with a loss of tracks of around 4.5%. In addition, the number of CDC
hits Ncdchit of more than twenty is required for good particle identification, which is a selection for
background suppression.

Photons are selected from the neutral clusters of energy more than 100 MeV. The polar angles of
photons are required to be within the CDC acceptance 17◦ < θ < 150◦ and have the weighted number
of hit crystals in a cluster Ncrystal more than 1.5. The energy cut is mainly intended to remove spurious
photons that derive from low-energy beam background clusters; in simulation, the background cluster
is reduced by about 80%, while the loss of signal photons is only about 10%. In the photons, ISR photon
candidates are required to satisfy the level-1 trigger condition; the energy in the e+e− c.m. system is
required to greater than 2GeV and the polar angle in the laboratory frame is limited to the barrel region
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37.3◦ < θ < 123.7◦.
π0 candidates are reconstructed by taking any two-photon combinations in an event and requiring a

proper π0 mass region in the invariant mass of the two-photon systemMγγ . We can take a combination
that includes photons that do not originate from π0 decay, and the candidates become backgrounds. We
call this background a “combinatorial π0 background” or “combinatorial background”. A proper selec-
tion of photon candidates is important to reduce the fake photons and, then, to reduce this combinatorial
background.

We select the signal candidates, e+e− → π+π−π0γISR ( we call this one as “3πγ” candidates), in the
following conditions. There are two charged particles in an event with the opposite charge. We take
all three-photon combinations in which one photon satisfies the ISR photon requirements and the other
two photons have an invariant mass less than 1.0GeV/c2. In order to perform an two-photon invariant
mass fit at final step, the invariant mass criteria is considerably looser than width of the π0 peak at
the baseline selection. For each combination, we require the invariant mass of the π+π−γγγISR system,
where charged pion mass is assumed for the charged particles, is greater than 8GeV/c2. The selected
combinations are subject to the four-momentum conservation kinematic fit; we call this 4C-KFitunder the
hypothesis e+e− → π+π−γγγ: the summed four-momentum of all final states is constrained to the beam
four-momentum [101, 102]. The π0 mass is not constrained for the Mγγ fit. The number of measured
parameters of photons and tracks are three (momentum) and six (vertex+momentum), respectively. The
number of degrees of freedom is four. The chi-squared of the fitting result, which is a goodness of the
fit, is denoted by χ2

4C,2π3γ .
After applying 4C-KFit, photon pairs of π0 candidate are selected by requiring that the γγ opening

angle is smaller than 1.4 rad and the difference of γγ in azimuthal angle |∆ϕ| is smaller than 1.5 rad.
Signal efficiency for the angular selection is almost 100%, but it is effective to eliminate fake photons of
background events. The γγ invariant mass selection optimizes efficiency and reduces combinatorial π0

backgrounds.
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Figure 4.2: Invariant mass of the two-photon system after 4C-KFit in simulated signal events.
(a) shows only two-photon combinations of “true” photons originating from π0 signal in
generator level. (b) shows two-photon combinations that contain “fake” photons that
originate. We can see no π0 signal peak in (b), the fake-photon combination.

The chi-squared of 4C-KFit, shown in Fig. 4.3, less than 50 is selected. The signal efficiency of this
selection is 77.8%. This selection can drastically reduce backgrounds, i.e., 97% of π+π−γ events, 96%
of π+π−π0π0γ events, and 89% of π+π−π0γ combinatorial background are removed. The cut-value of
chi-squared is large, somewhat comparing the number of degrees of freedom since processes with more
than two ormore ISR/FSR emissions are included. Still, we chose the point that keeps the high efficiency
for the signal and removes the backgrounds effectively.

Background suppression criteria
Since background events are expected to remain after the selection up to this point, background sup-
pression criteria are applied to reduce these physical processes.
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Figure 4.3: Chi-squared distribution of 4C-KFit in simulation (a) the ω resonance region and
(b) the higher mass region (1.05–2.0GeV/c2). The region shown by the arrow is accepted as a
signal.
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Figure 4.4: Likelihood-ratio distribution for particle identification in simulated sample. The
region shown by the arrow is accepted as a signal. The left (right) plot shows the lower
pion-likelihood with respect to electron (kaon) among the two tracks.

Particle identification: electron and kaon background suppression

The particle identification is required for two tracks. The likelihood-ratio distribution is shown in Fig. 4.4.
For separating a pion from an electron in (a) and from a kaon in (b).

Suppose either of the charged particles is identified as an electron with Pe/π > 0.9; those events are
rejected to reduce the radiative Bhabha and the single-tag two-photon events with photon-conversion.
This selection reduces 99.5% of radiative Bhabha and 98.3% of two-photon backgrounds, keeping 98.9%
signal efficiency.

We require that both charged particles should be identified as a pion with the condition Pπ/K > 0.1
to separate pion from kaon to reduce e+e− → K+K−π0γISR background. As shown in Fig. 4.4(b), the
signal efficiency is 95.6%. This selection rejects more than 80% of the e+e− → K+K−π0γ background.

e+e− → π+π−π0π0γ suppression

One of the most significant backgrounds in the signal sample is from a process e+e− → π+π−π0π0γISR.
π+π−π0π0γ candidates are reconstructed and applied a selection for χ2 after 4C-KFit under π+π−π0π0γ
hypothesis to reduce π+π−π0π0γ background. π+π−π0π0γ candidates are reconstructed from two
charged particles, an ISR photon, and four photons. If the event does not contain four photons that
satisfy the two π0 conditions given below, a π+π−π0π0γ rejection is not imposed. The tracks and ISR
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Figure 4.5: χ2
4C,2π3γ (horizontal axis) and χ2

4C,2π5γ (vertical axis) distribution. The red and
blue square represents π+π−π0γ and π+π−π0π0γ components, respectively. The top row
shows the events in which no π+π−π0π0γ candidate is found. The solid box corresponds to
the signal selection, and the dotted box shows the requirement for a 4πγ control sample (used
in chapter 5.2). The integrated luminosity of both MC samples are normalized to be same.

photon requirement is the same criterion used in the baseline selection. Two π0’s are reconstructed
with different selection criteria. The minimum photon energy is 100MeV for one π0 and is 50MeV
for the other. The invariant mass selection 0.110 < Mγγ < 0.158 GeV/c2 is applied to both π0 before
the kinematic fit. The two-photon opening angle selection is not applied. The chi-squared of the
fitting result under the π+π−π0π0γ hypothesis is denoted by χ2

4C,2π5γ . Figure 4.5 shows the two-
dimensional plots of χ2

4C,2π3γ and χ2
4C,2π5γ for the signal π+π−π0γ and the π+π−π0π0γ backgroundMC

samples. We can see a clear separation between the two chi-squared. In the π+π−π0π0γ simulation, the
π+π−π0π0γ candidates are found in 56% of the π+π−π0γ candidates of χ2

4C,2π3γ < 50, and 64% in that
of 100 < χ2

4C,2π3γ < 1000. Figure 4.6 shows χ2
4C,2π5γ distribution. The π+π−π0π0γ events are clearly

concentrated at χ2
4C,2π5γ < 30. To remove this contribution from our signal, we require χ2

4C,2π5γ > 30

and χ2
4C,2π3γ < 50. The requirement on χ2

4C,2π5γ rejects 38% of π+π−π0π0γ background, while this
loss only 2.8% of our signal (see Fig. 4.6(a)). For example, π+π−π0π0γ background enhanced sample is
selected with the condition χ2

4C,2π5γ < 30 and 100 < χ2
4C,2π3γ < 1000.

Non-ISR qq suppression

Selection for an invariant mass of charged pion and the highest energetic photon (γISR), Mπ±γISR >
2 GeV/c2, is required to reduce background from τ+τ− and non-ISR qq. 1 This selection aims to reduce
the events including ρ± → π±π0[→ γγ] resonances. In this case, one or both photons of the π0 daughter
can have high energy and be reconstructed as an ISR photon. There are two cases in whichMπ±γISR has a
peak around the rho-mass, 770MeV/c2. One is that two photons from a π0 are merged and reconstructed
as a single hight-energy cluster. The second is a case where only one photon is energetic. To demonstrate
the second case, the black line in Fig. 4.7 shows the generator-levelMπ±γγ distribution for the uu sample
that contains ρ± and the one of the photon energy is greater than 2GeV/c2. The generator level means
variable information before the detector simulation, As expected, the distribution has a peak of rho
resonance. For this sample, bothMπ±γISR

andMπ±γγ have a similar distribution as shown in Fig. 4.8. To
avoid efficiency loss due to the requirement for the presence of two photons, a cut is applied to the π±
γ invariant mass. Figure 4.9 showsMπ±γISR distribution of the reconstructed π+π−π0 candidates in the
signal and qq MC samples. TheMπ±γISR

> 2.0 GeV/c2 cut eliminates 0.85% of signal π+π−π0γ, 35% of
uu and dd.

1Strictly speaking, this photon is the highest energy photon in the event but is denoted here as γISR because ISR photon
candidates correspond to the photon in more than 99% of signal-like events.
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Figure 4.6: χ2
4C,2π5γ distribution after applying all selections except for the quantity in

question. (a) shows events in χ2
4C,2π3γ < 50 region. (c) shows events in 100 < χ2

4C,2π3γ < 1000

region. The most right bin includes overflowed events and events where additional π0 is not
reconstructed.
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Figure 4.8: Generator-levelMπ±γγ distribution
of uu and π+π−π0γ MC samples.
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distribution after applying all selections except for the quantity in

question. The lower one in π+ γ and π− γ combination is chosen.

To reduce further non-ISR qq where a daughter photon from π0 is misidentified as the ISR photon
but not reconstructed as a rho-signal, we use the invariant mass of ISR photon and the other photon
with E > 0.1 GeV, MγISRγ . The distribution is shown in Fig. 4.10(a). If multiple candidate photons
exist, 4C-KFit with the hypothesis e+e− → π+π−π0γISRγ is performed, and the photon with the smallest
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chi-squared is selected. The events containing a photon satisfying 0.10 < MγISRγ < 0.17 GeV/c2 is
rejected.

There is a candidate where the two daughter photons of energetic π0 are detected as a single ECL
cluster and reconstructed as an ISR photon. Some of these events can be distinguished from a second
moment of the ECL cluster. Figure 4.10(b) shows the distribution of the cluster second moment for the
ISR photon, SISR. The SISR of single photon-like clusters are narrowly distributed around one, whereas
merged cluster-like photons have the cluster second moment widely distributed from 1–4. Thus, we
reject the ISR of the cluster second moment above 1.3. We can reject about 60% of non-ISR qq events by
theMγISRγ and the second moment cut while the signal loss is 0.3%.
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Figure 4.10: MγISRγ and second moment of ISR cluster SISR distribution.

e+e− → π+π−γ and e+e− → µ+µ−γ suppression

To reduce π+π−γ and µ+µ−γ background, selection for recoil mass-square of π+π− pair is required
M2
π+π−,recoil > 4 GeV2/c4. The distributions for the simulation are shown in Fig. 4.11. The signal

π+π−π0γ is lost by 0.14%, and π+π−γ background is reduced by 24%. Figure 4.11 (b) shows that this
selection effectively reduces π+π−γ in χ2

4C,2π3γ above 100, used as control samples for the background
estimation.

1− 0 1 2 3 4 5 6 7 8

)4/c2) (GeV-π+π(recoil
2 M

1

10

210

 E
nt

rie
s

γ0π-π+π
γ-π+π
γ-µ+µ

Non-ISR qqbar

Simulation
<50

γ3π4C,2
2χ

(a) χ2
4C,2π3γ < 50

1− 0 1 2 3 4 5 6 7 8

)4/c2) (GeV-π+π(recoil
2 M

200

400

600

800

1000

 E
nt

rie
s

γ0π-π+π
γ-π+π
γ-µ+µ

Non-ISR qqbar

Simulation
<1000

γ3π4C,2
2χ100<

(b) 100 < χ2
4C,2π3γ < 1000

Figure 4.11: Recoil mass-square of π+π− system for (a) the signal and (b) the control sample
after applying all selections except for the quantity in question.
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Best candidate selection

The number of combinations in an event after the selections is shown in Fig. 4.12. The fraction of events
having more than one combination is 8%. We take the best candidate in an event based on the lowest
χ2

4C,2π3γ , which is enough since the fraction is small.
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Figure 4.12: The number of combinations in a signal event.

Summary
Figure 4.13 shows the three-pionmassdistribution expected from the signal andbackgroundMCsamples
after applying all selection criteria. The number of events after applying all selections is summarized
in Table 4.3 for the signal and background MC samples. In total, the background suppression criteria
increase the signal purity from 91% to 98%. For the latter sections, we call the events selected by the
selection criteria as signal sample events.

Table 4.3: The Monte Carlo expectation of the number of residual signals and backgrounds
before and after applying background suppression criteria. The size of simulated sample are
scaled to be 191 fb−1.

Source No. of events
w/o background suppression (A)

No. of events
w/ background suppression (B) (A−B)/A× 100(%)

e+e− → π+π−π0γ 55469.2 50374.9 9.18± 0.12
e+e− → π+π−π0π0γ 1125.1 591.3 47.44± 1.54
e+e− → K+K−π0γ 972.7 131.4 86.49± 1.11
e+e− → ωπ0 279.9 69.4 75.20± 2.66
e+e− → qq (No ISR) 1458.5 204.0 86.01± 0.92
e+e− → π+π−γ 211.2 125.7 40.49± 3.66
e+e− → µ+µ−γ 160.3 92.7 42.16± 4.25
e+e− → τ+τ− 4.8 0.0 100.00± 0.00
e+e− → e+e−γ 6663.1 8.7 99.87± 0.04
e+e− → γγ 875.2 2.9 99.67± 0.18
e+e− → BB 0.0 0.0 -
e+e− → B0B0 0.0 0.0 -
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Figure 4.13: M3π distribution after applying the background suppression criteria. (a)–(c)
show the distribution in different y-axis range and scale. The luminosity is scaled to 191 fb−1.
The e+e− → J/ψγ → π+π−π0γ process is not plotted.
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4.4 Comparison of kinematic variables for selected samples between
data and simulation

For the sample remaining after all requirements, we show distributions of some kinematic variables
to demonstrate how the simulation reproduces the data, and the level of background in the sample.
Although we do not expect a perfect agreement between data and simulation, some level of consistency
is needed since we obtain the first approximation of the signal efficiency relying on the simulation.

The energy and polar angle distributions of the ISR photon in data are shown in Fig. 4.14. The
points with error bars are the data, and the blue solid histogram is the sum of the signal and the
background expectation by MC simulation normalized to the data luminosity. The dotted histogram is
the background expectationmultiplied by a factor of 50. We note that the background is relatively small,
at the level of 2 %. The ISR photon has an energy greater than 4GeV. The polar angle of the ISR photon
is limited in the barrel region.
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Figure 4.14: Distribution of (left) ISR energy and (right) polar angle in the laboratory frame.
The points with error bars show the data after the signal selection. The filled and dashed
histograms are the simulations for the signal and background, respectively. The MC
expectation is normalized to the data luminosity. The background MC simulation is scaled
by a factor of 50.

Figure 4.15 shows the momentum and polar angle distributions of charged pions. Figure 4.16 shows
the invariant mass distribution of the two pions system when the invariant mass of the π+π−π0 system
is in the ω region,M3π ∈ [0.72, 0.84] GeV/c2. The background MC simulation is scaled by a factor of 50
in these figures. The background is generally low, but careful checks on the MC predictions are needed.
The good agreement in the variables confirms that the generator and detector simulation reproduce the
basic variables well.
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Figure 4.15: Distribution of (left) charged-pion momentum and (right) polar angle in the
laboratory frame. The convention is the same as Fig. 4.14.

Figure 4.18 shows the number of combinations in a single event. The multiplecandidate is mainly
due to the large number of π0 combinations, but we can confirm that the simulations of spurious photons
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Figure 4.16: Distribution of dipion invariant mass. The left is the charged and neutral pion
combination, and the right is the charged pion combination. The convention is the same as
Fig. 4.14.
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are generally in good agreement.
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4.5 Signal extraction
The signal events are estimated from the fitting ofMγγ for eachM3π bin. To remove the combinatorial
π0 background in a model-independent way, we count the number of π+π−π0γISR events by fitting the
Mγγ distribution in each M3π mass bin with the signal and smooth background. For this purpose, we
first need to know the precise π0 signal shape inMγγ for data and MC. Then, bin-by-binMγγ fittings are
performed to determine the spectrum based on the obtained π0 signal shape information.

To obtain better mass resolution, the 3π invariant mass M3π is calculated using four-momenta of
π+,π−, and π0 obtained from the results of a five-constraint kinematic fit, where the summed four-
momentum is constrained to the e+e− beam four-momentum and invariant mass of photon pair is
constrained to the nominal π0 mass. The detailed discussion on the mass resolution is discussed in
chapter 7. To write clearly to avoid misunderstandings, the M3π binning is determined by the result
of 5C-KFit (fit with four-momentum conservation + π0 mass constraint), and the number of signals is
extracted by a fit to theMγγ distribution determined by 4C-KFit (fit with four-momentum conservation).

Unless explicitly stated as Mγγ fits, signal extraction in the background estimation (chapter 5 and
signal efficiency evaluation (chapter 6) is not done by fits, but by simple counts of events within 0.123 <
Mγγ < 0.147 GeV/c2.

4.5.1 π0 lineshape determination
The Mγγ distributions after applying all signal selection are shown in Fig. 4.19 for simulation, and in
Fig. 4.20 for data. The lineshape of the π0 determines the parameters of the signal function by performing
a fit to the signal event. The parameters determined here are separated for the 3πmass region below and
above 1.05GeV/c2. Below 1.05GeV/c2, the ω and φ resonances are used for fitting. Above 1.05GeV/c2,
a mass region from 1.05GeV/c2 to 2.0GeV/c2 is used. As long as MC simulation study, the signal π0

lineshape f(x) can be described as Novosibirsk function and single Gaussian:

f(x) = Rnov.Anov. exp

(
− 1

2σ2
0

ln2

(
1− x− xp

σE
η

)
− σ2

0

2

)
+ (1−Rnov.)

1/
√

2πσ

exp

(
−x− µ

2σ2

)
, (4.5)

where the first term is the Novosibirsk function, which is a logarithmic Gaussian function [103], the
second term is the Gaussian, and the ratio is Rnov..

A quadratic function models the background. The number of floated parameters in this fit is six
for the signal pdf, two for the background function, and the number of signal and background. The fit
range differs depending onM3π , summarized in Table 4.4. The parameters of fit results are summarized
in Table. 4.6. In 1.05–2GeV/c2, the tail of the Novosibirsk function η is zero for the simulation, which
means the Novosibirsk function is equivalent to a single Gaussian.

Table 4.4: Mγγ fit range as a function of 3π mass.

M3π region M3π < 1.05 GeV/c2 1.05 < M3π < 2.0 GeV/c2 2.00 < M3π < 3.5 GeV/c2

Mγγ fit range 50–230MeV 50–290MeV 70–290MeV

Table 4.5: π0 lineshape parameters of the fitting results using simulation. The corresponding
plots are Fig. 4.19. RNov. is a ratio of the Novosibirsk function to the Gaussian in the signal
pdf.

Parameter Symbol M3π < 1.05 GeV/c2 1.05 < M3π < 2.0 GeV/c2

Gaussian mean µ 0.135510± 0.000034 0.13661± 0.00023
Gaussian sigma σ 0.00964± 0.00009 0.00931± 0.00047
Nov. mean xp 0.135316± 0.000013 0.13621± 0.00005
Nov. width σ0 0.00501± 0.00003 0.00485± 0.0002
Nov. tail η 0.000± 0.000016 0.0000± 0.0002
Ratio of Nov. to Gaussian RNov. 0.6687± 0.0092 0.620± 0.056
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Figure 4.19: Mγγ distribution of fit result for MC simulation (lines) and the breakdown
(stacked histogram). The plots (a), (c), and (e) show the result forM3π < 1.05 GeV/c2. The
plots (b), (d), and (f) show the result for 1.05 < M3π < 2.00 GeV/c2. Difference among
(a)(c)(e) ((b)(d)(f))is a range and scale of vertical axis. Only the small vertical axis is enlarged
in (c) and (d) to make it easier to see at the foot. The widerMγγ mass region is shown in (e)
and (f) with a logarithmic scale for the y-axis. The MC-true and MC-false are identified using
the generator-level information.
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Figure 4.20: Mγγ distribution of fit result for data. A solid and dotted line shows the fit result
for the total and the combinatorial background. The definition of each sub-figure is the same
as Fig. 4.19
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Table 4.6: π0 lineshape parameters of the fitting results using the data The corresponding
plots are Fig. 4.20. RNov. is a ratio of the Novosibirsk function to the Gaussian in the signal
pdf.

Parameter Symbol M3π < 1.05 GeV/c2 1.05 < M3π < 2.0 GeV/c2

Gaussian mean µ 0.13556± 0.00029 0.1376± 0.00091
Gaussian sigma σ 0.01010± 0.0003 0.0115± 0.0021
Nov. mean xp 0.13609± 0.00007 0.13611± 0.00010
Nov. width σ0 0.00508± 0.00009 0.00544± 0.00030
Nov. tail η 0.000± 0.00015 0.001± 0.016
Ratio of Nov. to Gaussian RNov. 0.676± 0.027 774± 0.089

4.5.2 Number of signal extraction in eachM3π bin
Unequal bin width for an invariant mass of π+π−π0 is adopted because the distribution varies drastically
over the mass range. The optimal bin width changes from 2.5MeV to 50MeV depending on its statistics
inM3π < 1.05 GeV/c2 region, from 50MeV to 500MeV depending on its statistics inM3π > 1.05 GeV/c2

region. We chose a bin width of 50MeV for lower than 0.6GeV/c2, 20MeV for 0.6 GeV/c2 < M3π <
0.7 GeV/c2, 2.5MeV for ω and φ region, 0.7 GeV/c2 < M3π < 1.05 GeV/c2, 25MeV for 1.05 GeV/c2 <
M3π < 2.00 GeV/c2 region, 50MeV for 2.50 GeV/c2 < M3π < 3.50 GeV/c2 region.

We fit the π0 signal and count the number of signals in eachM3π mass bin with the signal pdf with
six fixed parameters obtained in the π0 lineshape determination (chapter 4.5.1) and the background
function. The background function is modeled by a linear function to ensure stability in the fits. The
floated parameters are the number of signal and background, and a parameter for the background pdf.

Figure 4.21 displays examples of theMγγ fit in oneM3π bin of large statistics, at the ω resonance peak,
and small statistics, at the 900 MeV.

The obtained spectrum from theMγγ fit in eachM3π bin is shown in Fig. 4.22. No significant signal
can be obtained in theM3π below 0.62GeV/c2. Expected background distribution is also plotted as the
stacked histogram, described in detail in chapter 5.

The combinatorial background is the mis-reconstructed π0 caused by spurious γ. We can obtain the
number of events in the same mass region, 0.123–0.147GeV/c2, as the signal from the fit results. For
the validation, we compare the distribution of combinatorial background between data and simulation
as shown in Fig. 4.23. Although the statistical error is significant, it can be seen that the amount of
combinatorial background in data is larger than the sum of the background simulations. Since this
combinatorial background depends on the correctness of the physics background simulation and the
beam-induced background simulation, this level of difference is understandable.
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Figure 4.21: Two-photon invariant massMγγ distribution of theM3π mass range (a)(b)
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Chapter 5

Background estimation

Major backgrounds that remained after signal selection are the following:

• e+e− → K+K−π0γISR process

• e+e− → π+π−π0π0γISR process

• Non-ISR qq background

• Final-state radiation (FSR) background

The distribution of background estimated by the MC program can be seen in Fig. 4.13 (b). FSR
background is not plotted in Fig. 4.13. In M3π < 1.05 GeV/c2, where π+π−π0γ signal is characterized
by the ω and φ resonances having a large cross section, the combinatorial π0 background is dominated.
This background event is attributed to the pairing of π0 with spurious gamma due to the boosted π0

becoming a merged ECL cluster. Also, π+π−π0π0γ background with intermediate states of ωπ0 cannot
be ignored. InM3π > 1.05 GeV/c2, π+π−π0π0γ and non-ISR qq background is significant. The expected
background estimated by the available MC program is 1% to 20%, which differs depending on theM3π

values as shown in Fig. 5.1.
In this chapter, we discuss how to test this expectation of the background done by MC samples.

We prepare several control samples to validate the correctness of the background MC simulation. The
selection criteria for each control sample are chosen so that each background is enhanced.A possible
difference in data and simulation are corrected by determining the data-MC scale factor for each back-
ground component as a function of 3π mass, Ndata

CS /NMC
CS , using the control samples. Multiplying this

factor to the background MC events distribution that passes the standard signal selection, the number
of the estimated background in the signal sample is obtained as

Ni,SS = NMC
i,SS ·

Ndata
CS

NMC
CS

, (5.1)

where i-th is the index ofM3π bin, and NMC
i,SS/CS is the number of simulated events in the signal/control

sample. In some places, The signal and control samples are denoted by SS and CS, respectively.
For FSR background, unlike the above, it is tough to verify using control-sample extraction with data

because this process has the same final state, three pions and one photon. Estimation is therefore carried
out using theoretical prediction and parameters measured in several other experiments.

5.1 K+K−π0γ background
A data-MC scale factor of K+K−π0γ background is evaluated using a control sample (Kaon-ID control
sample) that enhances the K+K−π0γ components. The Kaon-ID control sample is selected by modi-
fying the signal selection to require that both tracks are identified as kaons (Pπ/K < 0.1). To reduce
contamination from the π+π−π0 events by misidentification, the events around the ω and φ resonances
are not used.
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Figure 5.1: Fraction of background for differentM3π region (a) before and (b) after applying
the background suppression criteria.

The cross section spectrum distribution of e+e− → K+K−π0 below 3.5GeV is characterized by
resonances around 1.5–1.7GeV and 2.0–2.5GeV viaK±K∗∓ intermediate states and sharp J/psi around
3.09GeV (Fig. 5.2[104].

Figure 5.3(a) shows theπ+π−π0 invariantmass distribution of theKaon-ID control sample. The closed
circles with error bars are the data, the pumpkin is the K+K−π0γ MC simulation, and the blue is the
π+π−π0γ MC simulation. The latter π+π−π0γ events are contaminated in the Kaon-ID control sample
by misidentification, estimated by the MC simulation normalized to the luminosity and subtracted
from the data. Since the invariant mass of the hadronic system is calculated with four-momentum
assuming a charged pion mass, the position of the resonance in the K+K−π0γ sample, which has kaon
tracks, appears lower on the M3π than the actual resonance mass. For example, the J/ψ → K+K−π0

process, which has a resonance at MK+K−π0 = 3.1 GeV/c2, can be seen to produce a peak at about
M3π = 2.8 GeV/c2 in Fig. 5.3a. The obtained scale factor is shown in the bottom panel of Fig. 5.3 (a). The
factor varies from 0.5 to 2.0. The distribution of the signal sample using Eq. (5.1) relation is shown as the
closed circle in Fig. 5.3(b). The statistical error of the Kaon-ID control sample determines the error of the
scaled background.

To determine the background level in the signal sample, it is necessary to verify the consistency of the
kaon identification efficiency between the data and the simulation. This was confirmed using a sample
of D∗± → D0[K∓π±]π± processes. Specifically, the performance of kaon identification is found to be
degraded for events with a small number of tracks in an event, such as the current signal event, and
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Figure 5.2: The e+e−→K+K−π0 cross section measured at BABAR. Adopted from Ref. [104].



5.2. 4πγ BACKGROUND 57

this tendency is confirmed to be reproducible in the simulation. The correction factor for the data-MC
differences is obtained by dividing the events into track momentum and pole angle bin.
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Figure 5.3: M3π distribution of (a) the Kaon-ID control sample and (b) the signal sample. The
stacked histogram is normalized to the integrated luminosity in (a) and is scaled with the
data-MC scale factor in (b).

5.2 4πγ background
We prepare a control sample which enhances the π+π−π0π0γ contribution by changing the selection
criteria slightly from the signal selection criteria (Table 4.2) to χ2

4C,2π5γ < 30 and 100 < χ2
4C,2π3γ < 1000,

and call it 4πγ control sample. To keep the high efficiency, we select two π0 s with wider mass region
0.110 < Mγγ < 0.158 GeV/c2 without angular cut and make a 4C-KFit assuming e+e− → π+π−π0π0γ
process. For the 4πγ control sample, theM3π distribution is shown in Fig. 5.4 with 100 MeV-bin width,
and in Fig. 5.5 (a)-(b) with 5 MeV-bin width by expanding the lowM3π region. A clear ω peak is due to
the e+e− → ωπ0γ → π+π−π0π0γ process.

In Fig. 5.4, the closed circles with error bars are the data of 4πγ control sample. The yellow histogram
is the contribution from π+π−π0π0γ. The contamination from other processes, blue (π+π−π0γ) and grey
(others) are negligible and subtracted from the data. The ratio between data and simulation is shown in
the bottom panel. In theM3π region above 1.1GeV/c2, we use this data-MC ratio divided by Rπ0 for an
additional π0,

Ndata
i,CS

NMC
i,CS ·Rπ0

, (5.2)

for the correction factor of the π+π−π0π0γMC, for theM3π region. WhereRπ0 is the data-MC correction
of π0 efficiency, discussed in section 6.5.

For the M3π mass region below 1.1GeV/c2, since there is a sharp peak of the ω signal, a detailed
study with a lineshape fitting was performed to take into account the mass peak shift of the ω resonance
between the signal sample and control samples using the 4πγ control sample. OnM3π distribution below
1.1GeV/c2, we model theM3π mass distribution with the ω signal and smooth background,

FCS(M3π) = f ·Voigt(M3π) + Gauss(M3π), (5.3)

where f is the fraction of ω resonance relative to non-ω component. The Voigt function is introduced
to express the ω resonance shape that is a convolution of the Lorentzian representing the ω resonance
shape and the Gaussian for the finite resolution of the detector. We use the second term, a Gaussian
form, to parametrize the non-ω components up to 1.1GeV/c2.

The fit results on the M3π with Eq. (5.3) in the 4πγ control sample for the simulation and data to
determine R4πγ,ω are shown in Figs. 5.5 (a) and 5.5 (b). The fitting range onM3π is 0.6–1.1GeV/c2. The
fraction of the ω resonance fraction to the non-ω, f , is 0.236± 0.007 for the simulation and 0.290± 0.021
for the data.
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Figure 5.4: M3π distribution of the 4πγ control sample. The stacked histogram is normalized
to the integrated luminosity. The bottom panel shows the Data-MC scale factor for 4πγ
control sample background estimation.
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Figure 5.5: Fit to theM3π distribution of the 4πγ control sample for (a) MC simulation and (b)
data. The solid line is the fit result, and the dashed line is the result multiplied by the scale
factor. (c) The obtained scale factor for π+π−π0π0γ MC simulation.

The 4πγ data-MC scale factor as a function of 3π mass, R4πγ,SS, is applied as follows:

R4πγ,SS(M3π) =
1

Rπ0

· F
data
CS (M3π)

FMC(M3π)
(5.4)
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where, Rπ0 is a data-MC correction of π0 efficiency determined in section 6.5. When we adopt the Rπ0

determined using 10% data, Rπ0 = 0.97. We obtain the data-MC scale factor Eq. (5.4) as shown in
Fig. 5.5(c).

Figure 5.6 shows theM3π distribution of π+π−π0π0γ background in the signal sample after applying
the data-MC scale factors; Eq. (5.4) is used forM3π < 1.1 GeV/c2 and Fig. 5.4 (b) is used above 1.1 GeV/c2.
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Figure 5.6: EstimatedM3π distribution of π+π−π0π0γ in the signal sample. The yellow is the
original 4πγ MC simulation, and the closed circles with error bars are the after scaling.

5.3 Background from non-ISR e+e− → hadrons

Among non-ISR e+e− → hadrons, the largest source of the background is from e+e− → π+π−π0π0.
In this process, a high-momentum π0 or photon decayed from this π0 can be misidentified as an ISR
photon in the signal. Using the non-ISR qq (q = u, d, s and c) MC sample, the event fraction for the
total number of signal events after the standard signal selection is estimated to be around 0.3% (0.09%).
Although overall background is small, these are the dominant background at high 3π mass region
above M3π > 1.1 GeV/c2 (see Figs. 4.13 (b) and 5.1). To confirm the correctness of these background
predictions by qqMC samples generated by the Kkmc, we prepare two control samples that enhance the
qq components in data. We call qq control sample 1 for events that satisfy 100 < χ2

4C,2π3γ < 1000 and no
MγISRγ and cluster second moment of ISR is larger than 1.5. In addition, the e+e− → ωπ0 → π+π−π0π0

process, which is not reproduced in Kkmc, is verified using the qq control sample 3, the events that satisfy
cluster second moment of ISR is more significant than 1.5.

MγISRγ : qq control sample 1

Figure 5.7(a) shows the data (points) and MC simulation (stacked histogram) distribution ofMγISRγ for
qq control sample 1, integrated over the wholeM3π region using 191 fb−1. The green (+ grey) histograms
are the qq contribution, while the yellow histogram is the π+π−π0π0γ contamination. There are clean π0

s from data and relevant MC processes. To estimate small non-π0 components, we fit the MγISRγ with
a Gaussian for π0 plus a constant for the non-π0 background. The fit result of the MγISRγ distribution
is shown in Fig. 5.7(b). This fit counts the number of π0, corresponding to the number of qq (plus
4πγ) yield. Figure 5.7(c) shows theM3π distribution of qq +4πγ components, obtained by fittingMγISRγ

in each M3π bin by a Gaussian, for data and non-ISR qq MC and 4πγ ISR MC samples. We subtract
the π+π−π0π0γ contamination in the qq control sample 1, by using the scale-factor of the π+π−π0π0γ
discussed in section 5.2, and subtracted from the qq control sample 1. Figure 5.7(e) is the data-MC
correction factor for the qq-MC sample determined from Fig. 5.7(c). Using this factor for the correction,
the expectedM3π distribution of the qq background in the signal sample is given by the closed circles in
Fig. 5.7(d). While the blue-shaded histogram in Fig. 5.7(d) is the original expectation by non-ISR qq MC
sample (Kkmc).
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Figure 5.7: Relevant histograms used for the estimation of non-ISR qq bacground using the qq
control sample 1. (a)MγISRγ distribution in the qq control sample 1. (b) A fit result ofMγISRγ

distribution without dividing intoM3π bin. The lines show the fit result, red for signal,
yellow for background, blue for the sum. (c)M3π distribution obtained by fittingMγISRγ in
eachM3π bin. The shaded histogram is non-ISR qq (uu, dd, and ss) and π+π−π0π0γ MC
samples normalized to the integrated luminosity. (d)M3π distribution of the estimated qq
background in the signal sample. The points show the estimated background with 191 fb−1,
and the solid line is the MC samples scaled with the luminosity. (e) The scale factor of the
non-ISR qq background.
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Second moment of the ISR cluster : qq control sample 2

This sample, qq control sample 2, is independent of the qq control sample 1. Figure 5.8 shows the cluster
secondmoment distribution of ISR in the qq control sample 2 before applying the cluster secondmoment
selection.

The M3π distribution for the qq control sample 2 is compared between data and simulation in
Fig. 5.9(a). The qq background dominates the control sample, but there is 10-20% contamination from
3πγ. We subtract the contamination of 3πγ and 4πγ, in qq control sample 2, shown in the shaded black
histogram in Fig. 5.9(a) with the luminosity scale. After subtracting 3πγ and 4πγ contributions, we
determine the data-MC correction factors as a function of 3π mass. The results are shown in Fig. 5.9(c).
The closed circles in Fig. 5.9(b) show the estimated qq background for the signal sample obtained by
applying the data-MC correction shown in Fig. 5.9(c) to the original qqMC (Kkmc) prediction shown by
the histogram.

To test the dependence on the criterion of the cluster second moment, the threshold of cluster
second moment is changed from 1.3 to 2.1 to check the data-MC difference of cluster second moment
distribution (Fig. 5.9 (d)). The distribution difference of estimated qq background is consistent with
statistical uncertainty.

The resultant scaled qq background distributions obtained from qq control sample 1 and qq control
sample 2 control samples are compared in Fig. 5.10. Both scale factors obtained from the different
methods show a good agreement. These distributions agree well with each other within statistical error.
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Figure 5.8: Distribution of cluster second moment of ISR SISR in qq control sample 2 before
applying the cluster second moment selection. The points with error bars are the data, and
stacked histograms are the simulation.

5.3.1 Background from the e+e− → ωπ0 → π+π−π0π0: qq control sample 3 process
The process e+e− → ωπ0 → π+π−π0π0 is categorized in non-ISR qq. Still, it is not adequately modeled
in Kkmc MC simulation, so this process needs to be estimated independently. Figure. 5.11 shows the
generator-levelM3π distribution of e+e− → π+π−π0π0 process in Kkmc uuMC simulation. The ω peak
does not appear, and it is doubtful that the e+e− → π+π−π0π0 process via a ωπ0 intermediate state
is implemented on Kkmc. We estimate the cross section in the following data-driven ways. The cross
section of π+π−π0π0 channel around

√
s = 10.58 GeV is σ(10.58 GeV) = (6.01+1.29

−1.97 ± 0.50) fb [105].
To check this process, an MC sample with Υ (4S)→ ω[→ π+π−π0[→ γγ]]π0[→ γγ] decay is prepared

using a simple generator EvtGen, and is passed the detector simulation program. In this process, the π0

that does not originate from ω usually has a high momentum since the π0 and ω are produced back-to-
back in the e+e− c.m. system, as shown in Fig 5.12. These events certainly show a ω resonance peak in
M3π as shown in Fig 5.13 (a). For this MC sample, we require the same condition of the signal selection,
i.e., χ2

4C,2π3γ < 50 and (MγISRγ < 0.10 GeV/c2 orMγISRγ > 0.17 GeV/c2). The second moment of the ISR
cluster, it shown in Fig. 5.13 (b), has relatively higher values than the expected distribution created by a
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Figure 5.9: (a)M3π distribution in qq control sample 2. The qq MC sample is the sum of uu,
dd, ss and cc. The MC sample is normalized to the data luminosity. (b)M3π distribution of
the qq background in the signal sample. The histogram is the original MC expectation, and
the closed circle is the scaled one. (c) Data-MC scale factor for qq background determined
using the control sample, qq control sample 2. (d)M3π distribution in qq control sample 2
scanning the thresholds of cluster seconds moment of ISR The points show different
thresholds for the cluster second moment of ISR.

0.5 1 1.5 2 2.5 3 3.5

) (GeV)πM(3

0

5

10

15

20

25

E
nt

rie
s(

/1
00

 M
eV

)

) fitγ
ISR

γ MC using M(qScaled q

 MC using ISR cluster second momentqScaled q

 MCqOriginal q

Figure 5.10: EstimatedM3π distribution of qq background in the signal sample using qq
control sample 2. The circles show the result by using qq control sample 1 (Fig. 5.7 (d)). The
rectangles show the result by using qq control sample 2 (Fig. 5.9 (b)). The filled histogram
shows the distribution of the original uu, dd and ssMC (Kkmc).



5.3. BACKGROUND FROM NON-ISR E+E− → HADRONS 63

single photon (see Fig. 4.10 (b)). To enhance the e+e− → ωπ0 background, we require that the second
moment of the ISR cluster is more significant than 1.5. TheM3π distribution for this qq control sample 3
is shown in Fig. 5.14 for the data.
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Figure 5.11: Generator levelM3π distribution of
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By fitting the M3π distribution in Fig. 5.14 by an omega-signal-shape function (Breit-Wigner), we
obtain 97.0 ± 9.9 events for the data. The solid histogram represents the 3πγ, 4πγ, and qq MC samples
with a luminosity scale, and the number of events is 18.5 ± 1.3 events; the number of ωπ0 process
in the control sample Ndata

ωπ0,SISR>1.5 is 94.5 ± 10.0. On the other hand, using the ωπ0 MC, the ratio
of the number of events for SISR < 1.3 (i.e., the signal sample) and SISR > 1.5 is obtained to be
NMC
SISR<1.3/N

MC
SISR>1.5 = (0.497 ± 0.004). Thus, we obtain the expected ωπ0 background in the signal

sample as

Ndata
ωπ0,SS =

NMC
SISR<1.3

NMC
SISR>1.5

·NMC
ωπ0,SISR>1.5 = 39.1± 5.0stat.. (5.5)

The distribution of e+e− → ωπ0 in the signal sample is obtained by normalising theM3π shape of ωπ0

MC so that the number of events is 39.1 events, and is shown in Fig. 5.15. The results estimated by the
same method when the threshold for the cluster second moment of the control sample is varied from 1.4
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to 2.5 are shown in Fig 5.16. The most significant difference, ±8.5 events, 22%, is taken as the systematic
error for the distribution.
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Figure 5.15: The estimated number of events of
e+e− → ωπ0 process in the signal sample.

Here, the cross section of e+e− → ωπ0 at
√
s = 10.58 GeV can be measured from the number of

events Ndata
ωπ0,SISR>1.5 and the efficiency in the control sample. According to the ωπ0 MC, the efficiency

is (4.38 + / − 0.03)% including the trigger efficiency, where the error is the statistical error. The cross
section in the 191 fb−1 data is therefore σ(10.58 GeV) = (6.60 ± 0.70stat.) fb, which is consistent to the
measurement at the Belle σ(10.58 GeV,Belle) = (6.01+1.29

−1.97 ± 0.50) fb [105].
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Figure 5.16: The estimated number of events of e+e− → ωπ0 process in the signal sample as a
function of the threshold of cluster second moment of the control sample. The error bars
show the statistical uncertainties.

5.4 Background with a final-state radiation photon
The effect of the photon from the final-state-radiation (FSR) needs to be considered, but it is less known
compared to the ISR and non-ISR processes. This FSR background in π+π−π0 cross sectionmeasurement
at the B-factory is discussed in Sec. V of Ref [60]. The leading order final state radiation (LO FSR) process
can be categorized into two groups: emission from final-state charged pions depicted in the Feynman
diagrams of Figs. 5.17 (a) and (b), and emission from quarks that then hadronize into π+π−π0 as shown
in Fig. 5.17 (c). These processes are essentially a cross section of the process at

√
s′ = 10.58 GeV and are

outside the energy range of this measurement, so these are treated as background events.
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Figure 5.17: Feynman diagrams of e+e− → π+π−π0 process with LO FSR photon emission.
(a) and (b) represent the photon emission from positive and negative pion, respectively. (C)
represents the photon emission from the quarks.

FSR emission from final-state pions

Regarding the emission from final-state pions, firstly, we consider the non-radiative process e+e− →
π+π−π0 around

√
s = 10.58 GeV. Since measurement of the process at the energy does not exist, the

measured cross section at
√
s = 3.67 GeV is extrapolated using perturbative QCD calculation. The cross

section for e+e− → V P process, where V is a vectormeson andP is a pseudo-scalarmeson, is expected to
follow a scaling rule of 1/sn, with n = 4 being favored in the perturbative QCD prediction. To check the
scaling rule, fit based on cross sectionsmeasured at both

√
s = 3.67 GeV and 10.58 GeV results in n = 3.83

for the e+e− → K∗±(782)K∓ and n = 3.75 for the e+e− → ωπ0, which is in good agreement with this
prediction [106]. Assuming 1/s3.75 scaling rule, the cross section of e+e− → π+π−π0 at

√
s = 10.58 GeV

is expected to be 4.7 fb as the cross section measured at
√
s = 3.67 GeV is (13.1+1.9

−1.7 ± 2.1) fb [107].
Next, we consider the probability of FSR emission from a charged pion. The FSR photon should have

Ec.m. greater than 4.7GeV so that theM3π is less than 3.5GeV in leading-order FSR process (Figs. 5.17 (a)
and (b)). The FSR probability is calculated based on the e+e− → π+π−γ cross section of the FSR process.
The probability of FSR emissionwith an energy above 4.7GeV in this analysis condition is approximately
0.23α/π for the non-radiative 3π process [108]. In the process e+e− → π+π−π0, with a ρπ intermediate
state assumed to be dominant, themost energetic pion is limited to one of three pions. Therefore, divided
by a factor of three, the cross section of e+e− → π+π−π0γFSR is expected to the 0.001 fb level. According
to the 191 fb−1 data, the observed signalwould be less than 0.02 events, indicating a sufficiently negligible
process.

FSR emission from quarks

For the FSR emission from the quarks, following the BABAR paper, we consider the following processes:
e+e− → ηγ, a1(1260)γ, a2(1320)γ, π(1300)γ, a1(1640)γ, a2(1700)γ. In the ηγ final state, the mass of the
η meson is well below the M3π mass, around 0.55GeV/c2. The number of events in the full data is
negligible (around 16 events). For this estimation, we use the measured cross section of 4.5 fb [109], the
detection efficiency of 25% determined by simulation and the integrated luminosity of 191 fb−1.

For the processes e+e− → γ∗(q) → MγFSR, where M is a pseudo-scaler or axial-vector meson, the
cross section and the photon-angular distribution can be given, at large CM energy, via the perturbative-
QCD as

dσ(e+e− →Mγ)

d cos θγ
=
π2α3

4
|FMγγ |2(1 + cos2 θγ), 1 (5.6)

where θγ is the polar angle of the photon, FMγγ is a meson-photon transition form factor for the helicity-
zero state, which dominates at large momentum transfer (q),

q|FMγγ | =
1

3

|fM |√
2
IM . (5.7)

1According to Ref. [60], a primary source of this equation is private communication to V. L. Chemyak.
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and where IM is an integral depending on the shape of the meson distribution amplitude, fM is the
meson decay constant. The cross section as a function of 3π mass is given, in the case of the incoherent
sum of the Breit-Wigner, by,

σ(
√
s′) =

∑

M

|BWM (
√
s′)|2, (5.8)

where

BWM (
√
s′) =

√
CMB(M → π+π−π0)

m2
M − s′ − imMΓM

·
√
Wρπ(s′)√
Wρπ(m2

M )
, (5.9)

√
s′ is energy of hadronic system, M is mesons, a1(1260), a1(1640), a2(1320), and a2(1700), CM is

normalization factor, B(M → π+π−π0) is a branching ratio of M → π+π−π0 process, mM is the mass,
ΓM is the total width,Wρπ(s) is the 3π phase space factor assuming 3π decay via a ρπ intermediate state.
The normalization factorCM is normalized to the total cross section calculated by Eq. (5.6). The detection
efficiency for the signal selection is calculatedusing theMCsimulation of e+e− → a2(1320)γ → π+π−π0γ
process, which is 25%. The values of parameters used in this simulation are summarized in Table. 5.1.
The estimatedM(3π) distribution of a1(1260)γ, a2(1320)γ, a1(1640)γ, and a2(1700)γ backgrounds in full
data is shown in Fig 5.18 by the solid histogram. Interference between amplitudes of resonances may
affect this spectrum. In that case, we obtain the cross section by a formula

σ(
√
s′) = |BWa1(1260) + BWa1(1640) · eiφa1(1640) |2 + |BWa2(1320) + BWa2(1700) · eiφa2(1700) |2, (5.10)

where φM is the relative phase of the two resonances with the same quantum number. The interference
between a1 and a2 is not taken into account. The spectrumwith the relative phases of 0◦ (180◦) is shown
as the dashed (dotted) spectrum in Fig. 5.18. The difference from the incoherent spectrum is assigned as
a systematic uncertainty.

Table 5.1: Summary of parameters used for FSR background estimation. An integral
depending on the shape of the meson distribution amplitude IM , the meson decay constants
fM , the total cross section σM , the massMM , the total width ΓM and the branching ration
B(e+e− → π+π−π0) are summarized.

Process e+e− →Mγ IM fM (MeV) σM ( fb) MM (GeV/c2) ΓM (GeV/c2) B(M → π+π−π0)
a1(1260)γ 6 200 [110] 6.4 [60] 1.230 [111] 0.420 [112] 0.86 [113, 114]
a2(1320)γ 10 110 [115] 5.4 [60] 1.655 [111] 0.254 [111] 0.70 [111]
a1(1640)γ 6 180 [60] 5.1 [60] 1.318 [111] 0.107 [111] 0.30 [116]
a2(1700)γ 10 130 [60] 7.2 [60] 1.698 [111] 0.265 [111] 0.50
a1(1930)γ 6 160 [60] 6.0 [60] 1.930 [111] 0.155 [111] 0.30
a2(2030)γ 10 90 [60] 5.1 [60] 2.030 [111] 0.205 [111] 0.30

For a1(1930) and a2(2030), the expected number of events is 45 and 37 events in total, assuming
that the branching ratios are 30% and the detection efficiency is 25%. Figure 5.19 shows the expected
distribution. These contributions is translated into a systematic uncertainty, which corresponds around
10% of the total systematic uncertainty on the 3π cross section.



5.4. BACKGROUND WITH A FINAL-STATE RADIATION PHOTON 67

0.5 1 1.5 2 2.5 3 3.5

)2 (GeV/cπ3M

0

5

10

15

20

25

30

35

40

45

)2
 E

nt
rie

s 
(/

0.
02

5 
G

eV
/c

Incoherent sum

)°Constructive (0

)°Destructive (180

 (reference)γπ3

Simulation
-1dt = 191 fbL∫

FSR background :
γ(1640)

1
, aγ(1260)1a

γ(1700)
2

, aγ(1320)2a
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Chapter 6

Signal efficiency

Signal efficiency is the ratio of observed signal events to generated events as a function of the 3π invariant
mass. The signal efficiency includes detector acceptance, trigger efficiency, particle detection efficiency,
and selection efficiency. For the sake of calculation, generated events are preliminarily restricted by this
condition that an ISR photon is emitted in 20◦ < θc.m. < 160◦ and the invariant mass of hadron and
an ISR photon system is greater than 8 GeV/c2 to eliminate the majority of events where an ISR emitted
along with small polar angle and is not detected.

In the first-order approximation, the signal efficiency is estimated from MC simulations using the
Belle II detector simulation program. However, the simulation is not perfect; we check the correctness of
the simulations by using several kinds of data samples and preparing data-MC corrections from these
studies. The uncertainties in the corrections are also estimated. This chapter discusses the efficiency and
its corrections via various checks performed using the data.

The correction factor (ηi) of the efficiency for i-th item is defined as

ηi =
εdata,i

εMC,i
− 1 = Ri − 1,

where εdata,i is the i-th efficiency determined by the data, and εMC,i is the one determined using the
simulation, The data-MC ratio of the efficiency is Ri ≡ εdata,i/εMC,i. Thus, corrected signal efficiency is
expressed as

ε = εMC ·
∏

i

(1 + ηi) (6.1)

≈ εMC ·
(

1 +
∑

i

ηi

)
, (6.2)

where εMC is the total simulated efficiency discussed in section 6.1. The items i considered in this analysis
are categorized into:

• Trigger efficiency (section 6.2)

• ISR photon efficiency (section 6.4)

• Tracking efficiency (section 6.3)

• π0 detection efficiency (section 6.5)

• Efficiency of the 4C-KFit χ2
4C selection (section 6.6)

• Background suppression efficiency (section 6.7)

Before discussing the evaluation details, we provide the summary of correction in Table 6.1. In
conclusion, the data-simulation difference is about at most 2% for each item and 4.6% in total, and no
strongM3π dependence in the correction factors is found, which confirms that the simulations reproduce
the data well and shows the validity of this correction method.

68
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Table 6.1: The summary of efficiency correction factors (ηi) and uncertainties (δηi%)

Source Correction factor Comments
< 1.05 GeV/c2 1.05–2.00GeV/c2 2.0–3.5GeV/c2

Trigger −0.09± 0.08 −0.08± 0.08 −0.06± 0.10 Section 6.2
ISR photon detection 0.15± 0.67 0.15± 0.67 0.15± 0.67 Section 6.4
Tracking −1.35± 0.80 −1.71± 0.83 −1.71± 0.83 Section 6.3
π0 −1.43± 1.02 −1.43± 1.02 −1.43± 1.02 Section 6.5
χ2 0.00± 0.60 0.30± 0.30 0.30± 0.30 Section 6.6
Selection −1.90± 0.20 −1.78± 1.85 −1.78± 1.85 Section 6.7
Total correction −4.61± 1.59 −4.55± 2.38 −4.53± 2.38

6.1 Simulated efficiency
The signal efficiency depending on the 3π mass, εMC in Eq. (6.1), is defined as the ratio of the number of
reconstructed events, after signal selection, to the number of generated events.

The generated event, the denominator, is required to be consistent with the condition used for the
cross-section calculation; i.e., the polar angle of ISR photon is within 20◦ < θ < 160◦, and the invariant
mass of π+π−π0γ is more than 8 GeV/c2.

The numerator is the number of the reconstructed π+π−π0γ signal events pass the all event selection.
The generator-level 3π invariant mass in a range of 0.5–4.0GeV/c2 is divided into 48 bins depending on
the events statistics, where the bin width is 50MeV/c2 in 0.7 < M3π < 2.0 MeV/c2, and 100MeV/c2 in
the other region. Fits to the Mγγ distribution are performed to the sample in each M3π bin, and the
component of the π0 mass peak region (0.123–0.147GeV/c2) is counted as the numerator value. The fit
parameters and configurations comply with the lineshape study (see section 4.5.1). Figure 6.1 shows the
simulated efficiency using the π+π−π0γMC sample of 2000 fb−1, a ten times larger sample than the data.
In this simulation, we use the scale value 0.7641 for the effective value of trigger efficiency, assuming
100% efficiency for experiments 7–17 (corresponds to 53% of datasets), and 50% scaled down coefficient
assuming 100% efficiency for experiment 18 (corresponds to 47% datasets). The solid line in Fig 6.1 is a
fit with 3rd order polynomial function. We use this curve for the signal efficiency of the experimental
data, εMC. The typical effective signal efficiency is (8.775± 0.014)% at the ω resonance, (8.326± 0.025)%
at the φ resonance, (8.31 ± 0.16)% at 1.8GeV/c2 and (6.63 ± 0.23)% at 3.1GeV/c2. The uncertainties are
calculated from the covariance matrix of the fit function and derived from the MC statistics.

When broken down into the individual components, the event loss due to a change in acceptance by
narrowing the ISR polar angle from 20◦–160◦ in the e+e− c.m. system to the barrel region is significant:
the efficiency of the ISR photon is about 40%. The subsequent largest loss, π0 efficiency, is approximately
50%. The trigger efficiency is 77%, as mentioned above. The other efficiency levels are roughly 70%
for two tracks satisfying the conditions, 80% for selection for χ2

4C,2π3γ < 50, and 90% for background
reduction selection.

A slight deviation from the fitted curve around 2GeV/c2 is a statistical fluctuation. We have checked
this with an additional MC sample.

6.2 Trigger efficiency
The level-1 trigger used in this analysis is summarized in Table 4.1. Two trigger conditions are used:
hie for experiments 7–17 and lml1 for experiment 18. The trigger simulation indicates that the efficiency
of the signal is 100%, essentially. For experiment 18, since the ECL-based veto for QED processes is
introduced for the hie trigger, we use the lml1 trigger. The efficiency of lml1 is 100% by the simulation,
but this trigger line is scaled down by a factor of two in the data taking.

To check the correctness of the trigger simulation by data, we use the e+e− → µ+µ−γISR control
sample, denoted by µ+µ−γ control sample; in other words, we collect events triggered by tracker trigger
lines with the muon-pair and evaluate the efficiency of ECL trigger lines using the ISR photon. The
e+e− → µ+µ−γISR process provides a high statistics sample of 12 million events. It allows the use of
information from KLM and the CDC, as muon is also detected in the KLM. We select the µ+µ−γ control
sample with the condition summarized in Table 6.2.
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Figure 6.1: Signal efficiency as a function of the generated invariant mass of π+π−π0. The
solid line shows a fit result with the 3rd polynomial.

Table 6.2: Selection of µ+µ−γ control sample for trigger efficiency study.

Quantity Condition applied to select the control sample

Muons
Transverse momentum pT > 0.3 GeV/c
Polar angle 17.0◦ < θ < 150◦

Closest distance to the IP dr < 0.5 cm and |dz| < 2 cm
CDC hits count Ncdchit > 20
Identified as muon Pµ > 0.5

ISR photon
ECL crystal count Ncrystal > 1.5
Energy in e+e− c.m.=system Ec.m. > 2 GeV
Polar angle 37.3◦ < θ < 123.7◦

Event basis
Tracks count Ntrack == 2
Event charge ΣQtrack == 0
Invariant mass of muon-pair Mµ+µ− < 3.5 GeV/c2

Invariant mass of µ+µ−γ Mµ+µ−γ > 8 GeV/c2

Recoil mass square of muon-pair M2
recoilµ+µ−, < 10 GeV2/c4

The hie and lml1 triggers are based on the ECL trigger. We determine the ECL trigger efficiency using
the samples from orthogonal CDC and KLM track triggers. The ECL trigger efficiency can be measured
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Figure 6.2: Trigger efficiency for ISR photon in terms of ISR c.m. energy and run dependency.

from the ratio
εhie =

N(hie ∧ CDC-KLM trigger lines)
N(CDC-KLM trigger lines) ,

whereN(CDC-KLM trigger lines) is the number of events that satisfy both CDC and KLM trigger lines.
We use the events that satisfy trigger lines cdcklm, where one or two tracks on CDC are matched on KLM
clusters. The numerator is the number of events that satisfy hie among the cdcklm events. For the lml1
efficiency, hie is replaced with lml1.

The hie and lml1 efficiencies depending on the energy in e+e− c.m. system and polar angle of the
ISR photon are shown in Fig. 6.3. There is no strong dependence on the polar angle, while there is an
efficiency drop in high and low energy, albeit at the level of statistical error. Figure 6.2 shows more
detailed “run (production code)” 1 dependence. We apply the correction to the signal sample of data
using the table that takes into account the ISR photon energy and the run dependence. As cdcklm are
introduced from experiment 12, the efficiency in experiments 7–10 cannot evaluated using these lines.
Therefore, we assume the efficiency performance in experiments 7–10 is the same as in experiment 12.
The net correction of the l1-trigger efficiency (ηtrig. ≡ Rtrig. − 1) averaged over the energy dependence
and the run-dependence is (−0.086 ± 0.084)% for M3π < 1.05 GeV/c2, (−0.082 ± 0.080)% for 1–
2GeV/c2, and (−0.059 ± 0.102)% for 2–3.5GeV/c2.

The efficiency of experiments 7–10 is confirmed using the alternative CDC-only trigger line, resulting
in no significant change from experiment 12 and, atworst, 99.5%. However, an efficiency evaluation of hie
using the CDC-only trigger line is not entirely independent of the ECL trigger because this bit is affected
by the ECL-based veto for the QED process. Assuming that the conservative efficiency of experiments 7–
10 is uniquely 0.95, the total correction factor is −0.107% in the region of M3π < 1.05 GeV/c2. This
difference corresponds to an efficiency deterioration of −0.02%, and is negligible with respect to the
statistical errors. This is also true in higher-mass regions.

The trigger efficiency for high-level trigger filtering, turned on from experiment 17, is confirmed
using the signal sample of data until experiment 16. Since the efficiency is confirmed to be 100%, this is
not taken into account to the systematic uncertainty.

1Production code is the same or finer unit of dataset as the experimental run when the object reconstruction software processes
the acquired data. bucket16(16b) corresponds to experiment 14, bucket17 corresponds experiment 16, bucket18 corresponds to
experiment 17, bucket19-25 correspond to experiment 18.
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Figure 6.3: (a)(b) The c.m. energy (left) and polar angle (right) dependency of hie efficiency
for ISR photon in the e+e− → µ+µ−γ control sample in experiment 7–17. (c)(d) that of lml1
efficiency in experiment 18.
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6.3 Tracking efficiency
Tracking efficiency is studied using data in several aspects:

• Basic tracking efficiency

• Track loss due to tracks in close proximity

• Selection efficiency of the number of CDC hits

• Duplicated tracks

As a result of the studies described in this section, the total correction factor for the tracking efficiency
ηtrig. is (−1.78 ± 0.80)% forM3π < 1.05 GeV/c2,and (−2.14 ± 0.83)% forM3π > 1.05 GeV/c2.

Basic tracking efficiency

A tracking performance for a single track is studied by a tag-and-prove method using the e+e− → τ+τ−

process [117]. This method uses events where the tau-pair decays to one charged lepton and three
charged pions, respectively. Tag tracks are reconstructed from one lepton track and two pion tracks
of good quality so that the net total charge is ±1e. The remaining track, estimated from the charge
conservation, is a probe track. The detection efficiency of the probe track is evaluated in data and
simulation as a function of momentum, polar angle, azimuthal angle and experimental run, respectively.
The results show good agreement between the data and MC simulation. A systematic uncertainty of
(0.60)% for two tracks is applied as tracking efficiency.

Track loss due to tracks in close proximity

We also check for track losses, which could not be measured by the tag-and-probe method using
tau-sample since the method assumes independent tracks. It is validated using the signal process
e+e− → π+π−π0γ. The close two tracks likely cause its loss, especially in the case that the track
intersects on the azimuthal plane, causing many shared wire hits on the CDC. To check this possibility
quantitatively, we define the opening angle difference on the azimuthal plane as

∆φ = φ(π+)− φ(π−).

The tracks cross on the azimuthal plane when ∆φ is positive (see Fig. 6.4). Figure 6.5 shows the com-
parison between positive and negative ∆φ in MC simulation, in the generator level (a) and the observed
(reconstructed) level (b). Obviously, the distribution of ∆φ in the generated events is symmetrical in
positive and negative, and the yields are the same. A clear difference between the positive and negative

+π-π

x

y

(a) ∆φ < 0

+π -π

x

y

(b) ∆φ > 0

Figure 6.4: Visual representation of (a) crossing and (b) non-crossing track events. The center
dot is the IP, and the circle is a CDC outer frame.
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Figure 6.5: ∆φ distribution of signal MC sample. The lines indicate ∆φ < 0 events (solid) and
∆φ > 0 (dashed) (a) shows the variable of generator-level information. (b) shows the
measured variables.

tracks is observed in the reconstructed track, while there is no difference in the generator level. To show
the fraction of the correlated track loss quantitatively, we define the variable f by

f =
N(∆φ < 0)−N(∆φ > 0)

2N(∆φ < 0)
,

where N(∆φ < 0) is the number of the events with ∆φ < 0. The difference in fractions between data
and simulation is tested and corrected.

The ∆φ distribution is compared in Fig 6.6 (a), and the calculated track loss as a function of the |∆φ|
is shown in Fig 6.6 (b). A marked difference is observed in bins with the smallest |∆φ| The total track
loss is fdata = 0.050± 0.005 in data and fMC = 0.0398± 0.0013 in simulation at the ω and φ resonances.
The data-MC ratio of the correlated track loss is

Rtrackloss =
1− fdata
1− fMC

= 0.9890± 0.0053; (6.3)

Thus a correction factor is (−1.01 ± 0.53)%. The error is the statistical uncertainty for this control
sample.
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Figure 6.6: ∆φ distribution and its track loss for data and simulation. (a) The lines indicate
|∆φ| distribution of ∆φ < 0 events (solid) and ∆φ > 0 (dashed) in data (black circle) and MC
simulation (blue triangle). (b) The points with error bars show the event losses f depending
on ∆φ of data (circle) and MC (triangle).
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Selection for the number of CDC wire hits

The number of CDC wire hits connected with the track must be more than twenty in the selection.
The distribution of Ncdchit for data and simulation is shown separately in Fig. 6.7 for positive and
negative charged particles. The figures show a relatively large discrepancy between the data and the
simulation, especially for negative charged tracks, indicating the imperfect simulation. The efficiency of
this selection N(Ncdchit > 20)/N(Ncdchit > 0) is obtained using each mass region in the signal sample:
i.e., the ratio of the events with and without this cut N(Ncdchit > 20). The ratio in data (simulation) is
99.0% (99.3%) at the ω and φ resonance, and is 97.2% (97.8%) for 1.05 < M3π < 2.0 GeV/c2. The correction
factor of the efficiency is obtained to be (−0.25 ± 0.06)% in the mass region below 1.05GeV/c2 and
(−0.61 ± 0.21)% in the mass region above 1.05GeV/c2.
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Figure 6.7: The number of measured points in CDC associated with each track Ncdchit in (a)
positive and (b) negative tracks in the signal sample. The points with error bars represent
data and the solid line shows π+π−π0γ MC samples.

Duplicated and sign-flip track

In the baseline selection, we require that there are exactly two tracks of opposite-sign. The event will
be lost if there are three tracks, e.g., due to track duplication and a fake track. We test this possibility
both for the data and the MC simulation. For the signal MC, the ratio of 3-track to 2-track events is
(0.0152± 0.0017)% in the ω and φ resonance, where the number of 3-track events is 6.5 in the data, and
the statistical error is estimated to be around 0.01%. For data, the number of 3-track events is four out
of 38538 2-track events, which is (0.010± 0.005)%. Thus, the events lost by the duplicated track are very
small (0.015% [MC], 0.010% [data]), and the fraction agrees quite well for data and simulation.

Furthermore, events may be lost if a track is incorrectly identified with the wrong charge sign,
especially for high-energy tracks. We selected the signal sample with the same-sign requirement and
confirmed that the sign-flip track is zero in both data and simulation.

6.4 ISR photon effiecncy
A correction for ISR photon detection efficiency is obtained based on the study using an ISR process,
e+e− → µ+µ−γ [118]. Amuon pair is reconstructed, and the recoil-momentum vector is calculated from
the four-vector of the initial state e+e− and themuon pair. The selection with the squared invariant mass
of recoil systemM2

µ+µ−,recoil < 2 GeV2/c4 can significantly reduce background events. The efficiency of
a photon is evaluated by whether there are ECL clusters that match this recoil momentum in terms of
energy and direction. The correction factor is evaluated as a function of the photon energy and polar
angle.

In this analysis, the correction only for ISR photon is considered, and that of π0-daughter photon
is included in π0 efficiency. Figure 6.8 depicts the correction factors as a function of M3π using the
signal sample of π+π−π0γ MC. The correction factor ηISR is (+0.15 ± 0.67)% overall mass range.
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Figure 6.8: Data-MC ratio for the ISR photon detection efficiency as a function ofM3π . The
error bars indicate total uncertainty.

The uncertainty is dominated by a systematic uncertainty coming from the data-MC differences for a
background suppression selection and muon track quality.

6.5 π0 detection efficiency
We evaluate the efficiency of the π0 reconstruction using the process

e+e− → ωγISR → π+π−π0γISR. (6.4)

Efficiency can be defined as

εi =
Ni,full_reco(1− rbkg.)

Ni,part_reco
, (6.5)

where Ni,part_reco is the number of partial-reconstructed ωγ events, Ni,full_reco is the number of full-
reconstructed ωγ events, rbkg. is the fraction of background in the full-reconstructed ωγ events, and
the εi is the efficiency of π0 reconstruction for the data (i = data) and MC simulation (i = MC). The
number of partial-reconstructed events, the denominator, means the number of e+e− → ωγ events es-
timated without using information of π0.The full-reconstructed events are the number of e+e− → ωγ
events where π0 can be reconstructed among the partial-reconstructed events, corresponding to the
number of found π0. The prominent peak that the ω resonance makes on the 3π invariant mass distribu-
tion is used to separate it from the background event. To calculate the 3π invariant mass without using
any information from the π0-decay photons, the recoil (or missing) momentum is used instead of the π0

momentum. The recoil four-momentum of π+π−γ system is calculated as

pπ0
rec

= pe+e− − pπ+ − pπ− − pγISR , (6.6)

where pe+e− is initial beam four-momentum, pπ± is four-momentum of charged pions, pγISR is four-
momentum of ISR photon, and pπ0

rec
is thee recoil momentum of π+π−γ system. The invariant mass of

three pions is defined as

Mπ+π−π0,recoil =
√

(pπ+ + pπ− + pπ0
rec

)2. (6.7)

In addition, to increase the 3π mass resolution, a kinematic fit is applied with a constraint that the
invariant mass of the recoil system is equal to the π0 mass (1C-KFit). The Mπ+π−π0,recoil distribution
shows a prominent peak of ω resonance by using the four momenta of 1C-KFit results (Fig. 6.9).
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Figure 6.9: Mπ+π−π0,recoil distribution of the MC simulation using (a) measured
four-momenta and (b) four-momenta of 1C-KFit results.

The partial-reconstructed events are selected without requiring the detection of the photons from
π0 decay. We require that there are exactly two changed tracks, with net-charge zero, and identified as
pion. The highest energy photon in the events is chosen as the ISR photon (γISR). The same criteria
given in the signal selection (Table 4.2) are applied to select pions and ISR photons. To further reduce
the background, we apply all the background rejection cuts listed in Table 4.2 except the ones that need
the π0/photon information, χ2

4C,2π3γ and χ2
4C,2π5γ .

The distribution of the χ2 of the 1C-KFit, denoted by χ2
1C,rec., is shown in Fig. 6.10. The number

of degrees of freedom (d.o.f) of this kinematic fit is three [119]. As the condition of the success of the
1C-KFit, we require χ2 of the 1C-KFit to be less than ten, χ2

1C,rec. < 10.
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Figure 6.10: The χ2
1C,rec. distribution of partial-reconstructed events using the 10% of data.

Counting of the denominator : partial-reconstructed ωγ events

The number of the partial-reconstructed signal eventsNi,part_reco is obtained by fitting theMπ+π−π0,recoil

with the signal and the background. TheMπ+π−π0,recoil distribution of the partial-reconstructed events
is plotted in Fig. 6.11. In the fit, the histogram templates obtained by MC simulation are used to
model the shape of the signal and background. The ω signal shape is reproduced quite accurately
for the signal reaction. The background is dominated by the e+e− → π+π−π0π0γ, e+e− → K0

SK
0
Lγ

and e+e− → qq (including low-energy hadron production). The others pdf is dominated by e+e− →
π+π−γ, e+e− → µ+µ−γ and Bhabha. Although the process π+π−π0π0γ involves the ω resonance in a
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Figure 6.11: Mπ+π−π0,recoil distribution of the partial-reconstruction sample for π0 efficiency
evaluation in (a) data and (b) MC simulation. The stacked histogram in (a) shows the fit
results, and that in (b) shows the distribution scaled with the integrated luminosity. The
scale factor of the fitting result is indicated in the legend.

ωπ0γ intermediate state, this does not create a peak in Mπ+π−π0,recoil since the wrong momentum, the
momentum of two π0, is assigned to π0

rec. While the background fromK0
SK

0
Lγ shows a peaking structure

under the ωmass region inMπ+π−π0,recoil. This is caused by the fact that the process is dominated by the
e+e− → φγ → K0

SK
0
Lγ process, where two charged particles are fromK0

S → π+π− and theK0
L is treated

as themissing particle. Although the actual value ofM(K0
SK

0
L) is the φmass, theMπ+π−π0,recoil shifted to

the ω mass region, since π0 mass assumed, instead ofK0
L, for the missing particle. Three parameters are

floated in the fit: the number of signal events and the two scale factors corresponding to the π+π−π0π0γ
and qq. The scale factors for the pdfs are defined as the ones that multiply the expected number of
events from the known luminosity. We floated scale factors for π+π−π0γ (signal) π+π−π0π0γ and qq
pdfs and fixed scale factors of K0

SK
0
Lγ and others pdfs. The fitting range is around omega resonance,

0.6 < Mπ+π−π0,recoil < 0.95 GeV/c2.
The fitted results in data and MC are shown by the histograms in Fig 6.11. The number of partial-

reconstructed events,Ni,part_reco, is then obtained by integrating over the signal shape (histogram) in the
range 0.72 < Mπ+π−π0,recoil < 0.84 GeV/c2. By integrating over the same range for the background, the
background fraction for this sample is obtained to be 28%.

Counting of the numerator : full-reconstructed ωγ events

The number of full-reconstructed events Ni,full_reco is estimated by Mγγ fit, i.e., the same procedure as
the signal extraction. The full-reconstructed events are selected from the partial-reconstructed events by
requiring the sameMπ+π−π0,recoil range, the identical criteria for the photon and π0 selection and the χ2

of the 4C fit χ2
4C,2π3γ < 50 as the signal selection shown in Table 4.2 2 We do the 4C-KFit for all samples

with Mγγ < 1.0 GeV/c2 and apply a cut χ2
4C,2π3γ < 50. . By additional 4C requirement, the number

of signals is reduced by 85%. (see Table 4.2). The Mγγ distribution for the full-reconstructed events
is shown in Fig. 6.12. Novosibirsk function is used for the signal shape, and the second polynomial is
used for the background. The value, Ni,full_reco, is then obtained by integrating over the mass region
0.123 < Mγγ < 0.147 GeV/c2. The peaking background that contains π0 from π+π−π0π0γ is subtracted
based on the scale factor determined in section 5.2. The fraction of π0 from the remaining π+π−π0π0γ to
the full-reconstructed events is rbkg. = 0.51%, corresponding 140± 5 events. The background from qq is
0.03% (8 events), and that from τ+τ− is negligible. A possible peaking background from e+e− → ωπ0 is
estimated based on the data sample but is small enough to be insignificant (0.15% and 0.16% for partial-
and full- reconstructed events).

2Note that a cut on χ2
4C,2π5γ is not applied in this efficiency study since we are interested in the π0 efficiency, and this cut is

not used to select the reconstructed events.
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Figure 6.12: Mγγ distribution of the full-reconstructed events for (a)the data and (b) the MC
simulation. The curves show the fit result with the pdf modeled with the Novosibirsk and
Gaussian function for π0 signal and quadratic function for combinatorial π0 background.
The solid line represents the total pdf, and the dashed line represents the background pdf.

Results

The π0 efficiency using our signal selection for the π0 and χ2
4C,2π3γ requirement is (50.2± 0.3)% for data

and (51.0± 0.1)% for MC simulation. The data-MC ratio is R = 0.9856± 0.0058, where the uncertainty
consists of 0.44% of statistical uncertainty and 0.38% of fitting uncertainty. The correction factor for the π0

efficiency ηπ0 is (−1.43 ± 1.01)%. The detailed estimation of the systematic uncertainty in this method
of the π0 efficiency calibration is given in appendix A. The results are summarized in Table 6.3. As
can be seen from the table, the uncertainties are dominated by the uncertainty in the background from
the dominant background π+π−π0γ, the peak background K0

SK
0
Lγ, event selection and the counting

number of π0 signal. The total systematic error is estimated to be 0.83%. That means the π0 efficiency is
known in the 1% accuracy.

Table 6.3: Summary of the systematic uncertainties (%) on the π0 efficiency determined from
e+e− → π+π−π0γISR. Partially reconstructed events are selected from the recoil mass
against the π+π−γISR system without using any π0 related information. The total
uncertainty is obtained by taking the quadratic sum of all items.

Source Systematic uncertainty Comments
Partial reconstructed events
π+π−π0π0γ background ±0.13 Section A.1
φ→ KSKLγISR background ±0.33 Section A.1
qq̄ background ±0.06 Section A.1
Background model ±0.07 Section A.1
ω signal model ±0.09 Section A.1
Event selection ±0.57 Section A.1

Full reconstructed events
Counting method ±0.12 Section A.2
π0 signal model ±0.46 Section A.2
π+π−π0π0γ background ±0.07 Section A.2

Total ±0.83
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6.6 Efficiency for selection of kinematic fit chi-squared
We consider the signal efficiency for the selection of the chi-squared of the 4C kinematic fit χ2

4C,2π3γ < 50.
The agreement of chi-squared distribution is affected by the reproducibility of energy, momentum, and
position resolution in clustering and tracking. The chi-squared for the two photons of π0 decay is
included in the verification in the previous section and is taken into account in the correction factor for
the π0 efficiency. The chi-squared of the remaining ISR photon and two tracks is then verified using the
e+e− → µ+µ−γ in this section.

The µ+µ− γ control sample is reconstructed from ISR and two charged particles. The selection is
identical to Table 6.2, which is used for the study of trigger efficiency, but to improve purity, only the
selection for recoil mass square of the muons is changed to a tighter selection,M2

µ+µ−,recoil < 4 GeV2/c4.
The µ+µ−γ control sample is subject to the 4C-KFit under the hypothesis of e+e− → µ+µ−γ process.
The chi-squared of the 4C-KFit result is denoted by χ2

4C,2µγ .
We define the efficiency of chi-squared selection at the threshold c as

εi(c) =
N(χ2

4C,2µγ < c)

N0
, (6.8)

where , N(χ2
4C,2µγ < c) is the number of events with χ2

4C,2µγ < c, N0 is the total events, and εi(c) is the
efficiency at c for the data (i = data) and MC simulation (i = MC). Data-MC ratio of the efficiency is
expressed as

Rχ2(c) =
εdata(c)

εMC(c)
. (6.9)

Figure 6.13 displays both (top) the χ2
4C,2µγ and (bottom) Rχ2 distributions. The Rχ2 is stable with in

±0.2% for the c region from 20 to 50. The correction factor is determined based on the value of Rχ2 in
this range. We take the average minimum and maximum values in this range as the correction factor
and the differences between the minimum and maximum as the uncertainty. Hence, the correction
factor for the χ2 selection, ηχ2 , is ηχ2 = (0.0 ± 0.3)% forM3π < 1.05 GeV/c2, and ηχ2 = (0.3 ± 0.3)% for
M3π > 1.05 GeV/c2. The chosen c range of 20–50 is reasonable, since we requires χ2

4C,2π3γ < 50 to the
signal process and a relation of

χ2
4C,2π3γ ∼ χ2

4C,2µγ + χ2
4C,π0→γγ , (6.10)
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Figure 6.13: χ2
4C,2µγ distribution (top) and Rχ2 curve (bottom) in the e+e− → µ+µ−γ control

sample. (a) and (b) are the plots in theM3π mass region below and above 1.05GeV/c2. In the
top plots, the closed circles show the data, and the red histogram shows the MC simulation.
The bottom plots show Rχ2 in a function of χ2-thresholds c, where the pink bands are the
statistical uncertainty.
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where 99% of signal events has small χ2
4C,π0→γγ of less than 30.

For small c, large differences between data and simulation are observed. This is caused by ISR photon
energy distribution differences, as shown in Fig. 6.14. The average value of energy has been calibrated
in the MC sample. However, the shape differs between the data and the simulation because of an
incomplete simulation.
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Figure 6.14: Energy of ISR photon in the e+e− c.m. system in the µ+µ−γ control sample of
data (points) and MC simulation (solid line). The number of processes other than
e+e− → µ+µ−γ is relatively small.

In adapting to 3πγ, the kinematics of the two tracks differ. To take this into account, the distribution
ofRχ2(c) was divided by the momentum of the muon and checked in Fig. 6.15. As can be seen, there is a
momentumdependence of theRχ2(c) distribution. The half of the peak-to-peak difference in 20 < c < 50
is taken, and the systematic error is set to 0.6% forM3π < 1.05 GeV/c2 and 0.3% forM3π > 1.05 GeV/c2.

From these results, the correction factor iswe take thedata-MCcorrection factor for the 4Cχ2 selection,
δχ2 , to be δχ2 = (0.0± 0.6)% forM3π < 1.05 GeV/c2, and δχ2 = (0.3± 0.3)% forM3π > 1.05 GeV/c2.
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Figure 6.15: Ratio εdata/εMC as a function of the cut value c (see Eq. (6.9)) dividing the
minimum momentum of muons.
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6.7 Background suppression efficiency
In this section, the validation of the signal efficiency for the background suppression selections is
discussed, which includes:

• Either one of the tracks is not an electron: Pπ/e > 0.1

• Either one of the tracks is not a kaon: Pπ/K > 0.1

• π+π−π0π0γ rejection : χ2
4C,2π5γ > 30

• qq rejection : Mπ±γISR
> 2 GeV/c2

• qq rejection : MγISRγ < 0.11 GeV/c2orMγISRγ > 0.17 GeV/c2

• qq rejection : Cluster second moment SISR > 1.3

• π+π−γ and µ+µ−γ rejection : M2
π+π−,recoil > 4 GeV2/c4.

To obtain the efficiency of these selections for the signal event, the sharp resonances ω, φ and J/ψ are
used to count the e+e− → π+π−π0γ events before and after the selections are applied, and the ratio is
compared between the data and theMC simulation. Tominimize errors related to themultiple selections,
the signal efficiency is not evaluated one by one but treats all background suppression selections together.

For verification in the region below 1.1GeV/c2, the events around the ω (0.72 < M3π < 0.84 GeV/c2)
and φ (0.98 < M3π < 1.05 GeV/c2) resonances are used. The purity of signal with (without) the
background suppression selections is expected to be 99.6% (97.4%) based on the MC simulation. The
signal efficiency in simulation is εMC,sel. = 0.9125 ± 0.00038. Even if we assign conservative 100%
uncertainty for backgrounds, the uncertainty increases by 0.01% at most. The efficiency in data is
estimated as

εdata,sel. =
Npass(1− rb,pass)

Nall(1− rb,all)
, (6.11)

where Npass is the number of events passing the background suppression selections, Nall is the number
of all events before applying the background suppression, and rb,all/pass is the estimated fraction of
background. To drop the combinatorial π0 background in , Npass and Nall are determined by fitting the
Mγγ .

For data, we obtained Nall = 41825± 205 and Npass = 370102± 193. The background fraction to be
subtracted, rb,all/pass, is listed in Table 6.4. The efficiency is calculated to be εdata,sel. = 0.8951 ± 0.0020.
The data-MC ratio isRsel. = εdata,sel./εMC,sel. = 0.9810±0.0020. The only statistical uncertainty is taken
into account. Thus, a correction factor for the efficiency of background suppression selection ηsel. is
(−1.90 ± 0.20)%.

Table 6.4: Summary of estimated background fraction in the ωγ → π+π−π0γ and
φγ → π+π−π0γ samples before and after applying the background suppression.

Source w/o selections (rb,all) w/ selections (rb,pass)
π+π−π0π0γ 0.0063 0.0036
K+K−π0γ 0.0022 0.0003
qq 0.0003 0.0001
ωπ0 0.0053 0.0012
Total 0.0142 0.0052

For the high mass region, we confirm it by fitting to the J/ψ → π+π−π0 resonance. The simulated
efficiency is εMC,sel. = 0.806 ± 0.013. The fitting result is shown in Fig. 6.16. The counting is 1783 ± 47
events without the selections and 1411 ± 39 events with selections. The efficiency in data is εdata,sel. =
0.791 ± 0.015. Thus, the correction factor ηsel. is (−1.78 ± 1.85)%, which is applied to events in
M3π > 1.1 GeV/c2.
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Figure 6.16: J/ψ spectrum and fit result with and without the background suppression.



Chapter 7

Unfolding

The distribution of 3π invariant mass in the signal process e+e− → π+π−π0γ follows Eq. (2.46); we call
this “generated” spectrum in this chapter. The finite resolution of the detector distorts the distribution
of 3π invariant mass measured by the detector; we call this “measured” mass. The detector resolution
in this measurement is derived from the tracking accuracy of the charged pions and the position and
energy accuracy of the photon clusters. The finite resolution has to be mitigated to obtain the generated
spectrum, especially in a case where the detector resolution is similar to or larger than the width of
resonances in the spectrum. The correction procedure to mitigate the effect of detector resolution is
called unfolding.

Considering the formulation of unfolding, a relation of measured mass in data x to generated mass
y can be defined as a smooth function f(x|y), called resolution function. In a case where the data is
binned with the measured mass, as in this analysis, the spectrum can be expressed as a vector of yields
in the mass bins ~x for the measured spectrum and ~y for generated spectrum. If the mass resolution is
good enough for the bin width, then generated events in the i-th mass bin are measured directly in the
i-th mass bin, i.e., xi ∼ yi. However, if not, the number of generated events in the j-th bin could be
transferred to other mass bins in the measured mass spectrum following the resolution function. The
resolution function is discretized through the binning and is denoted by Aij , which is called transfer
matrix. Each element of Aij indicates the amount of transition from the j-th bin of generated spectrum
to the i-th bin of measured spectrum; the diagonal element denotes scenarios where the observed value
is near the generated value. No transition between bins occurs, and the off-diagonal element indicates
the transition of events. The integration across one generated spectrum bin yields a value of one by
definition

∑
j Aij = 1. The transfer occurs in all bins of the generated spectrum, and the number of

measured events in the i-th bin xi can be expressed as

xi =
∑

j

Aijyj + bi, (7.1)

where~b is the measured spectrum of background events.
If a detector simulation is well-calibrated to reproduce detector response, Aij can be calculated using

the simulation. To estimate the generated spectrum from observed data, a straight way is finding the
inverse matrix A−1 and solving ~y = A−1(~x −~b). However, this method usually leads to an “ill-posed
matrix problem”, where small statistical fluctuations in the signal and background events significantly
affect the estimated ~y. Several unfoldingmethods have been proposed to address this issue, startingwith
the Tikhonov regularization method, including the widely used singular value decomposition, which
depends on the spectrum and response function to be solved. In this analysis, unfolding is performed
using the iterative-dynamically-stabilized (IDS)method [120], specifically designed for such high-energy
experiments.

The possible difference in the transfer matrix between data and simulation is corrected with the
Gaussian convolution. The transfer matrix Aij is obtained based on a simulated MC sample ten times
larger than the data sample, shown in Fig. 7.1. The components far from diagonal come from mis-
reconstructed events, including fake π0 and muon track decayed from pion. The spectrum generated
by Phokhara and the detector simulation can produce the measured spectrum. However, the possible
difference of detector response is corrected by a convolution fitting to the ω, φ and J/ψ resonances,

84
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Figure 7.1: Transfer matrix of MC signal events. The horizontal axis indicates measuredM3π

applied the 5C-KFit, and the vertical axis indicates generatedM3π . The two plots show the
different mass regions.

whose parameters aremeasuredmore precisely than the target of this analysis. The convolutedGaussian
function gives the correction factor by the µ and σ parameters. The obtained spectrum is modified as

xi =
∑

j

Aij [~y ∗G]j + bi, (7.2)

where, xi is the measured number of event at the i-th bin, y is the vector of generatedM3π spectrum, Aij
is the response function produced by MC simulation, G is the Gaussian and the operator ∗ represents
the convolution.

In this chapter, the detector resolution is studied by a simulation (Section 7.1), the data-MC correction
for transfer matrix (Section 7.2), and the unfolding results (Section 7.3) are described.

7.1 Mass resolution on detector simulation

The invariantmass ofM3π in themeasured spectrum is calculated from the four-momentum of final stats
as a result of five-constraint kinematic fitting (5C-KFit) to relievemass shift and smearing. In the 5C-KFit,
the summed four-momentum of π+π−π0γ system is constrained to the e+e− beam four-momentum and
the invariant mass of the photon pair is constrained to the nominal π0 mass. Figure 7.2 shows the
M3π distributions of π+π−π0γ MC sample. The red histogram shows the generated spectrum, the blue
histogram shows the measured spectrum after 5C-KFit, and the dotted histogram shows the measured
spectrumwithout 5C-KFit. We can see significant smearing effects on theω andφ resonance. On the other
hand, in the high mass region, the distribution discrepancy is small since the resonance width is larger
than the detector resolution. The spectra in the figure also indicate an improvement in resolution due to
the 5C-KFit. A π+π−π0 mass resolution ∆M3π ,M3π difference between generated and measured value,
at the ω resonance is shown in Fig .7.3. The mass shift of the 5C-KFit spectrum is −0.25 MeV/c2, which
corresponds to a tenth of the narrowest bin width, and the standard deviation of ∆mpppz is 6.5MeV/c2.
Note that its full width at half maximum (FWHM) of mass resolution is 9.9MeV/c2, which is competitive
to the precursor measurement BABAR, 13MeV/c2 [60]. TheM3π dependence of the resolution is shown
in Fig. 7.4. The width becomes worse depending onM3π increase. The kinematic fitting also suppresses
the center value shift.
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7.2 Data-MC correction of mass resolution
The spectrum for the ω and φ resonances is obtained byMγγ fits described in section 4.5. The generated
spectrum in the MC sample and MC transfer matrix is obtained from the π+π−π0γ MC sample. The
shape of the ω and φ resonance are, therefore, rely on the Phokhara generator. The parameters of the
convoluted Gaussian, µ and σ, are floated. The µ and σ provide a possible shift of the center and the
resolution (width) between data and simulation, respectively. Figure 7.5 shows the result of fitting to
the data. The obtained parameters are µ = −0.463 ± 0.062 MeV/c2 and σ = 1.090 ± 0.15 MeV/c2 for the
ω, µ = −0.778 ± 0.014 MeV/c2 and σ = 0.020 ± 0.0001 MeV/c2 for the φ. The results of varying both
parameters by +1σ are also shown.

Near the J/ψ resonance, 3.0 < M3π < 3.2 GeV/c2, we can also confirm the mass bias and resolution
As the width of J/ψ resonance is ΓJ/ψ = (92.6±1.7) kevcc [37] and the detector resolution dominates the
shape in the measured spectrum, it is a good clue to the comparison of mass resolution and mass scale
between data and simulation. The J/ψ signal shape is modeled as the relativistic Breit-Wigner with the
fixed J/ψ mass and decay width, and the non-resonant component is modeled as a linear function. The
function is convoluted with the simulated transfer matrix and the Gaussian as Eq. (7.2). Figure 7.6 shows
the result of fitting to the data. The parameters of convolution Gaussian are µ = −1.38 ± 0.08 MeV/c2,
and the resolution is 0.02± 0.093 MeV/c2.

To conclude, in the lower mass regions around the ω resonance, there is likely to be Gaussian
convolution of about 1 MeV/c2 in addition to the mass resolution of 6.5MeV/c2 obtained by simulation
alone, then the corrected mass resolution is 6.6MeV/c2. In higher mass regions, the mass resolution in
data agrees with the simulation. Also, for the mass bias, a mass-dependent difference from−0.6 MeV/c2

to −1.4 MeV/c2 is visible between data and simulation.
For intermediate regions between the resonances, e.g. 0.85–0.95GeV/c2 and 1.1–3.0GeV/c2, which are

outside the fit range, the parameters obtained in the neighborhood resonance are to be used. For each
mass region, The parameters of the ω fit are used for 0.50–0.90GeV/c2, the parameters of the φ fit are
used for 0.9–2.0GeV/c2, and the parameters of the J/ψ fit are used for 2–3.5GeV/c2. In the intermediate
regions, as the spectrum is smooth relative to the detector response, differences in resolution do not have
a significant effect. They are confirmed to be sufficiently small compared to the statistical error.

7.3 Results of unfolding
The background spectrum estimated in section 4.5 is subtracted in measured M3π spectrum obtained
in section 4.5 to obtain the background-subtracted spectrum. The background-subtracted spectrum is
unfolded using the IDS method, implemented on an unfolding framework toolkit program RooUn-
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fold2.0.0 [121]. We have checked that other unfolding algorithms, such as the singular value decompo-
sition, provide results similar to those discussed here.

The result of unfolding is shown in Fig. 7.7. The solid histogram shows the background-subtracted
spectrum before the unfolding, and the dotted histogram with error bars shows the unfolded spectrum.
For the mass range of 3.0-3.2GeV/c2, the background-subtracted spectrum is replaced by the non-
resonant component obtained by the fit with the J/ψ resonance before unfolding. This is because a
narrow resonance such as J/ψ is accounted for exclusively in aµ calculations [30] and follows convention.
In the range of 0.62–3.5GeV/c2, the total number of events before and after unfolding is 47995.6± 220.2
and 47995.3± 243.3 , confirming that they are preserved.
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Chapter 8

Result and discussion

This chapter describes the result of the e+e− → π+π−π0 cross section measurement and discussion
using the spectrum. The result e+e− → π+π−π0 cross section measured using real data based on the
values studied so far is reported in section 8.1. In section 8.2, the 3π contribution to g− 2 calculated from
the obtained cross section is discussed. Comparison of various parameters obtained from the measured
cross section is useful as a cross check of the cross section. In section 8.3, the contribution to the running
coupling constant is estimated similarly to aµ. In section 8.4, light vectormeson parameters are evaluated
and discussed based on the spectrum.

It should be mentioned here that the obtained cross section, and aµ contributions described in
sections 8.1 and 8.2 are results of a review process within the experimental collaborators and will be
published as an article. The sections 8.3 and 8.4, on the other hand, are PRELIMINARY discussions that
have not undergone the same level of review.

8.1 Measurement of the e+e− → π+π−π0 cross section
The total dressed cross section can be obtained from Eq. (2.46) as

σe+e−→3π(m) =

(
dNsig
dm

)
unfolded

ε · dLeff.
dm ·Rrad

.

The dressed cross section is defined as a cross section that removes the ISR (LO and NLO) effects from
the measured one, including both FSR and VP contribution.

The unfolded signal spectrum (dNsig/dm)unfolded is obtained by applying the unfolding to the event
spectrum of the signal sample after the background subtraction, as discussed in chapter 7. ε is the
corrected signal efficiency discussed in chapter 6. When the ISR polar angle in the center-of-mass frame
is restricted within θmin < θγ < π − θmin, the effective luminosity dLeff/dm is given by Eqs. (2.41) and
(2.47) as

dLeff
dm

(m) =
2m

s

α

π

(
s2 +m2

s(s−m)
ln

(
1 + cos θγ
1− cos θγ

)
− s−m

s
cos θγ

)
Lint. (8.1)

where, Lint is the integrated luminosity, α is the fine-structure constant, s is squared center-of-mass
energy 10.582 GeV2, me is electron mass. We use this with θmin = 20◦ for calculation, which is suffi-
ciently broad compared to the detector acceptance, and the MC efficiency is calculated based on the
configuration.

The radiative correction Rradis applied to take into account multiple ISR photons and obtain the
cross section because Eq. (2.41) stands for effective luminosity with a single ISR. It is calculated by
Monte Carlo simulation using the Phokhara generator. We generate events with NLO and LO ISR
mode of µ+µ− γ final state, turning on VP effects, and take the ratio of the cross section for each mass
region of the hadronic system (in this case, the invariant mass of a muon-pair). This is because the
radiative correction of ISR does not depend on the final state other than ISR. FSR simulation is turned
off, and the invariant mass of muon-pair and tagged ISR must be more than 8GeV/c2. The ISR polar
angle in the e+e− c.m. system is restricted in 20◦ < θγ < 160◦. The ratio is 1.00795 ± 0.00068 for
0.62 < Mµ+µ− < 1.05 GeV/c2, 1.00781 ± 0.00065 for 1.05 < Mµ+µ− < 2 GeV/c2, and 1.01254 ± 0.00070
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for 2.0 < Mµ+µ− < 3.5 GeV/c2. The uncertainty from the Phokhara generator is estimated at 0.5% [89],
which is assigned to systematic uncertainty.

The obtained dressed cross sections are listed in Tables 8.2 and 8.3. For amass range of 3.0–3.2GeV/c2,
the spectrum is replaced by the non-resonant component obtained by the J/ψ resonance fitted before
the unfolding. A comparison with previous measurements is shown in Fig. 8.1,

8.1.1 Systematic uncertainty on the cross section measurement
The systematic uncertainty is summarized in Table 8.1. The systematic errors for the correction factor
and radiative correction are evaluated in the three mass regions: 0.62–1.05GeV/c2, 1.05–2.0GeV/c2 and
2.0–3.5GeV/c2. The systematic errors for the background subtraction and unfolding are evaluated for
each M3π bin. The systematic error in the vicinity of the large cross-section, the ω and φ resonances is
around 1.9%.

MC efficiency

The MC statistics are described in section 6.1. The covariance matrix of the efficiency obtained by 3rd
polynomial fitting to the MC simulation is used to evaluate the error at representative points in each
mass region. This is the statistical error derived from the e+e− → π+π−π0γ MC statistics of 2000 fb−1,
used in the evaluation.

Trigger

The systemic uncertainty in the efficiency correction for trigger efficiency is discussed in section 6.2. The
main source is 0.08% (0.10% above 2.0GeV/c2) derived from the statistics of the µ+µ−γ control sample
used to evaluate the efficiency of hie and lml1. The systematic error for HLT filtering is less than 0.01%.

ISR photon detection

This is a systemic uncertainty in the efficiency correction for ISR photon discussed in section 6.4. The
uncertainty has a systematic error of 0.67% with little dependence on 3π mass. This evaluation is
described in detail in this Ref. [122], which studies photon detection efficiency using e+e− → µ+µ−γ
events. The major source is due to the isolation selection of photons and the higher beam background in
the later experiments period.

Tracking

The uncertainty of 0.80–0.83% is a systemic uncertainty in the efficiency correction for charged pion
tracking discussed in section 6.3. This derives from the four studies of basic tracking efficiency, nCDCHits
selection, track loss, and duplicated track. It is dominated by the efficiency evaluation study of single-
pion tracks using the tag-and-probe method with tau-pair events and track loss on tracks with small
opening angles. In the tag-and-probemethod, visible charge asymmetry leads to a systematic uncertainty
of 0.30% For track loss, the uncertainty of 0.53% is derived from a statistical error of the number of
e+e− → π+π−π0γ events in the ω and φ regions.

π0 detection

The uncertainty of 1.02% is a systemic uncertainty in the efficiency correction for π0 efficiency discussed
in section 6.5. This systematic uncertainty is the largest uncertainty in the efficiency correction in the low
mass region < 1.1 GeV/c2. It derives from the statistical error of e+e− → ωγπ+π−π0γ sample (0.44%),
fitting error (0.38%), and systematic error as discussed in detail in appendix A (0.83%).

Selection efficiency of 4C-KFit χ2
4C

The uncertainty of 0.6% (M3π < 1.05 GeV/c2) and 0.3% (M3π > 1.05 GeV/c2) is a systemic uncertainty in
the efficiency correction for the selection by 4C-KFit discussed in section 6.6. This is a correction of the
efficiency due to ISR and tracking in the selectionχ2

4C,2π3γ < 50 for the 4C-KFit. Themaximumdifference
in efficiency ratios between data andMC in the 20 < χ2

4C,2µγ < 50 range estimated using e+e− → µ+µ−γ
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events is checkedbydividing themomentumofmuon into three ranges and is accounted for as systematic
error.

Background suppression selection

The uncertainty of 0.20% (1.85% for M3π above 1.05GeV/c2) is a systemic uncertainty in the efficiency
correction for the background suppression selection discussed in section 6.7. To assess the efficiency of
the background suppression selection, an estimate is made from the e+e− → π+π−π0γ signal events in
the ω, φ and J/ψ resonances with and without the selection. The statistical errors of e+e− → π+π−π0γ
are accounted for as systematic errors. Especially above 1.05GeV/c2, the values evaluated using the J/ψ
resonance are used, and the systematic uncertainty of 1.85% are the dominant systematic uncertainty in
this mass range.

Generator

The simulation of higher-order ISR processes, two ISR and three ISR processes, may be incomplete in
PHOKHARA.Weestimate themagnitude of the change in signal efficiencydue topossiblemiscalculation
to be 0.7% and 0.95% uncertainties, respectively. A total of 1.2% is accounted for as the systematic error
associated with the generator. Detailed study and calculation are described in App. B.

Integrated luminosity

Theuncertainty for the integrated luminosity is 0.7%. The value is obtained from the offlinemeasurement
using Bhabha and γγ events [87]. In addition, a drift of beam energy during the data taking has been
observed up to 6MeV [123]. The effective luminosity change due to this drift is 0.11% at the ω resonance
and 0.14% at the J/ψ resonance, which is accounted for a systematic uncertainty for the luminosity.

Radiative correction

The radiative correction associated with the NLO ISR effects is assessed using the Phokhara generator.
The systematic uncertainty for the NLO ISR simulation in Phokhara is 0.5% [89].

Background subtraction

In chapter 5, we discussed how the MC prediction of the background contributions is checked using the
unique control samples. The statistics and systematics of the control sample determine the uncertainty
for the background subtraction. The systematic uncertainty is 0.3% at the ω and φ resonance, and is
0.5–1.0% for the range 1.1–1.8GeV/c2.

Unfolding

Several checks on the uncertainty for the unfolding have been carried out. We checked the dependence
of four regularization parameters in the IDS unfolding method by varying them from the optimum
values and observed no significant variation. In addition, a toyMC studywithmore than ten timesmore
statistics checked the possible bias in the unfolding procedure. A generated toy spectrum is made by
fluctuating each bin of the MC spectrum with statistical uncertainty, and the transfer matrix is used to
produce ameasured toy. The differences between the unfolded and generated toy spectrum are assigned
as a systematic error: about 0.3% near the ω and φ resonances, and 0.9–4% above 1.05GeV/c2. In the
mass range below 0.7GeV/c2, the systematic error is more than 10% and is tmain source of systematic
error.
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Table 8.1: The summary table of systematic uncertainty on the cross section.

Source of uncertainty Uncertainty (%) Comments
< 1.05 GeV 1.05–2.00GeV 2.0–3.5GeV

MC efficiency 0.14 0.27 0.57
MC statistics 0.14 0.27 0.57 Section 6.1

Trigger 0.08 0.08 0.10
hie and lml1 0.08 0.08 0.10 Section 6.2
HLT filtering 0.00 ← ←

ISR photon detection 0.67 0.67 0.67
Photon detection 0.67 0.67 0.67 e+e− → µ+µ−γ Section 6.4

Tracking 0.80 0.83 0.83
Tracking efficiency 0.60 ← ← τ tag-and-probe Ref. [124]
Track loss (stat) 0.53 ← ← Section 6.3
CDC NHits (stat) 0.06 0.21 ← Section 6.3
Duplicated track (stat.) 0.01 ← ← Section 6.3

π0 1.02 1.02 1.02
Statistics and fitting 0.58 ← ← Section 6.5
Full reco : π+π−π0π0γ background 0.13 ← ← Appendix A
Full reco : φ→ K0

SK
0
Lγ background 0.33 ← ← Appendix A

Full reco : qq background 0.06 ← ← Appendix A
Full reco : Background model 0.07 ← ← Appendix A
Full reco : ω signal model 0.09 ← ← Appendix A
Full reco : Event selection 0.57 ← ← Appendix A
Part reco : Counting method 0.12 ← ← Appendix A
Part reco : π0 signal method 0.46 ← ← Appendix A
Part reco : π+π−π0π0γ background 0.07 ← ← Appendix A

χ2 0.60 0.30 0.30
µ+µ−γ χ2 0.60 0.30 ← Section 6.6

Selection 0.20 1.85 1.85
Background suppression cut 0.20 1.85 ← Section 6.7

Generator 1.18 1.18 1.18
PHOKHARA NLO excess 0.70 ← ← Section 8.1
PHOKHARA NNLO 0.95 ← ← Section 8.1

Luminosity 0.64 0.64 0.64
Integrated luminosity 0.63 ← ← Bhabha Ref. [87]
Beam energy variation 0.11 ← ← Section 8.1

Radiative corrections 0.50 0.50 0.50
PHOKHARA 0.50 ← ← Section 8.1

Background subtraction 0.3–0.5 0.2–6.8 3.3–34
Unfolding 0.7–15 0.2–5.1 0.3–11
Total systematics 2.2–15 2.9–8.2 5.7–34
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Figure 8.1: The dressed cross section of the e+e− → π+π−π0 process. The open circles with
error bars show the result of this study. The box points (orange) show the result of BABAR
(2021) [60], the triangle points (violet) show the result of BESIII (2019) [61], the circle points
(pink) show the result of SND (2002,2003,2020) [52, 53, 125], and the diamond points (green)
show the result of CMD-2 (2004,2007) [57, 58].
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Table 8.2: Summary of hadronic energy (
√
s′), the number of events after unfolding (Nunf ),

the efficiency (ε), and the cross section (σ3π) of e+e− → π+π−π0 in an energy range of
0.62–1.05GeV. The uncertainties on the cross section are the statistical errors and systematic
errors, respectively. The statistical uncertainties for the unfolding and the cross section are
square roots of the diagonal components of the unfolding covariance matrix.

√
s′ (GeV) Nunf ε (%) σ (nb)

√
s′ (GeV) Nunf ε (%) σ (nb)

0.6200–0.6400 2± 3 9.16± 0.15 0.07± 0.13± 0.02 0.8700–0.8725 52± 8 8.18± 0.13 14.26± 2.12± 0.89
0.6400–0.6600 5± 4 9.16± 0.15 0.21± 0.17± 0.02 0.8725–0.8750 50± 7 8.18± 0.13 13.65± 1.81± 1.07
0.6600–0.6800 16± 5 9.16± 0.15 0.63± 0.22± 0.03 0.8750–0.8775 49± 6 8.17± 0.13 13.40± 1.64± 1.11
0.6800–0.7000 28± 8 9.16± 0.15 1.08± 0.31± 0.05 0.8775–0.8800 33± 7 8.17± 0.13 8.95± 1.92± 1.12
0.7000–0.7025 −2± 2 8.52± 0.14 −2.06± 1.82± 1.82 0.8800–0.8825 44± 5 8.16± 0.13 12.06± 1.38± 0.62
0.7025–0.7050 3± 2 8.51± 0.14 1.04± 0.77± 0.52 0.8825–0.8850 39± 7 8.16± 0.13 10.57± 1.97± 0.70
0.7050–0.7075 6± 2 8.51± 0.14 1.91± 0.75± 0.36 0.8850–0.8875 45± 6 8.15± 0.13 12.14± 1.56± 0.66
0.7075–0.7100 11± 4 8.50± 0.14 3.54± 1.40± 0.89 0.8875–0.8900 32± 7 8.15± 0.13 8.74± 1.88± 0.63
0.7100–0.7125 9± 4 8.50± 0.14 2.84± 1.30± 0.55 0.8900–0.8925 39± 8 8.14± 0.13 10.55± 2.08± 1.19
0.7125–0.7150 9± 6 8.49± 0.14 3.01± 1.80± 0.51 0.8925–0.8950 40± 6 8.14± 0.13 10.82± 1.64± 1.62
0.7150–0.7175 32± 8 8.49± 0.14 10.36± 2.43± 1.24 0.8950–0.8975 40± 5 8.14± 0.13 10.84± 1.31± 0.60
0.7175–0.7200 9± 3 8.48± 0.14 2.84± 0.92± 0.52 0.8975–0.9000 41± 4 8.13± 0.13 11.01± 1.18± 0.69
0.7200–0.7225 9± 3 8.48± 0.14 2.76± 0.98± 0.50 0.9000–0.9025 46± 7 8.13± 0.13 12.30± 1.86± 0.55
0.7225–0.7250 11± 2 8.47± 0.14 3.43± 0.79± 0.78 0.9025–0.9050 26± 7 8.12± 0.13 7.00± 1.74± 0.44
0.7250–0.7275 14± 4 8.46± 0.14 4.34± 1.23± 0.69 0.9050–0.9075 44± 6 8.12± 0.13 11.82± 1.48± 0.34
0.7275–0.7300 14± 3 8.46± 0.14 4.45± 1.09± 0.69 0.9075–0.9100 42± 7 8.11± 0.13 11.28± 1.87± 0.99
0.7300–0.7325 18± 5 8.45± 0.14 5.78± 1.58± 0.49 0.9100–0.9125 40± 5 8.11± 0.13 10.70± 1.35± 1.06
0.7325–0.7350 39± 8 8.45± 0.14 12.43± 2.56± 1.00 0.9125–0.9150 42± 6 8.10± 0.13 11.13± 1.51± 0.46
0.7350–0.7375 50± 9 8.44± 0.14 15.79± 3.00± 1.94 0.9150–0.9175 41± 5 8.10± 0.13 10.94± 1.42± 1.39
0.7375–0.7400 39± 10 8.44± 0.14 12.39± 3.17± 3.17 0.9175–0.9200 47± 10 8.10± 0.13 12.48± 2.70± 1.22
0.7400–0.7425 33± 9 8.43± 0.14 10.50± 2.88± 0.72 0.9200–0.9225 38± 5 8.09± 0.13 9.93± 1.31± 0.28
0.7425–0.7450 62± 9 8.43± 0.13 19.35± 2.93± 1.30 0.9225–0.9250 38± 7 8.09± 0.13 10.06± 1.78± 1.06
0.7450–0.7475 47± 9 8.42± 0.13 14.77± 2.66± 0.47 0.9250–0.9275 42± 5 8.08± 0.13 11.01± 1.35± 0.79
0.7475–0.7500 66± 12 8.42± 0.13 20.64± 3.76± 2.35 0.9275–0.9300 26± 6 8.08± 0.13 6.85± 1.65± 0.49
0.7500–0.7525 70± 10 8.41± 0.13 21.63± 3.17± 3.16 0.9300–0.9325 40± 7 8.07± 0.13 10.45± 1.70± 0.63
0.7525–0.7550 97± 14 8.41± 0.13 30.10± 4.26± 4.31 0.9325–0.9350 43± 5 8.07± 0.13 11.14± 1.32± 0.64
0.7550–0.7575 134± 18 8.40± 0.13 41.39± 5.54± 5.27 0.9350–0.9375 45± 7 8.06± 0.13 11.71± 1.86± 0.54
0.7575–0.7600 166± 17 8.40± 0.13 51.12± 5.14± 2.39 0.9375–0.9400 39± 6 8.06± 0.13 10.16± 1.47± 0.88
0.7600–0.7625 159± 13 8.39± 0.13 48.88± 4.01± 2.13 0.9400–0.9425 44± 5 8.06± 0.13 11.42± 1.39± 0.58
0.7625–0.7650 220± 19 8.39± 0.13 67.36± 5.80± 1.93 0.9425–0.9450 57± 11 8.05± 0.13 14.63± 2.90± 1.75
0.7650–0.7675 265± 17 8.38± 0.13 80.95± 5.17± 2.34 0.9450–0.9475 46± 7 8.05± 0.13 11.89± 1.80± 0.72
0.7675–0.7700 389± 21 8.38± 0.13 118.63± 6.35± 11.43 0.9475–0.9500 43± 5 8.04± 0.13 10.92± 1.40± 0.26
0.7700–0.7725 603± 29 8.37± 0.13 183.30± 8.86± 4.57 0.9500–0.9525 48± 7 8.04± 0.13 12.37± 1.68± 0.34
0.7725–0.7750 959± 36 8.37± 0.13 290.79± 10.98± 7.94 0.9525–0.9550 39± 5 8.03± 0.13 9.97± 1.39± 0.57
0.7750–0.7775 1588± 41 8.36± 0.13 480.21± 12.35± 11.41 0.9550–0.9575 50± 7 8.03± 0.13 12.75± 1.73± 0.31
0.7775–0.7800 3110± 64 8.36± 0.13 938.09± 19.25± 21.37 0.9575–0.9600 52± 8 8.03± 0.13 13.15± 1.93± 0.31
0.7800–0.7825 5124± 43 8.35± 0.13 1541.62± 12.86± 34.87 0.9600–0.9625 46± 6 8.02± 0.13 11.57± 1.63± 1.04
0.7825–0.7850 5342± 63 8.35± 0.13 1603.13± 19.00± 36.07 0.9625–0.9650 56± 8 8.02± 0.13 14.14± 1.95± 0.38
0.7850–0.7875 3365± 63 8.34± 0.13 1007.06± 18.93± 22.62 0.9650–0.9675 42± 8 8.01± 0.13 10.70± 1.99± 1.06
0.7875–0.7900 2079± 50 8.34± 0.13 620.45± 15.02± 15.34 0.9675–0.9700 36± 8 8.01± 0.13 9.13± 1.96± 0.41
0.7900–0.7925 1226± 32 8.33± 0.13 364.90± 9.58± 12.33 0.9700–0.9725 51± 5 8.00± 0.13 12.78± 1.36± 0.88
0.7925–0.7950 844± 24 8.33± 0.13 250.54± 6.98± 6.88 0.9725–0.9750 58± 6 8.00± 0.13 14.48± 1.58± 0.59
0.7950–0.7975 583± 20 8.32± 0.13 172.52± 5.85± 4.25 0.9750–0.9775 51± 8 8.00± 0.13 12.69± 2.03± 1.79
0.7975–0.8000 459± 19 8.32± 0.13 135.69± 5.53± 3.37 0.9775–0.9800 57± 8 7.99± 0.13 14.22± 2.08± 1.56
0.8000–0.8025 348± 24 8.31± 0.13 102.39± 7.11± 4.93 0.9800–0.9825 75± 11 7.99± 0.13 18.72± 2.73± 2.17
0.8025–0.8050 276± 22 8.31± 0.13 81.14± 6.39± 4.39 0.9825–0.9850 64± 7 7.98± 0.13 15.93± 1.79± 1.02
0.8050–0.8075 244± 12 8.30± 0.13 71.49± 3.61± 2.47 0.9850–0.9875 71± 9 7.98± 0.13 17.62± 2.21± 1.15
0.8075–0.8100 205± 17 8.30± 0.13 59.85± 4.96± 1.62 0.9875–0.9900 104± 15 7.98± 0.13 25.73± 3.83± 2.72
0.8100–0.8125 180± 14 8.29± 0.13 52.57± 4.13± 1.62 0.9900–0.9925 84± 10 7.97± 0.13 20.83± 2.37± 1.32
0.8125–0.8150 156± 13 8.29± 0.13 45.31± 3.65± 2.38 0.9925–0.9950 93± 9 7.97± 0.13 22.84± 2.20± 0.68
0.8150–0.8175 144± 10 8.28± 0.13 41.71± 3.04± 1.46 0.9950–0.9975 99± 9 7.96± 0.13 24.47± 2.20± 0.67
0.8175–0.8200 132± 15 8.28± 0.13 38.26± 4.39± 1.94 0.9975–1.0000 100± 11 7.96± 0.13 24.60± 2.65± 2.51
0.8200–0.8225 113± 11 8.28± 0.13 32.49± 3.27± 2.52 1.0000–1.0025 133± 12 7.95± 0.13 32.47± 3.01± 1.42
0.8225–0.8250 103± 12 8.27± 0.13 29.65± 3.57± 2.31 1.0025–1.0050 128± 16 7.95± 0.13 31.20± 4.00± 1.53
0.8250–0.8275 93± 11 8.27± 0.13 26.59± 3.15± 0.88 1.0050–1.0075 174± 14 7.95± 0.13 42.48± 3.33± 2.46
0.8275–0.8300 75± 12 8.26± 0.13 21.42± 3.47± 2.47 1.0075–1.0100 173± 8 7.94± 0.13 42.16± 2.03± 1.58
0.8300–0.8325 51± 6 8.26± 0.13 14.68± 1.66± 0.79 1.0100–1.0125 262± 25 7.94± 0.13 63.75± 5.98± 3.89
0.8325–0.8350 50± 8 8.25± 0.13 14.25± 2.24± 0.89 1.0125–1.0150 481± 35 7.93± 0.13 116.54± 8.42± 6.60
0.8350–0.8375 71± 8 8.25± 0.13 20.24± 2.23± 1.65 1.0150–1.0175 1177± 37 7.93± 0.13 284.82± 8.94± 7.24
0.8375–0.8400 69± 9 8.24± 0.13 19.50± 2.65± 1.09 1.0175–1.0200 2565± 37 7.93± 0.13 619.46± 8.87± 17.02
0.8400–0.8425 69± 8 8.24± 0.13 19.46± 2.29± 2.22 1.0200–1.0225 1326± 34 7.92± 0.13 319.66± 8.30± 7.09
0.8425–0.8450 59± 8 8.23± 0.13 16.73± 2.25± 0.86 1.0225–1.0250 407± 30 7.92± 0.13 97.99± 7.26± 2.16
0.8450–0.8475 66± 9 8.23± 0.13 18.68± 2.57± 1.03 1.0250–1.0275 126± 17 7.91± 0.13 30.34± 4.10± 3.42
0.8475–0.8500 61± 6 8.22± 0.13 17.13± 1.73± 1.30 1.0275–1.0300 53± 15 7.91± 0.13 12.75± 3.48± 0.67
0.8500–0.8525 66± 10 8.22± 0.13 18.58± 2.79± 0.65 1.0300–1.0325 −3± 9 7.91± 0.13 −3.37± 9.40± 9.40
0.8525–0.8550 51± 8 8.21± 0.13 14.27± 2.28± 0.99 1.0325–1.0350 15± 9 7.90± 0.13 3.70± 2.12± 1.89
0.8550–0.8575 38± 8 8.21± 0.13 10.59± 2.21± 0.94 1.0350–1.0375 1± 6 7.90± 0.13 0.15± 1.49± 0.18
0.8575–0.8600 52± 7 8.20± 0.13 14.53± 1.99± 0.44 1.0375–1.0400 8± 6 7.89± 0.13 1.81± 1.43± 0.32
0.8600–0.8625 48± 7 8.20± 0.13 13.41± 1.90± 0.49 1.0400–1.0425 5± 7 7.89± 0.13 1.09± 1.58± 0.35
0.8625–0.8650 47± 7 8.20± 0.13 13.14± 1.85± 0.47 1.0425–1.0450 4± 5 7.89± 0.13 0.95± 1.13± 0.52
0.8650–0.8675 48± 7 8.19± 0.13 13.36± 1.88± 1.08 1.0450–1.0475 6± 4 7.88± 0.13 1.36± 1.05± 0.51
0.8675–0.8700 42± 7 8.19± 0.13 11.58± 1.81± 1.55 1.0475–1.0500 3± 3 7.88± 0.13 0.68± 0.82± 0.22
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Table 8.3: Summary of hadronic energy (
√
s′), the number of events after unfolding (Nunf ),

the efficiency (ε), and the cross section (σ3π) of e+e− → π+π−π0 in an energy range of
1.05–3.50GeV. The uncertainties on the cross section are the statistical errors and systematic
errors, respectively. The statistical uncertainties for the unfolding and the cross section are
square roots of the diagonal components of the unfolding covariance matrix.

√
s′ (GeV) Nunf ε (%) σ (nb)

√
s′ (GeV) Nunf ε (%) σ (nb)

1.050–1.075 63± 15 7.86± 0.13 1.48± 0.35± 0.10 1.900–1.925 38± 11 6.95± 0.17 0.54± 0.16± 0.14
1.075–1.100 159± 17 7.82± 0.13 3.65± 0.39± 0.13 1.925–1.950 61± 13 6.94± 0.17 0.84± 0.18± 0.15
1.100–1.125 194± 20 7.78± 0.19 4.36± 0.44± 0.15 1.950–1.975 37± 9 6.92± 0.17 0.51± 0.13± 0.11
1.125–1.150 208± 19 7.75± 0.19 4.59± 0.41± 0.17 1.975–2.000 31± 10 6.91± 0.17 0.42± 0.13± 0.12
1.150–1.175 232± 20 7.71± 0.18 5.03± 0.44± 0.15 2.000–2.050 55± 12 6.88± 0.17 0.37± 0.08± 0.08
1.175–1.200 244± 22 7.68± 0.18 5.18± 0.47± 0.16 2.050–2.100 76± 12 6.85± 0.17 0.50± 0.08± 0.07
1.200–1.225 208± 23 7.64± 0.18 4.36± 0.48± 0.16 2.100–2.150 70± 13 6.83± 0.17 0.45± 0.08± 0.05
1.225–1.250 276± 22 7.61± 0.18 5.68± 0.45± 0.18 2.150–2.200 53± 10 6.80± 0.17 0.33± 0.06± 0.03
1.250–1.275 249± 23 7.58± 0.18 5.04± 0.47± 0.19 2.200–2.250 54± 10 6.78± 0.17 0.32± 0.06± 0.02
1.275–1.300 206± 24 7.54± 0.18 4.09± 0.47± 0.16 2.250–2.300 54± 10 6.75± 0.17 0.32± 0.06± 0.02
1.300–1.325 247± 26 7.51± 0.18 4.84± 0.52± 0.17 2.300–2.350 53± 10 6.73± 0.17 0.30± 0.06± 0.02
1.325–1.350 257± 25 7.48± 0.18 4.95± 0.48± 0.17 2.350–2.400 40± 9 6.71± 0.17 0.23± 0.05± 0.02
1.350–1.375 218± 22 7.45± 0.18 4.13± 0.41± 0.13 2.400–2.450 26± 8 6.69± 0.17 0.14± 0.05± 0.01
1.375–1.400 201± 22 7.42± 0.18 3.76± 0.41± 0.17 2.450–2.500 33± 8 6.67± 0.17 0.18± 0.05± 0.02
1.400–1.425 261± 25 7.39± 0.18 4.80± 0.45± 0.19 2.500–2.550 28± 8 6.65± 0.17 0.15± 0.04± 0.01
1.425–1.450 229± 20 7.37± 0.18 4.14± 0.36± 0.16 2.550–2.600 12± 7 6.63± 0.17 0.06± 0.03± 0.01
1.450–1.475 232± 21 7.34± 0.18 4.15± 0.37± 0.16 2.600–2.650 25± 7 6.61± 0.17 0.13± 0.03± 0.01
1.475–1.500 229± 20 7.31± 0.18 4.03± 0.35± 0.15 2.650–2.700 33± 8 6.60± 0.17 0.16± 0.04± 0.01
1.500–1.525 244± 21 7.29± 0.17 4.23± 0.36± 0.15 2.700–2.750 7± 5 6.58± 0.17 0.04± 0.03± 0.01
1.525–1.550 265± 22 7.26± 0.17 4.53± 0.38± 0.16 2.750–2.800 12± 6 6.56± 0.17 0.06± 0.03± 0.01
1.550–1.575 300± 22 7.24± 0.17 5.06± 0.38± 0.16 2.800–2.850 5± 5 6.55± 0.17 0.02± 0.02± 0.01
1.575–1.600 305± 22 7.21± 0.17 5.08± 0.37± 0.15 2.850–2.900 14± 8 6.53± 0.17 0.07± 0.04± 0.02
1.600–1.625 321± 24 7.19± 0.17 5.26± 0.39± 0.17 2.900–2.950 6± 6 6.51± 0.17 0.02± 0.03± 0.01
1.625–1.650 283± 24 7.17± 0.17 4.58± 0.38± 0.16 2.950–3.000 12± 6 6.49± 0.17 0.05± 0.02± 0.01
1.650–1.675 256± 19 7.14± 0.17 4.09± 0.31± 0.15 3.000–3.050 18± 4 6.48± 0.17 0.08± 0.02± 0.08
1.675–1.700 214± 20 7.12± 0.17 3.37± 0.32± 0.14 3.050–3.100 19± 4 6.46± 0.17 0.082± 0.018± 0.004
1.700–1.725 133± 19 7.10± 0.17 2.06± 0.29± 0.15 3.100–3.150 16± 5 6.44± 0.17 0.065± 0.020± 0.004
1.725–1.750 130± 17 7.08± 0.17 2.00± 0.26± 0.18 3.150–3.200 19± 5 6.42± 0.17 0.08± 0.02± 0.06
1.750–1.775 101± 14 7.06± 0.17 1.53± 0.21± 0.11 3.200–3.250 8± 5 6.40± 0.17 0.03± 0.02± 0.01
1.775–1.800 83± 12 7.04± 0.17 1.24± 0.18± 0.10 3.250–3.300 9± 5 6.38± 0.17 0.037± 0.019± 0.003
1.800–1.825 77± 14 7.02± 0.17 1.13± 0.20± 0.12 3.300–3.350 5± 3 6.36± 0.17 0.020± 0.012± 0.004
1.825–1.850 76± 14 7.01± 0.17 1.11± 0.21± 0.13 3.350–3.400 6± 4 6.34± 0.17 0.023± 0.015± 0.005
1.850–1.875 79± 15 6.99± 0.17 1.14± 0.21± 0.15 3.400–3.450 8± 4 6.31± 0.18 0.030± 0.017± 0.005
1.875–1.900 48± 11 6.97± 0.17 0.69± 0.16± 0.11 3.450–3.500 14± 4 6.29± 0.18 0.05± 0.02± 0.01
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8.2 Calculation of aµ(3π)

The LO HVP contribution to muon anomalous magnetic moment is given by the first term of Eq. (2.23)

aµ(3π) =
α

3π2

∫ ∞

m2
π

K(s)

s
Rhad(s)ds, (8.2)

whereRhad(s) = σ0(e−e− → hadrons)/σ(e−e− → µ+µ−) is the hadronic R-ratio, σ0 is bare cross section,
σ(e−e− → µ+µ−) = 4πα2/3s, andK(s) is the QED kernel function Eq. (2.22).

The bare cross section σ0 should include FSR but exclude ISR and VP effects. Therefore, we can
obtain the bare cross section from the measured cross section by [126]

σ0 = σdressed 1

|1 + Π(s)|2 = σdressed|1− P (s)|2, (8.3)

where σdressed is the dressed cross section, including the VP effect, and Π(s) is a self-energy function of
photon and P (s) is a polarization operator. The vacuum polarization correction |1 − P (s)|2, which the
first principles cannot calculate. The value and uncertainty for the table of P (s) is summarized in and
referred to Ref. [127]. The used function is plotted in Fig. 8.2. The systematic uncertainty on aµ(3π) is
0.018% for 0.62–1.05GeV and 0.005% forM3π above 1.05GeV.

Although the table of the dressed cross section is a function of energy, it is converted tom2 when we
perform the integral. In the calculation of a given bin, the minimum and maximum values of the bin are
converted to squared values and the center of a converted bin is used for calculation.

As a result, the calculated contribution to aµ in a range of 0.62–1.8GeV and 0.62–2.0GeV is

aµ|0.62−1.8 GeV = (48.91± 0.23stat ± 1.07syst)× 10−10,

aµ|0.62−2.0 GeV = (49.03± 0.23stat ± 1.07syst)× 10−10.

Systematic uncertainty on the anomalous magnetic moment contribution
The statistical uncertainty on aµ(3π)using 191 fb−1 data is 0.5%,which includes the statistical uncertainty
due to background subtraction. The systematic uncertainty on aµ(3π) is 1.85% in total, summarized in
Table 8.4.

The uncertainty on the cross section is calculated from Eq. (8.2) with the systematic errors of the cross
section, summarized in Table 8.1. Contributions in low energy region especially at theω andφ resonances
are significant to aµ(3π): For the integral in 0.65–2.0GeV, the contribution to aµ(3π) of each energy region
is 92.2% from 0.65–1.05GeV, 7.5% for 1.05–1.8GeV, and 0.3% for 1.80–2.00GeV. Therefore, the systematic
uncertainty on aµ(3π) is dominated by the uncertainty on the cross section below 1.05GeV. The total
systematics of efficiency correction of 1.6%, the largest error is the π0 efficiency, followed by the tracking
efficiency. The uncertainty for the integrated luminosity and radiative correction are energy-dependent
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Figure 8.2: The value and uncertainty for |1− P (s)|. The value is referred to Ref. [127].
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Table 8.4: The contributions to the relative systematic uncertainty on aµ(3π) (%).

Source of uncertainty Uncertainty (%)
MC statistics 0.15
Efficiency correction 1.63
Generator 1.18
Luminosity 0.64
Radiative correction 0.50
Background subtraction 0.02
Unfolding 0.12
Vacuum polarization corrections 0.04
Total 2.19
statistical uncertainty 0.47
Total uncertainty 2.23

and are 0.71% and 0.5%, respectively. The change in aµ(3π) due to the data-MC scale factor in the
background estimation is around 0.2%, which is accounted for as a systematic error in the background
subtraction.

A distribution difference between the unfolded spectrum and true raises less than 0.01% The reason
why this difference in distribution does not have a significant impact is that the calculation of aµ itself is
the integral of the reaction cross section with respect to the invariant mass of the hadron system, so the
unfolding operation, whichmakes corrections among neighboring bins, does not contribute significantly
to its integral value. The relative change in the value of aµ(3π) when using different parameters is
−0.011% when using the omega-fit parameters and −0.121% when using the phi-fit parameters. This
0.12% is accounted for as a systematic error.

8.3 The running of the fine structure constant
Wealso introduce the runningof thefine structure constant as a parameter forwhich the e+e− → hadrons
cross section is used in a similar way to aµ. The QED coupling constant, α, varies in value depending
on the energy due to higher order corrections such that the vacuum polarization appears in its photon
propagator. This running coupling constant, a coupling constant that increases with increasing energy,
can be expressed as

α(s) =
α0

1−∆αlep(s)−∆α
(5)
had(s)−∆αtop(s)

, (8.4)

where α0 is the constant at low energy s = 0 and is called the bare fine structure constant, α0 = e2/4πε0 ∼
1/137. ∆αlep(s) is the term such that lepton pairs cause vacuum polarization. The HVP contribution is
divided into ∆α

(5)
had(s), which takes into account the light five quarks (u, d, s, c, b) and ∆αtop(s) is the top

quark contribution. The light quark contribution, ∆α
(5)
had(s), is calculated using the dispersive integral as

in aHVP
µ , [30]

∆α
(5)
had(q2) = −αq

2

3π
P
∫ ∞

sth

ds
R(s)

s(s− q2)
, (8.5)

where P represents the principal value of the integral, R(s) is the hadronic R-ratio. The value of the
running coupling constant at the Z-boson mass, q2 = M2

Z , is a parameter used in the electroweak fit,
which is useful for the SM test. The current global average of ∆α

(5)
had(M2

Z) is, [30, 30]

∆α
(5)
had(M2

Z) = (276.1± 1.1)× 10−4. (8.6)

The main systematic error in this value originates from this light hadron contribution error. Figure 8.3
shows the contribution and uncertainty fraction from each energy region. Unlike aHVP,LO

µ in Eq. (2.23),
the R-ratio is not subject to the 1/s2 suppression. Therefore, the R-ratio contribution at high energies
is more significant than in aHVP

µ . About half of the contribution is the contribution in the region
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above 11GeV as estimated in perturbative QCD calculation, while the other half is calculated using the
measured R-ratio. Considering contribution in the range below 2GeV, the main channels are [30]

∆απ+π−(M2
Z) = (34.29± 0.12)× 10−4 (8.7)

∆απ+π−π0(M2
Z) = (4.69± 0.09)× 10−4 (8.8)

∆απ+π−π+π−(M2
Z) = (4.02± 0.05)× 10−4 (8.9)

∆απ+π−π0π0(M2
Z) = (5.00± 0.20)× 10−4. (8.10)

The 3π channel accounts for a contribution of around 8% and an error of around 5%.

Figure 8.3: Fraction of (left) the contribution and (right) error2 to the total from each energy
region. The energy boundaries aremπ , 0.6,0.9,1.43,2.0,4.0,11.2, and∞GeV. The black is the
contribution from the radiative correction uncertainty. Adopted from Ref. [26].

As a result, the contribution to ∆α
(5)
had(M2

Z) calculated using the obtained cross section in a range of
0.62–2.0GeV is

∆απ+π−π0(M2
Z) = (4.91± 0.03stat. ± 0.11syst.)× 10−4. (8.11)

Comparing this result with the average of previous experiments, [30]

∆απ+π−π0(M2
Z) = (4.69± 0.09)× 10−4,

precision has reached a similar level in one experiment. The systematic error is 2.2%, which is slightly
larger than that of aHVP,LO

µ due to the larger contribution above 1.1GeV. Although the values are 5%
higher than the world average, they agree at 1.5 standard deviations. The better agreement of the mean
values compared to aHVP,LO

µ is probably due to the better agreement of the cross section above 1.1GeV
with the other experiments.

8.4 Branching fraction of the J/ψ → π+π−π0 process
The branching fraction for the J/ψ → π+π−π0 process is tested by a fit to the J/ψ resonance.

The e+e− → J/ψ → π+π−π0 MC for this study is generated by ISR simulation with the Phokhara
and simulated the π+π−π0 decay via ρπ intermediate state. For simplicity, the mass distribution of J/ψ
is defined as the flat distribution in a narrow range of 3096.7–3097.1GeV/c2. It is reasonable because
the resonance is sufficiently narrower than a detector resolution. The detection efficiency estimated by
the MC is ε = 9.03 + / − 0.21)%. This efficiency is used for the calculation of branching fraction. The
radiative correction around 3.1GeV/c2 is 1.0149± 0.0002.

The J/ψ resonance is fittedwith the Lorentz function convoluted by the resolution function. Themass
and width are fixed to the PDG values. The resolution function is obtained from the response function
of the simulation convoluted with the Gaussian function, which represents the data-MC difference. The
non-resonant component is assumed to have a linear function. Figure 8.4 shows the fit result for the
data. The parameters of the Gaussian smearing determined by this fit are used in the unfolding (See
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chapter 7). The number of J/ψ signal is 1376 ± 40 events. The cross section of e+e− → J/ψγISR can be
expressed as

σe+e−→J/ψγISR
(s)|20◦<θγ<160 ◦ =

12πΓee · Γtot

(s−mJ/ψ )2 +m2
J/ψ · Γtot2

·W (s), (8.12)

wheremJ/ψ and Γtot = (92.6± 1.7) keV are the mass and the full width of J/ψ , Γee = 5.53± 0.10 is the
partial width of J/ψ . The calculated branching fraction is

B(J/ψ → 3π) = (2.149± 0.062stat ± 0.074syst ± 0.039Γee)%. (8.13)
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Figure 8.4: M3π distribution around the J/ψ resonance for the data. TheM3π is offset by the
nominal J/ψ mass. The points with error bars show the data. The dashed line shows fit
results convoluted with the Gaussian.

8.5 Discussion
We saw the results of the cross section measurement in section 8.1, the aHVP,LO

µ contribution in section
8.2, the ∆απ+π−π0 contribution in section 8.3 and the branching fraction of J/ψ → π+π−π0 in section 8.4.
In this section, we discuss the comparison with previous measurements in terms of values and errors.

Cross section and aµ comparison

A comparison on cross section is shown in Fig. 8.5, where the relative difference between the previous
and this measurements (σprevious − σBelle II)/σBelle II are plotted. In comparing BABAR, they are binning
almost the same energy range of 0.62–3.5GeV with almost similar bin widths. The ω resonance is overall
higher than the BABAR, SND, and CMD. For the φ region, a clear shift in the resonance mass is visible
compared to BABAR, with the Belle II mass being higher. For the range 1.1–2.0GeV, although systematic
deviations are observed, the shapes of the resonances are in good agreement with each other.

The cross section above can be checked with the J/ψ resonance. The measured branching fraction of
the J/ψ → π+π−π0 process B = (2.149 ± 0.062stat ± 0.074syst ± 0.039Γee)%, which is the measurement
with a precision of 5%, is consistent with the previousmeasurements : the PDG value (2.10±0.08)% [37],
BABAR (2.265± 0.070)% [60], and BESIII (2.188± 0.052)% [61].

The comparisons of aµ contribution to theprevious results are summarized inTable 8.5. A comparison
with the BABAR experiment, a B-factory experiment with a similar experimental setup, shows that the
values are indeed larger by aµ(3π,BABAR) − aµ(3π,Belle II) = (+3.3 ± 1.3) × 10−10, a difference of
6.9%, and deviate by a significance of 2.5σ. Although the BESIII results are consistent with us, these
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are preliminary and not published. The global fit results DHMZ [29], KNT [30] are the global fit results
used in the white paper but do not include the BABAR and BESIII results; HHKS [65]HHKS includes
the BABAR 2021 results. Compared with the values the global fit given by the HHKS, the difference
is +6.7%, (+3.1 ± 1.2) × 10−10. Given that the difference between the aµ experimental value and the
SM prediction is currently ∆amu = (24.9 ± 4.8) × 10−10 (Table 2.1), substituting this result for the 3π
contribution with this result reduces the difference to the experimental value by around 10%. This kind
of cherry-picking that uses only the value of this experiment is inappropriate as a scientific argument,
and future discussions based on combination fitting with other experiments are necessary.

Table 8.5: The summary of aµ of this experiment and the values in the previous experiments.
The difference is the result of subtracting our value in the corresponding energy range, and
the numbers in square brackets indicate the relative difference.

Energy range aµ(3π) (×10−10) Difference from this study (×10−10)
This study 0.62–1.8GeV 48.91± 0.23± 1.07 -
This study 0.62–2.0GeV 49.03± 0.23± 1.07 -
This study 0.70–3.5GeV 49.08± 0.23± 1.08 -
BABAR 2021 [60] 0.62–2.0GeV 45.86± 0.14± 0.58 (−3.2± 1.3) [-6.9%]
BESIII 2019 [61] 0.70–3.5GeV 49.77± 0.53± 0.17 (+0.7± 1.2) [+1.4%]
DHMZ20 [29] 0.62–1.8GeV 46.21± 0.40± 1.40 (−2.7± 1.8) [-5.8%]
KNT20 [30] 0.62–1.97GeV 46.74± 0.94 (−2.3± 1.5) [-4.9%]
HHKS23 [65] 0.62–1.80GeV 45.91± 0.37± 0.94 (−3.0± 1.2) [-4.9%]

Comparison with BABAR

This analysis method is similar to the BABAR analysis in many respects. Differences are considered
in considering the causes of the significant differences in the cross section from the other experiments,
particularly BABAR. The main differences are picked up and listed in Table 8.6

The basic method is the same since it is an asymmetric e+e− collision experiment at the c.m. energy
of 10.58GeV and uses the radiative return method. The size of the dataset is about 40%. This difference
is not significant in aHVP

µ result because of the systematic error dominance.
For selection, almost the same type of selection criteria are used, although the acceptances and

thresholds are set differently. As for the ISR polar angle range, the trigger condition requirements make
the rangemore stringent than that of BABAR. The one of the differences between the selection conditions
is the kienamtic fit: BABAR constrains four momentum (but without using the measured energy of ISR)
and a π0 mass. In contrast, for the purpose of Mγγ fitting, we only constrain four momentum (with
measured ISR energy).

The background items we checked are generally the same as BABAR, but the treatment of combinato-
rial γγ backgrounds is different. On our side, it is a dominant background event in themass region below
1.1GeV and is removed by bin-by-binMγγ fit. It is not mentioned in BABAR and I guess it was negligibly
small. Similarly, the best candidate selection for multiple candidates in an event due to spurious photon
is done in our analysis, but it is not mentioned on the BABAR.

For the efficiency correction, the correction items, the control samples and methods are exactly the
same. The itemswith the largest correction terms, i.e., the itemswith theworst simulation reproducibility,
are different, with Belle II showing a maximum data-MC difference of 1.9% in background suppression
efficiency.

Our systematic error of 2.2% is larger than that of BABAR, 1.3%. The signal MC generator is different,
BABAR uses AfkQed [128, 129, 130], and our measurement uses Phokhara. It induces The systematic
error of 1.2% due to the generator, and is the largest systematic error in our measurement now. As for
signal efficiency, the systematic uncertainty for ISR detection efficiency (0.2% vs. 0.7%) and π0 efficiency
(0.5% vs. 1.0%) are particularly larger for Belle II. The uncertainty for the luminosity is also larger in Belle
II, but this is because we conservatively estimate the uncertainty by the amount of tracking uncertainty.
The background filter (high-level trigger) efficiency is the largest source of systematic error in BABAR,
but less than 0.1% in Belle II.

Prospects

Improvement of the reproducibility of the detector simulation and the method itself are needed to
improve the uncertainty for the signal efficiency. Regarding the improvement of the detector simulation,
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Table 8.6: Comparison of major differences between the BABAR measurement [60] and us
(Belle II).

BABAR [60] This study
e+e− c.m. energy 10.58GeV (91%) + 10.54GeV (9%) 10.58GeV

Int. Luminosity 469 fb−1 191 fb−1

Signal MC generator AfkQed Phokhara (ver. 9.1)
Selection

π0 selection 0.10 < Mγγ < 0.17 GeV/c2 Mγγ fit

Kinematic fit for selection 4C plus π0 mass const.
(ISR energy is not used) 4C fit under 2π3γ hypothesis

Background

Combinatorial γγ bkg. Negligible
(No discussion) Mγγ fit

Background fraction at ω 0.5% 0.25%
Efficiency correction

Leading correction π0 efficiency (−3.4± 0.5)% Background suppression (−1.90± 0.2)%
Sub-leading correction Background filter (−1.4± 0.7)% π0 efficiency (−1.43± 1.0)%

Dominant systematic error for aµ(3π)
Signal efficiency 1.1% 1.6%
Generator - 1.2%
Luminosity 0.4% 0.6%
Total 1.3% 2.2%

the MC simulated samples in this study are “run-independent”. However, since the MC simulation
taking into account run-dependent information, i.e., randomsamplingof backgroundhits andadaptation
of detector conditions at each data acquisition time, is already becoming available as part of the Belle II
framework, we can expect an improvement in reproducibility. This will lead to lower data-MC difference
in background suppression efficiency, etc. In addition, larger datasets may allow for better control of
systematic errors , e.g., by applying tighter selections to control samples.

Theuncertainty in the trigger efficiency isworthy of specialmention. To brieflydescribe a background
of trigger development in the Belle II experiment, the e+e− → hadrons measurement in the Belle
experiment is the predecessor experiment operated in 1999–2010, whichwas not designed for ISR-related
measurement. Measurements of the cross section for π+π− and π+π−π0 channels were attempted but
were suffered from inefficiency due to the trigger veto of QED processes. From the experience, the QED
process veto is improved, and new trigger lines independent from the veto are introduced in the Belle II
detector. This study also confirmed that the high trigger efficiency and the low uncertainty associated
with are achieved due to these efforts. This indicates that good trigger performance is ensured for not
only the 3πmeasurement but also the measurement of the other e+e− → hadrons channels in the future.
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Figure 8.5: Values (left column) and relative differences (right column) of the
e+e− → π+π−π0 cross section from this study. The light and dark shaded boxes show the
systematic and total uncertainty in this study. The square points (orange) show the result of
BABAR (2021) [60], the crosses (brown) shows the result of SND
(2002,2003,2015,2020) [52, 53, 125]. and the diamonds (blue) hows the result of CMD-2
(2004,2007) [57, 58].



Chapter 9

Conclusion

Precision measurements of hadron production cross sections in electron-positron annihilations play an
important role in testing perturbative QCD at low energies, in hadronic spectroscopy and as input for
the HVP contribution in the prediction of fundamental parameters. Among these contributions, the
anomalous magnetic moment of the muon is a crucial physical quantity and one for which the existence
of physics beyond the Standard Model of elementary particles has been suggested. Both experimental
and theoretical values reach the order of 100 ppb accuracy, with deviations in the of 5 standarddeviations.
However, there are differences not only between experimental and theoretical values but also between
two approaches to predict the HVP contributions, dispersive relation and lattice QCD. The main sources
of uncertainty for the HVP calculation in the dispersive method are due to measurement accuracy
and differences in the e+e− → hadrons cross section measurements. Further measurements of the
e+e− → hadrons cross section by independent experiments would be vital to verify these differences
and obtain clues to the new physics.

In this study, the cross sectionmeasurement for the e+e− → π+π−π0 processwas performed, the final
state with the second most significant contribution to the HVP term in muon g − 2, and the measured
cross section spectrum was used to discuss the HVP contribution of the muon g − 2, the contribution
to the running coupling constant, and the parameters of the J/ψ to three pion decay. The cross section
in the hadron energy below 3.5GeV was measured using the radiative return method, which employs
a process involving the initial-state radiation photons in the final state. This analysis uses the data of
191 fb−1 obtained from the SuperKEKB/Belle II experiment, in which e+e− collisions were carried out
at a e+e− center-of-mass energy of 10.58 GeV. This measurement is an independent experiment from
previousmeasurements. For the cross sectionmeasurement, studieswere conducted to extract the signal
by event selection, estimate residual background yields, estimate accurate signal detection efficiency, and
mitigate the detector resolution from the signal spectrum. Various control sampleswere used for residual
background and signal detection efficiency estimations, and data-simulation corrections based on data-
driven evaluations were actively used. In the detection efficiency correction, which is a major source
of systematic error, the efficiency was evaluated for several items: trigger, tracking, ISR photon, π0 and
selection, with a maximum difference between data and simulation of about 2% for each item and a total
of about 5% for the detector. It was confirmed that the simulation reproduced the data well.

As a result, the e+e− → π+π−π0 cross sections were measured in the range 0.62–3.5 GeV. The
cross sections of the ω and φ resonances, which contribute significantly to aµ, were measured in the
precision of 2.2% and are 5% and 10% larger than the results of precursor measurements. Based
on this measured cross section, the 3π contribution of aµ in the range 0.62–.8GeV is calculated to be
aµ(3π) = (48.91±0.23±1.07)×10−10. The statistical error is 0.5%, and the systematic error is 2.2%, which
is the second precise measurement after the BABAR result’s systematic error of 1.3% for a wide range of
measurements in one experiment. Compared to the most precise global fit of the 3π contribution, it is
about 3.1× 10−10 larger. The results of this measurement show that the difference between the current
theoretical and experimental muon g − 2 is relieved by 10% of the difference.

Themeasurements identified several achievements and challenges in detector performance for future
e+e− → hadrons cross section measurements in the Belle II experiment. This study shows that light
hadron cross sections can be performed at the Belle II experiment using the same type of radiative return
method, and establishes the basicmethodology for suchmeasurements. Trigger efficiency, whichwas the
biggest challenge from the previous Belle experiment, has been confirmed to be dramatically improved,
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and the systematic error can be reduced to the 0.1% level. It was shown that further improvements in
detector simulation, MC event generator, future increases in statistics could be expected to reduce the
systematic uncertainty in the measurements.
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Appendix A

Systematic uncertainty of the π0
efficiency

In section 6.5, we discuss how to validate the π0 efficiency using the process e+e− → ωγISR →
π+π−π0γISR. We discuss the π0 efficiency as well as the data-MC ratio of the π0 efficiency by tak-
ing the ratio of the fully reconstructed events divided by the partially reconstructed events of the process
e+e− → ωγ. We need to consider the systematic errors on the number of the partially reconstructed
and the fully reconstructed events. The summary of various source of the systematic errors is given in
Table 6.3 (see section 6.5).

A.1 Systematic uncertainty on the partial reconstructed events
To determine the partial reconstructed events, we fit theMπ+π−π0,recoil with a signal and various back-
ground terms. In a standard fit, shown in Fig. 6.11 (or Fig A.1(a)), the scale factors of the signal and
π+π−π0π0γ, qq pdfs are floated, and that of K0

SK
0
Lγ and others are fixed. For the systematic errors, we

discuss the uncertainty of the shape the signal and the background templates, and variation between
various kind of alternative fits. The summary of the various fits is given in Table A.1 and the results of
the fit is shown in Figs. A.1 and A.2. Notations used in this table are as follows.

• Two different shapes are used for qq MC, qq without ISR qq (QA), with ISR-qq (QB),

• Fit/Float non-ISR qq-bar components (QAX),

• Add second order polynominal (2),

• Replace qq component with the 2nd order polynomial,

• Introduce the Gaussian to the likelihood to take into account the uncertainty of the scale-factors
for the contributions, π+π−π0π0γ (C),

• Introduce the Gaussian to the likelihood to take into account the uncertainty of the scale-factors
for the contributions,K0

SK
0
Lγ (K).
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Uncertainty on the π+π−π0π0γISR background
We determine the line shape of the π+π−π0π0γISR background, using a control sample (4πγ-control
sample 2). TheMπ+π−π0,recoil distribution for 4πγ control sample 2 is shown in Fig. A.3. A small ω signal
seen in this figure is due to the feed-down from the signal (3πγ). Except this contribution, the shape of
theMπ+π−π0,recoil in 4πγ control sample 2 is explained well by the π+π−π0π0γ MC. From this study we
determine the data-MC scale factor of the π+π−π0π0γ to be R4πγ = 1.15± 0.2.

In the partial reconstructed events, although the fraction is small, there are additional background
such as π+π−3π0γISR, π+π−ηγSR. These components are not simulated., To include these background
to π+π−π0π0γ, we do two kind of fits, one is the standard fit where the scale-factor of π+π−π0π0γISR

is floated without any constraint. The other one is the one that treats as the π+π−π0π0γISR scale-factor
(R4πγ) as the nuisance parameter; we added the pdf of Gaussian in the likelihood to take into account the
uncertainty of R4πγ . we take 1.15 for the mean and 0.2 for the sigma of Gaussian. A symbol “C” is used
for this fit in Table A.1 and Figs. A.1 and A.2. The fit result of R4πγ for CQA is 1.57± 0.12 (Fig. A.2(g)).

From the difference of the standard fit and the fit that treats the 4πγ as the nuisance parameter in
Table A.1 (CQA), we estimate the uncertainty due to π+π−π0π0γISR background to be ±0.13% (The
difference between CQA - standard=-0.001, by taking plus-minus of this difference conservatively.).

Uncertainty on the φγISR → KSKLγISR background
The process e+e− → φγISR → K0

S(→ π+π−)K0
LγISR making an broad peak under the contributes as an

peaking background for ω (Fig. A.1(a)).
The contribution of this background in the partial reconstructed events can be seen as a sharp peak

if we see the invariant mass of π+π− in Fig. A.4, where a condition of the ω mass region, 0.72 <
Mπ+π−π0,recoil < 0.84 GeV/c2 is required in the partial reconstructed events. The purple histogram is the
prediction of e+e− → φγISR → K0

SK
0
LγISR by the PHOKHARA, normalized to the data luminosity. The

program PHOKHARA reproduces this background both on the shape as well as the absolute scale.
For the further check on the prediction, we show, in Fig. A.5 for the sample in the K0

S mass region
0.48 < Mπ+π− < 0.52 GeV/c2, the invariant mass Mπ+π−π0,recoil, the momentum recoil against the
π+π−γISR system, and the invariantmass of π+π−K0

L,rec systemwhere the 1-C fit (assumingK0
Lmissing)

result of the recoil momentum is use in the momentum vector of K0
L. The yield is normalized to the

luminosity.
From this distribution, we determined the scale-factor for this φ→ K0

SK
0
L background,be

fK0
SK

0
Lγ

= 1.07± 0.08,

where the error comes from the statistical error of the data. In the fit of the partial reconstructed events
for the efficiency measurement, the scale of the K0

SK
0
Lγ background is fixed to this center value. And

the error of the scale factor is taken into account by a Gaussian in the likelihood function. This give the
uncertainty fromK0

SK
0
Lγ to be ∆R/Rstd. = ±0.33%.

Uncertainty on the qq̄ background
The qq backgrounds include the standard continuum qq hadron production as well as the resonance
production in the e+e− → γISR + hadrons processes except the ones of π+π−π0γISR, π+π−π0π0γISR,
π+π−γISR andK0

SK
0
LγISR. These qq̄ backgrounds are modeled by the KKMC program.

We take the KKMC prediction to model shape of the qq̄ background and floated the normalization in
the standard fit. As the alternative fit (QA), we use the model that do not include the ISR components in
the qq background. From the difference of these two models, we obtain the systematic to be ∆R/Rstd. =
±0.03%. One the other hand, the difference between floated (QA) and fixed (QAX) to the qq scale-factor
is ∆R/Rstd. = −0.06%

Uncertainty of the background shape
So far, we use the MC prediction for the background shape. To further estimate the uncertainty coming
from the possible background shape difference, we add the 2nd order polynomial function to the one
obtained by the MC.in the fit Those fits are symbolized by “2” in Table A.1. The difference between with
2nd order-pol. and the without it are found to be +0.05% (QA-QA2), +0.07% (QAX-QAX2) in Table A.1.
From this, the systematic uncertainty of background shape is estimated to be ∆R/Rstd. = ±0.07%.
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Figure A.1: TheMπ+π−π0,recoil fit results with different conditions for background pdf
hypothesis. The data uses the 10% of data. The number of events in legend indicates that in
the 0.72 < Mπ+π−π0,recoil < 0.84 GeV/c2. The configuration is summarized in Table A.1.
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Figure A.2: TheMπ+π−π0,recoil fit results with different conditions for background pdf
hypothesis. The data uses the 10% of data. The number of events in legend indicates that in
the 0.72 < Mπ+π−π0,recoil < 0.84 GeV/c2. The configuration is summarized in Table A.1.
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Figure A.3: TheMπ+π−π0,recoil distribution of the π+π−π0π0γ control sample using data.
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Figure A.4: The pion-pair invariant mass distribution of partial-reconstructed events using
the 10% of data. The MC predictions are normalized to the data luminosity using the cross
section given by Phokhara. The criteria χ2

1C,rec. < 40 and
0.72 < Mπ+π−π0,recoil < 0.84 GeV/c2 are applied.

Uncertainty on the ω signal shape
Weestimate the uncertainty due to the signal template by changing the nuisance parameters that are used
to determine the ω signal shape (such as resolution) by one standard deviation. TheMπ+π−π0,recoil fit is
applied to the full-reconstructed events with the signal pdf convolved with the Gaussian to model the
difference of signal shape, where the mean and sigma are free parameters. The largest difference comes
from a change of mean, which represents the mass shift, the change of numerator is ∆R/Rstd. = ±0.09%.

Uncertainty on theπ+π−γ and µ+µ−γ background
The shape for these background is shown in Fig. A.6. These are selected from the enriched sample for
these processes. These contribution in partial reconstructed events is small and can be neglected.

Uncertainty on the e+e− → ωπ0 contribution
This process can become the peaking potential background when the high energy π0 mis-identified as a
ISR photon. These background is, however, found to be negligible using the control sample selected a
cluster second moment.
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Uncertainty on the event selection of partial reconstructed events
For the signal selection, we require χ2

1C,rec < 10 to select of partial reconstructed e+e− → π+π−π0γISR
events. To estimate the systematic uncertainty on this selection, we change the selection criteria from 1
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to 100. By this change, the fraction of the background contamination in the partial reconstructed events
is changed from 20% to 28%. From this study, we set the uncertainty due to the change of the event
selection to be ±0.56%.

A.2 Systematic uncertainty on the full reconstructed events
Uncertainty on the counting method of full reconstructed events
Wecount the number of full reconstructed events from the fit onMπ+π−π0,recoil, or fit onMγγ distribution.
The resultant results are quite consistent each other. From the difference of these results, we assigned
the systematic uncertainty of the counting method to be ∆R/Rstd. = 0.23%.

Uncertainty on the π0 signal shape
We estimate this uncertainty by changing the nuisance parameters that are used to model the π0 signal
shape (such as sigma ... in Novosibirsk function) in the likelihood by one sigma. The largest difference
arise from the ratio of Novosibirsk function and Gaussian, ∆R/Rstd. = 0.46%.

Fraction of the π+π−π0π0γ background (rg)
The number of π+π−π0π0γ events in the full-reconstructed events is given by counting the number of
π0-MC-truth events in 0.72 < Mπ+π−π0,recoil < 0.84 GeV/c2, multiplied by the π+π−π0π0γ data-MC scale
factor of 1.15 ± 0.13, to be rb,4πγ = 0.0051 ± 0.0005, where the uncertainty is dominated by the error of
the data-MC scale factor. These backgrounds from e+e− → ωπ0 is negligible. .



Appendix B

Additional ISR photon generation with
PHOKHARA program

BABAR has reported discrepancies in the data for the ISR calculation of the Phokhara generator, which
is used to generate our signal MC [18, 131]. They performed a study of e+e− → µ+µ−γ/π+π−γ events
with the 1 to 3 hard ISR photon emissions and confirmed the following points:

• Events with additional hard photons emitted at a small angle (SA) to the beam axis (i.e., LO
ISR+additional SA photon) are produced 20% more in Phokhara than in the data.

• Events with an additional photon emitted at a large angle (LA) to the beam axis agree well with
Phokhara and the data.

• Next-to-next leading order (NNLO) events with two additional photons, i.e., three hard ISR pho-
tons, which is not simulated in the Phokhara, are measured to be (3.5± 0.4)%.

In our analysis, this may affect the radiative correction, which is the ratio of the probability, including
higher-order ISR emission, to the probability of LO ISR emission and the signal efficiency due to event
selection. In this appendix, we will examine the effects of these two items and confirm the generator-
derived systematic error.

B.1 Radiative correction
Wewill confirm the total ISR emission rate of Phokhara by comparing it with Kkmc, which uses different
tecknique for multiple photon calculation. The BABAR measurement confirms that the LO, NLO, and
NNLO photon calculations in Kkmc agree with the data [18].

To test this, we created an e+e− → µ+µ−γ(γ) process with the following configuration:

• PHOKHARA

– NLO ISR mode: up to two ISR photons are simulated. (LO=0, NLO=1)
– VP and FSR corrections are turned off a (QED=0, Alpha=0) to see only ISR contribution

• Kkmc

– FSR and FSR interference are turned off (KeyFSR=0, KeyINT=0, KeyQSR=0)
– EW and HVP corrections are turned off (KeyELW=0, KeyZet=0, MinMassCEEX=0)

Then, e+e− → µ+µ−γ are reconstructed at the generator level from a muon-pair and the highest energy
photon in the c.m. system, requiring the invariant mass greater than 8GeV/c2. The polar angle of the
LO ISR in the c.m. system is limited to 20◦–160◦. This criterion,M(µ+µ−γ) > 8 GeV/c2, eliminates NLO
events such that there are additional photons with E∗ > 2.3 GeV. The dataset is normalized by the
integrated luminosity of sample, calculated from the number of generated events and the cross section
obtained as a generator log output.
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Figure B.1: Cross section of e+e− → µ+µ−γ process in a function of muon-pair invariant
mass at the generator level. The points in the top panels show the cross section calculated by
(a) Phokhara and (b) Kkmc. The black line shows the analytical function of the LO ISR
emission. The lower panels are the ratio of the LO+NLO ISR MC simulation to the LO ISR
analytical function.
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Figure B.2: Ratio of cross section calculated by Kkmc to that by Phokhara in a function of
muon-pair invariant mass. The error bars are statistical uncertainty.

Figure B.1 shows a comparison of the number of events for the LO +NLO simulation in the generator
with the analytic function (Eq. (2.41)), which represents the probability of emission of the LO ISR. The
bottom panels show the ratio, which is practically a radiative correction; it takes a value of about 1.01
depending onM(µ+µ−) as we use in Sec. 8.1. The ratio of Phokhara to Kkmc is shown in Fig. B.2, which
indicates that the Phokhara and Kkmc distributions are consistent within a systematic error of 0.5%,
which is considered to be the uncertainty of unaccounted higher-order effect in Phokhara [89].

From these results, we concluded that the total emission rate of LO+NLO (+NNLO) is well simulated
in Phokhara and the radiative correction used in Sec. 8.1 is reliable within the uncertainty of Phokhara,
0.5%.

B.2 Underestimation of signal efficiency due to NLO excess
This sectiondiscusses the impact of data-MCdifference ofNLOandNNLOevents on the signal efficiency.
First, we will analyze our data to confirm if there is an excess in SA NLO events generated by Phokhara.
Next, we will estimate the amount of underestimation of signal efficiency and systematic error due to
the excess

The criterionofχ2
4C,2π3γ < 50 is the selection sensitive toNLOevents in our analysis. The conservation

of four-momentum requires the absence of additional hard ISR photons. We prepared a sample using
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e+e− → π+π−π0γMCwith a selection other thanχ2
4C,2π3γ < 50 cuts. Figure B.3 shows the distribution of

NLO ISR energies reconstructed at the generator level for this sample. The red histogram in Fig. B.3 (b)
displays the result of applying χ2

4C,2π3γ < 50 cuts to this sample. It suggests that most events with
additional ISR photons of energy greater than 100MeV are removed by the χ2

4C,2π3γ < 50 criteria.
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Figure B.3: (a) Distribution of χ2
4C,2π3γ of reconstructed e+e− → π+π−π0γ events and energy

of additional ISR photon in the c.m. system at the generator level. (b) Distribution of energy
of additional ISR photon in the c.m. system at the generator level (black) before and (red)
after χ2

4C,2π3γ < 50 selection.

The event selection is slightlymodified tobeable to includeSANLOevents (e+e− → π+π−π0γISRγSA).
The three-constraint (3-C) kinematic fit is used instead of the 4C-KFit. This fit is performed by constrain-
ing the px and py balance at the c.m. system, assuming that themissingmomentumvector is of amassless
particle. In other words, the kinematic fit is performed in the presence of additional (undetected) pho-
tons γSA with degrees of freedom in the pz direction. The missing momentum resulting from this 3-C
KFit is treated as the momentum of the SA ISR.

To enhance the signal-to-noise ratio, we use the ω-resonance events and analyze the χ2 distribution
of 3C-KFit, as depicted in Fig. B.4(a). Note that χ2

3C is less than χ2
4C,2π3γ due to the constraint being

less than 4C-KFit. The result confirms the effectiveness of selecting χ2
3C < 50 in significantly reducing

background events.
Figure B.4 (b) displays the energy distribution of the SA ISR for this sample. The simulated sample is

normalized to the number of events in the data. Events with LO ISR or low-energy NLO ISR, known as
LO topology events, result in an energy peak around 0. Events with |E| < 0.1 GeV are classified as LO
events, while those withE > 0.1 GeV are classified as SANLO events. Figure B.4 (c) shows a comparison
in coarse bins. The data-MC ratios for the LO and SA NLO events are 1.036 ± 0.06 and 0.85 ± 0.01 for
the SA NLO events, consistent with those reported by BABAR. To conclude, in our analysis, it is found
that Phokhara over-generates NLO events by approximately 20%, and the extra events are rejected in
selections with χ2

4C,2π3γ < 50.
We estimate the impact of this SA NLO excess on efficiency: the fraction of E > 100 MeV events

rejected by χ2
4C,2π3γ < 50 is 14.5% according to signal MC simulation. According to BABAR measure-

ments, the SA NLO fraction in data is 0.82 ± 0.03 [131]. Considering that the SA NLO is increasing by
(20± 0.05)% in simulation, the change in signal efficiency is as follows

0.145× 0.82× 0.20 = 0.024. (B.1)

Therefore, the signal efficiency isunderestimatedby (2.4±0.7)%, that is, the cross section is overestimated.
In addition, consider the effect of the NNLO of (3.4± 0.4)% [131]. Since Phokhara can only simulate

up to NLO events, we estimate the effect of overestimating the efficiency by including NNLO as NLO.
From the BABAR measurement, the ratio of NNLO toNLO is 0.034/0.22 = 0.155. From the calculation of
NLO net correction, the efficiency reduction is 2.4% when NLO simulation is 20% larger. Therefore, the
overestimation of efficiency associatedwith the phenomenon of NLO event 15.5% is 0.155×0.024/0.20 =
(−0.019±0.005) atmost. This is the opposite direction of theNLOnet correction obtained in the previous
section.
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Figure B.4: (a) Distribution of χ2
3C of e+e− → π+π−π0γ MC sample. (b)(c) Distribution of

energy of γSA in the c.m. system after χ2
3C < 50 selection in (b) fine and (c) coarse binning.

The bottom panels are ratios of the data subtracted from background MC samples to the
signal MC sample.

NLO and NNLO net correction sum is 2.4 − 1.9 = (0.5 ± 0.9)%. However, we determined not to
apply the 0.5% correction, keeping the cross section unchanged, and assign a systematic uncertainty of
1.2%. For NNLO in particular, since we do not have such a generator available, precise correction using
the NNLO generator is a future work. The systematic uncertainty is estimated by a quadratic sum of the
error of NLO correction (0.7%) and half of the NNLO corrections (0.95%).
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