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Abstract

A measurement of partial branching fractions of charmless semileptonic beauty meson decays
using an inclusively reconstructed hadronic system is presented. These decays are denoted as
B → Xu`ν, where Xu represents a hadronic system containing a u quark produced in the un-
derlying quark-level b → u transition. The measurement uses the full Run 1 Belle II sample
corresponding to 365 fb−1 of e+e− → Υ(4S) → BB̄ data. One of the two B mesons is recon-
structed in a hadronic decay channel to constrain the signal kinematics. Events containing a
signal electron or muon ` are selected, while the rest of the event defines the hadronic system
Xu associated with the signal. To discriminate the signal from the 50-times larger background
originating from Cabibbo-favoured semileptonic B → Xc`ν decays, a template fit is performed
in both signal and control regions after applying an optimised selection. The control regions
are used to constrain the kinematic properties of B → Xc`ν decays based on data and therefore
reduce the dependence of the measurement on their modelling. The partial branching fraction
measured for lepton energies greater than 1 GeV in the signal B meson rest frame is

∆B(B → Xu`ν) = (1.54± 0.08± 0.12)× 10−3,

where the uncertainties are statistical and systematic, respectively. From this measurement,
using the Gambino, Giordano, Ossola and Uraltsev theoretical framework, the strength of the
beauty-to-up quark coupling is determined to be

|Vub| = (4.01± 0.19+0.07
−0.08)× 10−3,

where the uncertainties are experimental and theoretical, respectively. This value is in good
agreement with the world average of |Vub| = (4.06±0.16)×10−3. Different theoretical predictions
and partial branching fractions measured in other phase-space regions, defined by additional
selections on the Xu and leptonic system masses, are also used to determine |Vub|.



Zusammenfassung

In dieser Arbeit wird eine Messung der partiellen Verzweigungsverhältnisse charmloser semilep-
tonischer Zerfälle von Beauty-Mesonen vorgestellt, bei der ein hadronisches System inklusiv
rekonstruiert wird. Diese Zerfälle werden als B → Xu`ν bezeichnet, wobei Xu ein hadronisches
System darstellt, das ein u-Quark enthält, das im zugrunde liegenden Quark-Übergang b → u
erzeugt wird. In dieser Arbeit wird eine Messung partieller Verzweigungsverhältnisse charmloser
semileptonischer B → Xu`ν Zerfälle unter Verwendung eines inklusiv rekonstruierten hadro-
nischen Systems vorgestellt. Die Messung basiert auf dem vollständigen Run 1-Datensatz von
Belle II, der 365 fb−1 an e+e− → Υ(4S)→ BB̄-Daten enthält. Einer der beiden B-Mesonen wird
in einem hadronischen Zerfallskanal rekonstruiert, um die Kinematik des Signals zu bestimmen.
Es werden Ereignisse ausgewählt, die ein Signal-Elektron oder -Myon ` enthalten, während der
restliche Teil des Ereignisses das hadronische System Xu definiert, das mit dem Signal assoziiert
ist. Um das Signal von dem 50-mal größeren Hintergrund aus Cabibbo-bevorzugten semilep-
tonischen B → Xc`ν Zerfällen zu unterscheiden, wird ein Template-Fit sowohl in Signal- als auch
in Kontrollregionen nach Anwendung einer optimierten Selektion durchgeführt. Die Kontrollre-
gionen werden verwendet, um die kinematischen Eigenschaften der B → Xc`ν Zerfälle basierend
auf Daten zu bestimmen und somit die Abhängigkeit der Messung von der Modellierung dieser
Zerfälle verringern. Das partielle Verzweigungsverhältnis für Leptonenergien größer als 1GeV
im Ruhesystem des Signal-B-Mesons beträgt

∆B(B → Xu`ν) = (1.54± 0.08± 0.12)× 10−3,

wobei die angegebenen Unsicherheiten statistisch bzw. systematisch sind. Aus dieser Messung
ergibt sich unter Verwendung des theoretischen Modells von Gambino, Giordano, Ossola und
Uraltsev die Kopplungsstärke zwischen Beauty- und Up-Quark zu

|Vub| = (4.01± 0.19+0.07
−0.08)× 10−3,

wobei die Unsicherheiten experimentell bzw. theoretisch sind. Dieser Wert steht in guter Übere-
instimmung mit dem Weltmittelwert von |Vub| = (4.06±0.16)×10−3. Zur Bestimmung von |Vub|
werden ebenfalls verschiedene theoretische Vorhersagen sowie in anderen Phasenraumbereichen
gemessene partielle Verzweigungsverhältnisse, die durch zusätzliche Selektionen auf die Massen
des Xu- und des leptonischen Systems definiert sind, herangezogen.
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Chapter 1

Introduction

� If you haven't found something strange during the day, it hasn't been much of a day.�

John A. Wheeler

With the discovery of a plethora of elementary and composite particles over the course of the
past 130 years, the �eld of particle physics has rapidly developed. Our knowledge of particles and
their fundamental interactions can be summarised in the Standard Model (SM). While being able
to predict a wide range of phenomena with excellent accuracy, there are several questions which
the SM is unable to address, such as the origin of neutrino masses, the nature of dark matter,
the matter-antimatter asymmetry and the description of gravity as a quantum theory. Further-
more, several characteristics of the SM appear to have no satisfactory justi�cation. For instance,
there is no explanation for the cancellation of large corrections to the Higgs boson mass giving it
an unexpectedly small value, a problem known as thehierarchy problem, or for the hierarchical
structure of fermion masses, a problem known as the�avour puzzle. All these open questions are
clear indications of the incompleteness of the SM and call for the development of a deeper theory.

While there exist many di�erent areas of particle physics which are able to challenge the SM
as an attempt to answer these questions, the present manuscript focuses on the properties of
quarks and leptons, an area known as the�avour sector . Flavour physics o�ers a large variety of
tests to probe the SM. For instance, the SM predicts that the three generations of charged lep-
tons (electrons, muons and tauons) have equal electroweak coupling strengths, a characteristic
known as lepton �avour universality (LFU). The only distinction in their electroweak interac-
tions originates from their di�erent masses and an observed deviation from LFU would be a
clear indication of non-SM e�ects. Furthermore, such e�ects could be uncovered in rare hadron
decays (for example, the famous penguin decays), which are expected to be sensitive to interac-
tions with particles predicted by non-SM theories. In this thesis, however, we investigate more
speci�cally changes between quark �avours. Within the SM, a quark from the up generation
(up, charm, top) can transition to a quark from the down generation (down, strange, beauty)
and vice versa. Such interactions are governed by the3� 3 unitary Cabibbo-Kobayashi-Maskawa
(CKM) matrix, which is near diagonal, another feature of the SM which has no apparent ex-
planation. The matrix has nine complex elements, resulting in a total of 18 parameters which,
because of the matrix unitarity and invariance under phase transformations, can be reduced to
four, three rotation angles and one complex phase. There exist di�erent ways to parametrise the
CKM matrix and measure its elements or combinations of them and this wide variety of tests
represents a powerful probe of the CKM unitarity and therefore of the SM.

Of the nine CKM matrix elements, Vub has the smallest magnitude and one of the largest
relative uncertainties. The magnitude of this element can be measured via tree-level transitions,
which are a priori insensitive to non-SM e�ects but the large uncertainty on its value limits the
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precision of the CKM unitarity test. It is therefore crucial to improve our understanding of jVubj
to better constrain the CKM matrix and, in turn, enhance the sensitivity of other CKM tests
to non-SM interactions.

There exist di�erent ways of measuring jVubj but the two methods which currently yield the
best precision rely on decays of beauty mesons to a charmless hadronic system, a lepton and a
neutrino (semileptonic decays) which are denotedB ! X u`� . First, in exclusive measurements,
the hadronic system is reconstructed as a speci�c �nal state, such as a pion inB ! �`� transi-
tions. The theoretical description of exclusive semileptonic decays is based on functions known
as form factors, which encapsulate the non-perturbative dynamics of the transition. On the
other hand, inclusive charmless semileptonic decays can be described by theheavy quark expan-
sion (HQE), an expansion in powers of the strong coupling constant,� s, and inverse powers of
the b quark mass,mb. However, selections on kinematic variables such as the lepton energy or
the X u mass are necessary in experimental analyses to suppress backgrounds, in particular from
Cabibbo-favoured semileptonic decays to a hadronic system containing a charm quark denoted
B ! X c`� . The HQE breaks down because of these kinematic selections and instead, predictions
of di�erential decay rates are necessary. These predictions are sensitive to theshape function -
a non-perturbative object describing the motion of the b quark inside the meson - in particular
in restricted regions of phase space. Careful treatment of such non-perturbative e�ects has led
to the development of various theoretical frameworks yielding di�erent predictions of the partial
decay rate over a given region of phase space,��( B ! X u`� ) (excluding the jVubj2 term). A
value of jVubj can be extracted from the measurement of an inclusive partial branching fraction
over the same phase space,� B(B ! X u`� ), via

jVubj =

s
� B(B ! X u`� )

� B ��( B ! X u`� )
;

where� B is the B meson lifetime. The two most recent averages ofjVubj extracted from exclusive
and inclusive decays read

jVubjexcl = (3 :43� 0:12) � 10� 3;

jVubj incl = (4 :06� 0:16) � 10� 3;

where the total uncertainty is given. The two values of jVubj disagree by about three standard
deviations, thereby limiting the precision with which this CKM matrix parameter can be deter-
mined.

In this thesis, we present the measurement of partial branching fractions ofB ! X u`� de-
cays in three di�erent regions of phase-space, de�ned by selections on the lepton energy, theX u

mass and the lepton-neutrino system mass, using a dataset of 365 fb� 1 collected by the Belle II
experiment. The overwhelming background fromB ! X c`� decays is suppressed using a mul-
tivariate classi�er which allows us to consider relatively broad phase-space regions by applying
looser kinematic selections. The branching fractions are extracted with a binned template �t to
a signal region and a control region used to correct the modelling of theB ! X c`� background.
From each of these branching fractions,jVubj is determined based on three di�erent theoretical
predictions of the partial decay rate. The partial branching fraction measured in a region of
lepton energy greater than 1 GeV in the signalB meson rest frame is

� B(B ! X u`� ) = (1 :54� 0:08� 0:12) � 10� 3;

where the uncertainties are statistical and systematic, respectively. From this measurement,
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using the Gambino, Giordano, Ossola and Uraltsev theoretical framework, the magnitude ofVub

is determined to be
jVubj = (4 :01� 0:19+0 :07

� 0:08) � 10� 3;

where the uncertainties are experimental and theoretical, respectively.

The remainder of this thesis is organised as follows: we introduce the main elements of the
Standard Model and the theoretical frameworks necessary to describe semileptonicB meson
decays in Chapter 2; we outline the SuperKEKB accelerator and the Belle II experiment in
Chapter 3; we discuss the analysis techniques used to perform the measurement in Chapter 4;
we present the measurement in detail in Chapter 5; and �nally, we conclude in Chapter 6.

Throughout this thesis, natural units ~ = c = 1 are used. Unless explicitly stated, charge
conjugation is implied and when no charge is added to a particle label, all possible charges are
considered (for example,B is used to label both neutral and charged beauty mesons). Unless
explicitly stated, the term lepton includes electrons (e) and muons (� ).
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Chapter 2

Theoretical introduction to
semileptonic beauty meson decays

� Aristotle said a bunch of stu� that was wrong. Galileo and Newton �xed things up. Then
Einstein broke everything again. Now, we've basically got it all worked out, except for small

stu�, big stu�, hot stu�, cold stu�, fast stu�, heavy stu�, dark stu�, turbulence, and the
concept of time.�

Zach Weinersmith

In this chapter, we present the theoretical frameworks needed to study inclusive semileptonicB
decays. We start by introducing the Standard Model of particle physics and outline its fundamen-
tal components: quantum electrodynamics, quantum chromodynamics and the weak interaction.
We then present the Higgs mechanism, which leads to electroweak symmetry breaking and pro-
vides an explanation for particle masses through the Yukawa couplings. From that point, we
introduce the CKM matrix and, more generally, �avour physics. We then focus speci�cally on
semileptonic decays ofB mesons and �nally, we give an overview of recent experimental results
in that �eld.

2.1 Introduction: the Standard Model Lagrangian

The quest to understand the most fundamental elements of our universe started more than a
century ago with the discovery of the electron by Sir J. J. Thomson [1]. Since then, many
Nobel Prize winners and many di�erent experiments have paved the way to the current deep
(and yet incomplete) understanding of particle physics. The Standard Model (SM) of particle
physics is usually summarised by its particle content, which is illustrated in Figure 2.1. Fun-
damental particles are characterised by various properties such as their masses, their spin as
well as other quantum numbers referred to as charges. Subsequently, these particles can be
divided into di�erent categories. Fermions and bosons can be separated by their spin, the for-
mer carrying a spin of 1

2 while the latter carry an integer spin. Among fermions, those that
do not interact via the strong force are called leptons. The three electrically charged leptons
are, from lightest to heaviest: the electrone, the muon � and the tau � . Their electrical charge
allows them to interact via the electromagnetic force. Similarly, there are three generations of
neutral leptons which only interact via the weak force, called neutrinos, each one associated to
a charged lepton: the electron neutrino� e, the muon neutrino � � and the tau neutrino � � . The
SM predicts the neutrinos to be massless but from the phenomenon of neutrino oscillations, it
is now known that they do have masses which are extremely small compared to the masses of
other SM particles. The quarks, on the other hand, carry fractional electric charges;+ 2

3 for the
three up-like quarks: the up u, the charm c and the top t (also called truth) from lightest to
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heaviest; and � 1
3 for the three down-like quarks: the down d, the strange s and the beauty b

(also called bottom). Quarks also carry a charge called colour, which makes them the only SM
fermions which can interact via the strong force. The spin-1 bosons are, within the SM, the
force carriers: the massless neutral photon
 for the electromagnetic interaction, the massless
neutral gluons g for the strong interaction and the massive chargedW � and neutral Z 0 for the
weak interaction. The electromagnetic and weak interactions can be in fact uni�ed in a single
force: the electroweak interaction. Finally, the massive neutral spin-0 Higgs boson is introduced
in the SM by the Brout-Englert-Higgs mechanism, which describes the origin of particle masses.
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Figure 2.1: Summary of the fundamental particle content of the Standard Model.
Adapted from Ref. [2].

The measurement presented in this thesis focuses particularly on the �avour1 sector of par-
ticle physics, a research area which investigates the properties of quarks and leptons. In the
following sections, we brie�y describe the di�erent pieces of the SM mentioned above before
presenting �avour physics and semileptonic decays more speci�cally.

This chapter is based on the author's knowledge as well as information from Refs. [4�6].

2.1.1 Quantum electrodynamics

Quantum electrodynamics (QED) was the �rst quantum �eld theory (QFT) developed to de-
scribe fundamental particles. Its initial formulation, in the 1920s, is credited to Paul Dirac.

1A term coined by Murray Gell-Mann and his student Harald Fritzsch in 1971 while eating ice-cream in
Pasadena, California [3].
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Starting from the Lagrangian for a free electron �eld  with mass m [4, 5]

L Dirac = i � 
 � @�  � m �  ; (2.1)

where 
 � is the set of 
 matrices, one can introduce an additional (gauge) �eld A � representing
the photon and impose to and A � invariance under the local U(1)EM gauge transformations

 ! eie� (x)  ; A � ! A � � @� �; (2.2)

with e the elementary charge and� some phase depending on the space-time coordinatex.
By adding a free-�eld part for A � , the full QED Lagrangian, invariant under the local gauge
transformations speci�ed in Equation 2.2, therefore reads:

L QED = � (i
 � @� � m) � e � 
 �  A � �
1
4

F�� F �� ; (2.3)

where F�� = @� A � � @� A � . It is important to note that no mass term for the gauge �eld
can be added to the Lagrangian as such term of the formm2


 A � A � would break the required
gauge invariance. QED describes all interactions between charged fermions and photons as
illustrated in Figure 2.2. QED was developed as a perturbative theory, expanded in its coupling

Figure 2.2: Example of an electron-positron annihilation producing a pair of
quarks together with a photon radiated from the initial state.

constant � em � e2

4� � 1
137 � 1. It was however noticed during the 1930s that the theory was

only valid at the lowest order and that at higher orders, computations yield in�nities. After
much e�ort, this problem was solved by understanding that these in�nities could be absorbed
by other in�nite corrections to QED parameters such that the fundamental parameters remain
�nite and in fact close to their experimental values. This process is known as renormalisation.
It is beyond the scope of this thesis to describe renormalisation of QED and the SM but two
important consequences of renormalisation should be mentioned. First, the renormalisation
procedure de�nes bare parameters, which can be in�nite and renormalised parameters, which
are �nite, therefore determining the physical meaning of each observable in the theory. Second,
through the renormalisation group equations, the behaviour of the theory at di�erent energy
scales can be related. A particular consequence is that coupling constants are no longer constant
but depend on the energy scale of the considered processes, which is referred to asrunning of
the coupling constants. For instance, at theZ mass scale� em becomes� em � 1

128.

2.1.2 Quantum chromodynamics

The theory of quantum chromodynamics (QCD) was developed later than QED, in the 1960s,
following bubble chamber experiments where a large number of particles, known as hadrons,
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were discovered. QCD, as opposed to QED, is a non-Abelian gauge theory, meaning that
two successive gauge transformations do not commute. The strong interaction is described
by an SU(3) gauge theory with eight gauge bosons (the gluons whose �elds are denotedAa,
a = 1 ; � � � ; 8) and the QCD Lagrangian including the six types of quarks is written as

L QCD =
X

f 2f u;d;s;c;b;tg

� 

 

i =@� gs =Aa � a

2
� mf

!

 �
1
4

Ga
�� Ga�� ; (2.4)

where for any elementp, 
 � p� = =p, gs is the strong coupling constant, � a are the eight 3 � 3
Gell-Mann matrices and Ga

�� is the gluon �eld strength. The QCD charge, called colour, can
take three values, labelled red, green and blue. In contrast with QED, the gluons also carry
colour charge and they can therefore interact with themselves, giving rise to triple and quartic
gluon vertices as illustrated in Figure 2.3. An important feature of QCD is that no free quark

Figure 2.3: Example of a QCD Feynman diagram with a triple gauge coupling

has ever been observed. This phenomenon is explained by the hypothesis of colour con�nement
stating that particles carrying colour are always con�ned in colour singlet (i:e: colourless) states.
Even though there is no analytic proof of colour con�nement, it can be understood by think-
ing about the (virtual) gluon-gluon interactions between two quarks that are pulled away from
each other. Because of all these interactions, the colour �eld is con�ned to a tube which has a
constant energy density. The energy of the colour �eld is therefore proportional to the distance
between the quarks and it would require an in�nite amount of energy to separate them. The
only colour singlet states containing two and three quarks are of the typeq�q (mesons) andqqq
(baryons). Exotic states with four, �ve or even more quarks are also allowed and have been
observed in nature [4, 7].
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The running of the strong force coupling constant� s � g2
s

4� at an energy scaleq2 is expressed as2

� s(q2) =
� s(� 2)

1 + bQCD � s(� 2) log
�

q2

� 2

� ; (2.5)

where � s is known at some energy scaleq2 = � 2 and

bQCD =
11NC � 2N f

12�
; (2.6)

where NC = 3 is the number of SM colours andN f � 6 the number of active quarks, i:e: the
number of quarks not neglected in the theory, so six in the full SM. AsbQCD is greater than
zero, � s decreases with the energy scale, meaning that at very large energies, quarks can be
considered as quasi-free particles. With a small value of� s, perturbative calculations can be
performed but at low energies, the large value of� s leads to important non-perturbative e�ects
which require speci�c computation techniques that will be discussed further below.

2.1.3 The weak interaction and electroweak uni�cation

In the 1950s, Chen-Ning Yang and Tsung-Dao Lee theorised the violation of parity symmetry in
weak interactions [8]. Until then, it was considered that all physical laws should remain identical
under a �ip of the spatial coordinates, which is true for the gravitational, electromagnetic and
strong forces. In 1956, Chien-Shiung Wu conducted a famous experiment in which she studied
the � decay of polarised cobalt-60 nuclei. The observation that electrons were primarily emitted
in a direction opposite to that of the nuclear spin con�rmed Yang and Lee's prediction, which
awarded them the Nobel Prize a year later3.

We now know that the weak interaction currents j �
� , corresponding to the W � bosons, have

a vector � axial-vector form:
j �

� / 
 � 1
2

(1 � 
 5) = 
 � PL (2.7)

where 
 5 is the product of 
 -matrices 
 5 = i
 0
 1
 2
 3 and PL = 1
2(1 � 
 5) is called the left-

handed chiral projection operator (equivalently PR = 1
2(1 + 
 5) is de�ned as the right-handed

projection). Therefore, the W � bosons can only couple to left-handed particles and right-handed
anti-particles, which corresponds to a maximal parity violation. The weak interaction is the only
interaction that couples particles with di�erent �avours, such as leptons with neutrinos or up-
quarks with down-quarks. These �avour changing charged currents play a crucial role inB
physics as will be described later. The propagator for aW boson with four-momentum q is
written:

� i
�
g�� � q� q�

m2
W

�

q2 � m2
W

; (2.8)

where mW is the W boson mass. In the limit whereq2 � m2
W , the propagator becomesig ��

m2
W

which results in a point-like interaction. This propagator can be related to the theory proposed
by Fermi in 1933 to explain � decays as four-point vector currents with the Fermi constantGF as
coupling strength. This description is still relevant today as an e�ective �eld theory for B decays.

In the 1960s, Glashow, Salam and Weinberg independently developed a theory unifying the
electromagnetic and weak interactions [9�11]. Their work awarded them the Nobel Prize in

2This formula corresponds to the leading order running of � s , at higher orders it would be more complicated.
3The choice to exclude Wu from the Nobel Prize has been criticised numerous times.
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1979, six years after the discovery of weak neutral currents proving the existence of theZ 0

boson predicted by their theory. SinceW bosons couple only to left-handed particles and they
change particle �avour, left-handed fermions can be placed in doublets of the non-Abelian group
SU(2):  

� e

e

!

L

;

 
� �

�

!

L

;

 
� �

�

!

L

;

 
u
d

!

L

;

 
c
s

!

L

;

 
t
b

!

L

:

The local gauge transformation of such a group can be written as:

 (x) !  0(x) = ei~� (x)� ~�
2  (x); (2.9)

where ~� (x) are three functions specifying the phase at each space-time pointx and ~� are the
three Pauli matrices. The wave functions, therefore, have two components represented by the
weak isospinI W = 1

2 . Right-handed particles are placed in weak isospin singlets withI W = 0 .
The local gauge invariance requirement gives rise to three bosonsW i

� , i = 1 ; 2; 3. The �rst two
can be combined to de�ne the complex gauge �eldsW �

� = 1p
2
(W 1

� � W 2
� ). However, the third

�eld cannot be identi�ed with the Z boson as the latter also couples to right-handed fermions.
Therefore, a new �eld B � is introduced such that the photon and Z boson �elds are expressed
as a mixture of W 3

� and B � :

A � = + cos � W B � + sin � W W 3
� ; (2.10)

Z � = � sin � W B � + cos � W W 3
� ; (2.11)

where � W is called the weak mixing (or Weinberg) angle. Fermions are given an additional
charge, calledweak hyperchargeY , under a U(1) transformation gauged by B � with coupling
constant g0. Fermionic �elds therefore transform under a uni�ed electroweak SU(2)L � U(1)Y

transformation. The weak hyperchargeY , electromagnetic chargeQ and third component of
the weak isospinI 3

W = 0 ; � 1
2 are related via the Gell-Mann�Nishijima formula:

Y = 2( Q � I 3
W ): (2.12)

The values of these three parameters for each SM fermion are summarised in Table 2.1.

Fermion L R

Q (I W ; I 3
W ) Y Q (I W ; I 3

W ) Y

� e;�;� 0 (1=2; +1=2) � 1 - - -

e; �; � � 1 (1=2; � 1=2) � 1 � 1 (0; 0) � 2

u; c; t +2=3 (1=2; +1=2) +1=3 +2=3 (0; 0) +4=3

d; s; b � 1=3 (1=2; � 1=2) +1=3 � 1=3 (0; 0) � 2=3

Table 2.1: The electroweak quantum numbers of fermions. Quantum numbers
of right-handed neutrinos can be deduced in the same way as for left-handed

neutrinos but they are forbidden in the SM.

The electromagnetic couplinge, weak couplinggW and U(1)Y coupling g0 are also related such
that:

e = gW sin � W = g0cos� W : (2.13)
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The weak mixing angle's value is not predicted by the SM and needs to be measured. It is found
to be sin2 � W � 0:231. The currents associated toW 3

� and B � are respectively expressed as:

j �
3 = I 3

W gW �f 
 � PL f; (2.14)

j �
Y = g0YL

2
�f 
 � PL f + g0YR

2
�f 
 � PR f; (2.15)

where YL=R are the hypercharges of the right/left �elds. Using Equation 2.10 and de�ning the
Z coupling asgZ = gW

cos� W
, the Z current can then be expressed as

j �
Z = gZ (I 3

W � Q sin2 � W ) �f 
 � PL f � gZ (Q sin2 � W ) �f 
 � PR f (2.16)

indicating that the Z boson couples to both right and left-handed fermions but with di�erent
strengths.

2.1.4 Electroweak symmetry breaking: the Brout-Englert-Higgs mechanism

The uni�cation of the electromagnetic and weak interactions poses three important conceptual
problems. First, because left and right-handed fermions are put in di�erent representations of
the SU(2)L � U(1)Y group, no fermion mass term can be written. Second, as was explained
earlier, gauge invariance forbids a gauge boson to have a mass but, even though the photon is
known to be massless, theW and Z bosons have massesO(102) GeV. Finally, the electromagnetic
and weak interactions are known to be very di�erent. The former is a long-range force, whereas
the latter is mediated over a very short range (due to the associated boson masses). The
Brout-Englert-Higgs (BEH) mechanism solves these issues through the process ofspontaneous
symmetry breaking [12�14] which awarded Peter Higgs and François Englert the 2013 Nobel
Prize4. The BEH mechanism postulates the existence of an additional �eld, the Higgs �eldH .
This �eld transforms as a doublet of SU(2) with hypercharge Y = 1 . The Higgs Lagrangian is
written as:

L H = ( D � H )y(D � H ) � V (H ); (2.17)

with the Higgs potential V taking the form:

V (H ) = � � 2H yH + � (H yH )2; (2.18)

where � and � are two real positive free parameters. The form of this potential in the Higgs
�eld complex plane is illustrated in Figure 2.4. The potential gives rise to a non-trivial structure
of the vacuum � the state of minimum energy in the universe � corresponding to the state
minimising the potential. The classical vanishing vacuumhH i = 0 yields a non-stable minimum
and therefore the Higgs potential is minimised when

p
H yH �

v
p

2
=

s
� 2

2�
; (2.19)

which yields a non-zerovacuum expectation value(VEV) hH i = vp
2

with v some real parameter.
There are in�nitely many degenerate states which can minimise the potential and any of them
breaks the SU(2) � U(1) gauge symmetry. During the electroweak phase transition, the early
universe cooled down enough to give to the Higgs potential the form de�ned in Equation 2.18,
which leads to the spontaneous symmetry breaking of the electroweak interaction down to the
remaining U(1)EM of QED. Without loss of generality, the ground state can be expressed in

4The spontaneous symmetry breaking mechanism was in fact independently predicted by several people but
only two of them were awarded the prize and only one of them gave his name to the famous boson.
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SU(2) doublet components as:

HG =

 
0
vp
2

!

: (2.20)

Figure 2.4: Illustration of the Higgs potential in the complex plane. The degen-
eracy of the vacuum states is made apparent as a circle around the origin. If the
reader is in a festive mood, the Higgs potential can be referred to as the Mexican

hat or wine bottle potential.

The general form of the Higgs �eld is written as:

H (x) =

0

B
@

� + (x)

� 0(x);

1

C
A (2.21)

which can be expanded around the ground state in terms of �elds with vanishing VEV as

H (x) =

0

B
@

� + (x)

1p
2
[v + h(x) + i� (x)]

1

C
A ; � � (x) = [ � + ]y: (2.22)

The physical �eld h(x) corresponds to the well-known Higgs boson �eld. The other three compo-
nents are unphysical degrees of freedom. According to Goldstone's theorem, for a spontaneously
broken global symmetry, each one of these �elds would give rise to a physical massless boson5.
However, since the BEH mechanism breaks a gauge symmetry, the (would-be) Goldstone �elds
are unphysical. By performing an appropriate gauge rotation (under which the symmetry is by
de�nition invariant), the three additional degrees of freedom are "eaten" by the gauge bosons,
W + , W � and Z 0, providing them with longitudinal polarisation components. It is important
to note that the SM Higgs �eld is the simplest realisation of the BEH mechanism. For instance,
a Higgs sector consisting of twoSU(2) doublets would yield another four physical Higgs �elds.
By expanding the covariant derivative term in the Higgs Lagrangian de�ned in Equation 2.17,

D � = @� � igW I a
W W a

� + ig0YW B � ; (2.23)

5 If the symmetry breaking is not exact, the bosons can be massive but light as is the case for the spontaneously
broken chiral symmetry giving rise to the � which, with masses around 135-140 MeV, are much lighter than other
mesons.
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two mass terms appear for the weak interaction gauge bosons:

1
4

(gW v)2W +
� W � � +

1
8

(g2
W + g02)v2Z � Z � : (2.24)

Therefore the W and Z boson masses are

mW =
vgW

2
; mZ =

1
2

v
q

g2
W + g02 (2.25)

and the photon remains massless. The values ofmW and mZ having been measured very
precisely, one can infer the value of the VEV to be vp

2
� 174 GeV. Finally, the Higgs boson

self-interactions read
m2

h

2
h2 +

m2
h

2v
h3 +

m2
h

8v2 h4: (2.26)

The �rst term gives the Higgs mass mh and the last two allow for triple and quartic Higgs
vertices.

Fermion masses

The fermion interaction terms with the Higgs �eld are given by the Yukawa Lagrangian

L Y = � �QL YuH cuR � �QL YdHdR � �L L Y`H` R + h :c:; (2.27)

where QL and L L are respectively the three-vectors of quark and leptonSU(2) doublets as
de�ned above; uR , dR and `R are respectively the three-vectors of up-quark, down-quark and
lepton singlets; Yu;d;` are the 3� 3 complex Yukawa matrices;H c � i� 2H � and h.c. denotes the
Hermitian conjugate. The Yukawa matrices can be diagonalised, which rewrites the Lagrangian
as

L Y = � �QL UuY diag
u H cW y

u uR � �QL UdY diag
d HW y

d dR � �L L U`Y`HW y
` `R + h :c:; (2.28)

where Uu;d;` and Wu;d;` are unitary matrices. By rotating the weak eigenstates to mass eigen-
states, the fermion �elds are rede�ned as

QL ! UdQL ; dR ! WddR ; uR ! WuuR ; L L ! U`L L ; `R ! W` `R : (2.29)

The Yukawa Lagrangian, therefore, becomes6

L Y = � �QL (Uy
dUu)Y diag

u H cuR � �QL Y diag
d HdR � �L L Y`H` R + h :c: (2.30)

The second and third terms are now diagonal but not the �rst. The 3 � 3 unitary Cabibbo�Ko-
bayashi�Maskawa (CKM) matrix VCKM = Uy

dUu appearing in this term is the source of all
�avour-violating interactions in the SM. The CKM matrix was introduced by Makoto Kobayashi
and Toshihide Maskawa [15] as an extension of the two-dimensional matrix introduced by Nicola
Cabibbo [16] in order to explain the experimentally observedCP-violation e�ects 7. The proper-
ties of the CKM matrix will be discussed in the next section. When inserting the Higgs VEV in
place of the Higgs �eld in the Yukawa Lagrangian, the fermion mass matrices can be expressed

6This is a choice of basis. The �elds could also be transformed such that the CKM matrix appears in the down
quark term.

7Which lead the two Japanese to a Nobel Prize but, in yet another Nobel controversy, not Cabibbo.
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as

M u =
v

p
2

Y diag
u = diag( mu ; mc; mt ); (2.31)

M d =
v

p
2

Y diag
d = diag( md; ms; mb); (2.32)

M ` =
v

p
2

Y diag
` = diag( me; m� ; m� ); (2.33)

where mf denotes the mass of fermionf . Therefore, similarly to gauge bosons, the interaction
strength of each fermion species with the Higgs boson depends on the mass of that fermion.
Neutrino masses could also be included in the Yukawa Lagrangian in the same way as quarks
and charged leptons if right-handed neutrino �elds are added to the Lagrangian. The Yukawa
term would therefore be of the form

L Y � �� L (Uy
` U� )Y diag

� H c� R (2.34)

whereY diag
� is the neutrino mass matrix and VPMNS = Uy

` U� is the Pontecorvo-Maki-Nakagawa-
Sakata (PMNS) matrix. However, neutrinos with right-handed chirality have never been ob-
served and this term is therefore forbidden in the SM Lagrangian. This type ofsterile neutrinos
has been theorised as extremely heavy particles compared to their left-handed counterparts.
Another alternative would be to add to the Lagrangian a Majorana mass term involving only
left-handed neutrinos, which would therefore be their own anti-particles.

2.2 The CKM matrix and �avour physics

We presented in the previous section the SM and we showed how the CKM matrix enters its
Lagrangian. In this section, we will focus on the implications and properties of the CKM matrix.
First, it can be noticed that diagonalising the Yukawa mass matrices breaks up the quarkSU(2)L

doublets since the up-quark doublets transform asuL ! V y
CMK uL independently of the down-

quark doublets. In the weak interaction Lagrangian, the components of eachSU(2)L doublet
mix up in the term

L weak �
gWp

2
W �

�
�dL 
 � V y

CKM uL + h :c: (2.35)

The CKM matrix, therefore, allows mixing between di�erent generations of quarks. In its most
general representation, the CKM matrix can be written as

VCKM =

0

B
@

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

C
A : (2.36)

A complex 3 � 3 matrix has a total of 2 � 32 = 18 degrees of freedom. Since the CKM matrix
is unitary and since it is invariant under certain phase transformations, the number of degrees
of freedom can be reduced to four, three real angles and one complex phase. The CKM matrix
can be parametrised using the so-called standard parametrisation:

VCKM =

0

B
@

1 0 0
0 c23 s23

0 � s23 c23

1

C
A

0

B
@

c13 0 s13e� i�

0 1 0
� s13e� i� 0 c13

1

C
A

0

B
@

c12 s12 0
� s12 c12 0

0 0 1

1

C
A

=

0

B
@

c12c13 s12c13 s13e� i�

� s12c23 � c12s23s13ei� c12c23 � s12s23s13ei� s23c13

s12s23 � c12c23s13ei� � c12s23 � s12c23s13ei� c23c13

1

C
A ; (2.37)
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where sij = sin � ij , cij = cos � ij , � ij being the three real angles and� the complex phase which
is responsible for allCP violation e�ects in the SM. The structure of the CKM matrix is highly
hierarchical as s13 � s23 � s12 � 1. Based on this observation, it can also be parametrised
according to the Wolfenstein parametrisation:

VCKM =

0

B
@

1 � � 2=2 � A� 3(� � i� )
� � 1 � � 2=2 A� 2

A� 3(1 � � � i� ) � A� 2 1

1

C
A + O(� 4) (2.38)

where

s12 = � =
jVus j

p
jVud j2 + jVus j2

(2.39)

s23 = A� 2 = �
�
�
�
�
Vcb

Vus

�
�
�
� (2.40)

s13ei� = A� 3(� + i� ) (2.41)

and in addition �� and �� are de�ned such that �� + i �� = � (VudV �
ub)=(VcdV �

cb). The magnitude
of each CKM matrix element can be measured from decays involving the corresponding quark
transition. A global �t combining information from all measurements constrained by the matrix
unitarity are regularly performed by the CKM�tter [17] and UT�t [18] groups. The latest global
�t made by CKM�tter gives 8

jVCKM j =

0

B
@

0:974358+0 :000049
� 0:000054 0:22498+0 :00023

� 0:00022 0:003730+0 :000044
� 0:000048

0:22484+0 :00023
� 0:00021 0:973509+0 :000054

� 0:000059 0:04160+0 :00020
� 0:00058

0:008573+0 :000046
� 0:000158 0:04088+0 :00020

� 0:00066 0:9991248+0 :0000268
� 0:0000074

1

C
A : (2.42)

The unitarity of VCKM yields the relations
X

k

Vik V �
jk = � ij ;

X

k

Vki V �
kj = � ij ; (2.43)

which can be used to de�ne a triangle containing the matrix information. For example, since

VudV �
ub + VcdV �

cb + VtdV �
tb = 0

) 1 +
VtdV �

tb

VcdV �
cb

+
VudV �

ub

VcdV �
cb

= 0 ; (2.44)

the unitarity triangle can be de�ned with vertices (0; 0), (1; 0) and (��; �� ) and angles

� = arg

 

�
VtdV �

tb

VudV �
ub

!

(2.45)

� = arg

 

�
VcdV �

cb

VtdV �
tb

!

(2.46)


 = arg

 

�
VudV �

ub

VcdV �
cb

!

: (2.47)

8Note that these are the nominal values quoted by CKM�tter. The collaboration also quotes values obtained
from �ts which exclude part of the information used in the global �t. It is for instance interesting to obtain values
of CKM matrix elements by excluding inputs from measurements of this speci�c parameter. Values obtained this
way are only constrained by orthogonal measurements.
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The unitarity triangle in the (��; �� ) plane is illustrated in Figure 2.5. The area of the triangle is
equal to half of the Jarlskog invariant J such that Im(Vij Vkl V �

il V �
kj ) = J

P
m;n � ikm � jln where � ijk

is the Levi-Civita symbol. The mixing of quark generations allows a wide variety of decays such

Figure 2.5: Illustration of the CKM unitarity triangle as obtained from a global
�t performed by CKM�tter. The coloured bands show constraints of CKM pa-

rameters coming from various �avour measurements. Taken from Ref. [17]

as semi-leptonic decays which are the main subject of this thesis as well as so-calledbox diagrams
and penguin diagrams9. The latter two are illustrated in Figure 2.6. We quickly outline how
every CKM parameter, as illustrated in Figure 2.5, can be measured:

ˆ Vub: measured through semi-leptonic transitionsb ! u`� ; this parameter is the main
subject of this thesis and will therefore be discussed in detail in subsequent sections and
chapters

ˆ � : time-dependent CP-violation measurements in b ! u�ud decays, such asB ! �� ,
B ! �� and B ! ��

ˆ 
 : time-dependent CP-violation measurements inB ! DK and B ! D� decays

ˆ sin 2� : measurements of the interference of mixing and decay in neutralB mesons into
CP eigenstates; the golden channel for measuring the� angle isB ! J= K S

ˆ � K : CP-violation measurements inK mixing; the exact expression of� K is not shown here
in its entirety but it is dominated by the term Im[( VtsV �

td )2]

ˆ � md=s: measurements ofBd;s � �Bd;s mixing

9 If the reader is not familiar with the origin of this name, they are invited to ask Professor John Ellis to tell
the story himself.
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Figure 2.6: Examples of Feynman diagrams allowed by quark generation tran-
sitions. The left diagram represents neutral kaon mixing from a box diagram and

the right diagram represents aB ! K`` penguin diagram.

2.3 Semileptonic B decays

Semileptonic decays are ideally suited to measure CKM matrix elements [19, 20]. They are tree
decays, are therefore not suppressed by the GIM mechanism10 and they involve a single CKM
element. Strange (K ), charm (D) and beauty (B ) mesons can all decay semileptonically. How-
ever, this thesis focuses onB meson decays, which allow the extraction of two CKM parameters:
jVcbj through b ! c transitions and jVubj through b ! u transitions. Semileptonic B decays will,
in general, be denoted asB ! X`� , where X represents a hadronic system. Electromagnetic
charges will be omitted and charge conjugation implied unless explicitly stated. An example of
a Feynman diagram of such a decay is shown in Figure 2.7. The subscriptu (c) added to X will
indicate a hadronic system containing au (c) quark. X can represent either a speci�c resonance
such as� for a b ! u transition or D � for a b ! c transition or a non-resonant hadronic system.
Two types of B ! X`� measurements can therefore be performed: exclusive, where the hadronic
system is reconstructed as a speci�c meson or inclusive, in which no channel-speci�c require-
ments are placed on the reconstruction ofX , which e�ectively corresponds to summing over all
possible �nal states. This thesis discusses the measurement ofjVubj via inclusive B ! X u`� de-
cays. This type of decays is modelled as a combination of resonant and non-resonant modes, as
will be explained later and therefore both types are described in this section. SinceVcb is about
an order of magnitude larger than Vub, B ! X c`� decays represent the largest background to
B ! X u`� decays, so they will also be discussed here. We will �rst make a few general remarks
regarding the theoretical description of semileptonic decays before focusing on each di�erent
type in dedicated sections.

In the following, we will denote pB , pX , p` and p� the four-momenta of the B meson, the
X system, the lepton and the neutrino, respectively. They are related such that

pB = pX + p` + p� ;

p2
B = m2

B ; p2
X = M 2

X ; p2
` = m2

` ; p2
� = 0 ; (2.48)

wheremB , M X and m` are the B , X and lepton masses, respectively. The neutrino is considered
to be massless. When the lepton is an electron or a muon, it can be approximated to be massless
as well. In that case, the lepton energyE` is equal to its three-momentum magnitudej~p̀ j. When
taken in the B meson rest frame, the lepton energy is labelledE B

` . Decays to tau leptons will
not be discussed in detail here as only light leptons were considered in the measurement. The

10 The Glashow-Iliopoulos-Maiani mechanism [21] strongly reduces the contribution of loops involving light
quarks, which in turn reduces the overall rate decays involving such loops.
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Figure 2.7: An example of a semileptonicB ! X`� Feynman diagram.

four-momentum transfer squared or leptonic system invariant mass squaredq2 is de�ned as:

q2 = ( pB � pX )2 = ( p` + p� )2; m2
` � q2 � (mB � M X )2: (2.49)

As explained in Section 2.1.3, at energies much below 80 GeV, theW boson can be integrated
out, simplifying the associated propagator. Therefore, in semileptonicB decays, the e�ective
weak Hamiltonian can be expressed as

H e� =
4GFp

2
Vqb(�qL 
 � bL )( �̀L 
 � � `

L ); (2.50)

where the last two terms represent the hadronic and leptonic currents, respectively. The hadronic
current is non-trivial to compute since, at the energy scale of aB meson decay,� s is O(1) and
perturbative QCD calculations cannot be applied. For speci�c resonant decay modes, using the
fact that the hadronic current must be Lorentz covariant, it can be expressed as a function of
the Lorentz vectors and scalars entering the hadronic matrix element and unknown functions
called form factors which encode the non-perturbative dynamics of the transition. For example,
for a B transition to a pseudo-scalarP (such asD, � , � or � 0) with four-momentum pP , the
hadronic current can be expressed as

H � = hPj �qL 
 � bL jB i = f + (q2)(pB + pP ) � + f � (q2)(pB � pP ) � ; (2.51)

where f + and f � are two form factors. Details about each resonant decay type are given below.
The hadronic current in inclusive semileptonic decays requires speci�c techniques and models to
be computed, as will also be outlined below. The leptonic current on the other hand, is easier
to compute as it doesn't involve any QCD e�ects.

After having brie�y introduced semileptonic decays and their kinematics, we will now discuss the
main theoretical tools used to describe them. We will then present in more detail the theoretical
frameworks describing exclusive and inclusive decays.
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2.3.1 Theoretical methods

Heavy quark methods

Since the 1980s, an extensive e�ort has been dedicated to methods relying on the fact that the
b quark mass mb � 4:2 GeV11 [24] is much larger than the QCD scale� QCD = O(100) MeV
which allows one to expand the QCD matrix elements in powers of� QCD =mb. This principle is
particularly suited to B decays but is also applicable toD decays even though the charm quark
is lighter than the beauty quark.

Based on this idea, an e�ective �eld theory, known as theheavy quark e�ective theory(HQET) [25]
can be used to simplify the QCD Lagrangian given in equation 2.4. For a heavy �eldQ with
massmQ , its kinematic part can be written as

L QCD = �Qi =DQ � mQ �QQ; (2.52)

where the covariant derivative is D � = @� + igsAa
�

� a

2 . The heavy quark momentum pQ can be
decomposed as

pQ = mQv + k; (2.53)

where v is the four-velocity of the quark and k = O(� QCD ) is its residual momentum, which
can be changed by interactions of the quark with soft partons in the hadron, also referred to as
light degrees of freedom. The heavy �eld Q is decomposed as

hv(x) = eim Q v�x 1 + =v
2

Q(x); (2.54)

Hv(x) = eim Q v�x 1 � =v
2

Q(x) (2.55)

and thus
Q(x) = e� im Q v�x (hv(x) + Hv(x)) : (2.56)

In addition, we de�ne
D �

T = D � � v� v � D ) =D = =vv � D + =D T : (2.57)

By plugging in equations 2.56 and 2.57 in 2.52, the QCD Lagrangian can be rewritten

L HQET = �hv iv � Dh v � �Hv(iv � D + 2mQ)Hv + �hv i =D T Hv + �Hv i =D T hv : (2.58)

Since the �eld Hv is given a mass2mQ in this Lagrangian, in the limit where mQ is taken
as in�nite, Hv can be integrated out in a similar way to the W boson in the weak e�ective
Hamiltonian. Therefore, at leading order in the HQET

L HQET = �hv iv � Dh v : (2.59)

In HQET, the heavy-quark �eld can be seen as a static source colour �eld surrounded by a brown
muck of soft partons which induce small corrections. Since the HQET Lagrangian at leading
order doesn't depend on any mass term, a new symmetry is exhibited, the heavy-�avour symme-
try, in which all heavy-quark �elds are equivalent, implying that the b and c quarks have exactly
the same dynamics. Furthermore, as no
 -matrices appear in v � D , the leading order term of
the HQET Lagrangian is purely scalar. Thus, the heavy-quark spin decouples which exhibits

11 In the MS renormalisation scheme. Renormalisation schemes are not discussed in this thesis. They are de�ned
as sets of prescriptions used to �x the counterterms in renormalisation. The MS scheme is one of the most popular
schemes, especially for QCD. It was introduced by Gerard 't Hooft and Steven Weinberg [22, 23]. The b quark
mass and other parameters are de�ned in speci�c renormalisation schemes but for the sake of simplicity, the
scheme will not be made explicit every time a parameter is used.
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another symmetry, the heavy-quark spin symmetry. These symmetries were �rst formulated in
a famous paper by Isgur and Wise [26]. Additional power suppressed terms ofL HQET break
these symmetries. HQET principles are particularly useful when computing matrix elements for
resonant semileptonic decays.

The heavy quark expansion(HQE) is a related method, developed mainly for inclusive de-
cays [27, 28]. Starting from the optical theorem, the semileptonic decay rate of aB (or D to a
lesser extent) can be related to the forward matrix element of a scattering amplitude:

� = Im
Z

d4x hB (pb)j T [H e� (x)H e� (0)] jB (pB )i ; (2.60)

where T represents the time-ordered product which can be written as anoperator product ex-
pansion (OPE) such that

Z
d4xT [H e� (x)H e� (0)] =

X

n;i

1
mn

b
Cn;i On+3 ;i ; (2.61)

whereOn+3 ;i are a set of operators which encode the non-perturbative QCD e�ects and theCn;i

are Wilson coe�cients which are calculable in perturbation theory at di�erent orders in � s. At
n = 0 , the HQE decay rate represents the decay rate of a freeb quark. At n = 1 , all operators
can be related to n � 2 operators and thus the contribution of order 1=mb can be eliminated.
At n � 2, a plethora of non-perturbative operators contribute. These are known at the �rst
few orders in 1=mb and � s for inclusive B ! X c`� decays as summarised in Table 2.2. Because
of the non-perturbative character of the OPE, experimental input is crucial to obtain precise
values of its parameters.

Lattice QCD

Lattice QCD (LQCD) is a framework developed to perform non-perturbative quantum �eld
theory calculations [29]. The idea of LQCD resides in formulating correlation functions of QCD
operators on a discrete Euclidean space-time. This formulation of QCD on a grid can then be
simulated using computer algorithms. To obtain precise values of QCD observables via this
method, various LQCD parameters can be tuned, such as the grid size and spacing, as well as
the quark bare masses. However, when reaching high precision levels, LQCD becomes extremely
expensive in terms of computing resources and its success has been made possible by progress
in computing power. In the context of semileptonic B decays, LQCD proves particularly useful
for the calculation of form factors for resonant modes, as will be discussed later in this section.

2.3.2 Exclusive semileptonic B ! X c`� decays

We will now present the theoretical details of the most commonB ! X c`� resonant channels.
The masses, widths and strong decays of theD , D � and D �� mesons are summarised in Fig-
ure 2.8. For the B ! X c`� resonant decays, it is useful to de�ne the recoil parameterw such
that

w =
m2

B + m2
D � q2

2mB mD
; (2.62)

where mD is the mass of the charm meson (D , D � or D �� ).
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Figure 2.8: Strong decays of the radially excited charm mesons. The four1P
states are referred to asD �� . D and D � are the two 1S states. The style of the
decay lines indicates the orbital angular momentum of the partial wave. The grey
bands indicate the measured widths of each excited state. They-axis represents

the mass of the meson.

B ! D (� ) `� decays

In their most general form, the B ! D (� ) transition matrix elements can be written as functions
of the B and D (� ) meson velocities,v and v0 respectively, such that [20, 30]

hD(v0)j �c
 � bj �B (v)i
p

mB mD
= h+ (v + v0) � + h� (v � v0) � ; (2.63)

hD � (v0; � )j �c
 � bj �B (v)i
p

mB mD �
= ih V " ���� � � � v0� v� ; (2.64)

hD � (v0; � )j �c
 � 
 5bj �B (v)i
p

mB mD �
= hA 1 (w + 1) � � � � (hA 2 v� + hA 3 v0

� )� � � v; (2.65)

where � is the D � polarisation, h+ and h� are two B ! D form factors and hV , hA 1 , hA 2

and hA 3 are four B ! D � form factors. All six form factors are functions of w. For decays
to pseudoscalar mesons such asD, only the vector current contributes to the matrix element.
There exist alternative parametrisations of B ! D (� ) form factors which can be related to each
other. For instance, the B ! D matrix element is often expressed as a function ofq2 in which
case it depends on two form factors labelledf + and f 0 and the B ! D � matrix elements can
be expressed in the helicity basis in which case they depend on three form factors,f , g and
F1. When relevant, we will collectively refer to these �ve functions asf i . The di�erential decay
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rates as a function ofw read

d�( B ! D`� )
dw

=
G2

F

48� 3 jVcbj2(mB + mD )2m3
D (w2 � 1)3=2� 2

EW jG(w)j2; (2.66)

d�( B ! D � `� )
dw

=
G2

F m5
B

48� 3 jVcbj2(w2 � 1)1=2P(w)� 2
EW jF (w)j2; (2.67)

where G and F are expressed in terms ofw, mD � , mB and the form factors de�ned in Equa-
tions 2.63 to 2.65. P is a phase-space factor expressed in terms ofw, mD � and mB . The
form factors are non-perturbative functions and there exist various ways to compute them. A
common way to derive theB ! D (� ) `� form factors is to use the model-independent parametri-
sation introduced by Boyd, Grinstein and Lebed (BGL)12 [30] in which the �ve functions f i are
expressed in an expansion of the form

f i (z) =
1

Pi (z)� i (z)

1X

n=0

ai;n zn (2.68)

where z corresponds to a mapping ofw such that

z =

p
w + 1 �

p
2

p
w + 1 +

p
2

(2.69)

and Pi and � i are the so-called Blaschke factors and outer functions,ai;n are numerical coe�-
cients which can be determined from �ts to data and/or LQCD constraints. See for example
Refs. [32] and [33] for recent determinations of these coe�cients using Belle and Belle II data.
Each expansion in Equation 2.68 is truncated at a �xed order, usually between order two and
four. Higher truncation orders ensure a better convergence of the series but a large number of
free parameters can complicate �ts to data. The normalisation of the form factors i:e:, their
value at zero recoilw = 0 , needs to be determined separately using HQET or LQCD. The BGL
parametrisation yields a constraint on the form factor parameters such that

1X

n=0

a2
i;n < 1: (2.70)

Because of this additional constraint and because of unknown pole terms introduced by the
BGL de�nition of the Blaschke factors and outer functions, the BCL parametrisation presented
in Section 2.3.3 is being preferred for current studies ofB ! D`� decays [34]. The form factors
can also be derived using the HQET directly. In this case, the hadronic matrix elements can
be expanded in powers of� QCD =mb, � QCD =mc and � s and the form factors are expressed in
terms of Isgur-Wise functions [35]. The expansion introduced by Bernlochner, Ligeti, Papucci,
Robinson, Xiong and Prim (BLPRXP) [36] adds a supplemental power counting based on a chiral
symmetry breaking parameter. The total set of Isgur-Wise functions needed up to second order
in HQET is reduced and constrained by this additional expansion. The BLPRXP framework is
particularly useful as it allows a simultaneous �t of B ! D`� and B ! D � `� data.

B ! D �� `� decays

While the D and D � mesons have orbital angular momentumL = 0 , there exist four orbitally
excited states with L = 1 , collectively referred to asD �� . Two of them, D �

0 with total angular
momentum J = 0 and D �

1 (or D 0
1) with J = 1 , are relatively broad resonances, whereas the other

two, D1 with J = 1 and D �
2 with J = 2 , have much narrower widths. There also exist two states

12 The parametrisation developed by Caprini, Lellouch, and Neubert [31] (CLN) uses a similar method together
with relations in the HQE. This method will not be discussed here as it is considered to have been superseded.
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with L = 2 but the semileptonic decays to these states are not very well understood and they are
therefore not discussed here. The masses, widths and decays of radially excited charm mesons
are summarised in Figure 2.8. Similarly to theB ! D (� ) case, theB ! D �� `� matrix elements
are expressed in terms of form factors which can be expanded in HQET as functions of Isgur-
Wise functions [37]. The total number of Isgur-Wise functions increases signi�cantly beyond
the leading order in HQET, each one being a function of the recoil parameterw. Because the
resulting form factor expressions cannot be constrained by the available data, approximations
have to be made. For instance, the Isgur-Wise functions can be expanded in powers ofw
or treated as constant parameters rather than functions. These simpli�cations allow one to
express the broad (narrow)B ! D �� form factors in terms of three (four) parameters, which
were determined by �ts to Belle and BaBar data in Ref. [37]. This model is referred to as the
Bernlochner, Ligeti, Robinson (BLR) model. In the measurement presented in this manuscript,
the parameters de�ned by approximation C of the BLR model are used to simulateB ! D �� `�
decays.

2.3.3 Exclusive semileptonic B ! X u`� decays

B ! �`� decays

SemileptonicB decays to a pion allow nowadays one of the most precise determinations ofjVubj.
Denoting the pion momentum p and the leptonic system momentum q, the B ! � matrix
element can be written as [38]

h� j �u
 � bjB i =

 

2p� + q� � q�
m2

B � m2
�

q2

!

f + (q2) + q�
m2

B � m2
�

q2 f 0(q2); (2.71)

where f + and f 0 are the vector and scalar form factors, respectively. For light leptons, thef 0

contribution can be neglected and the di�erential decay rate is therefore expressed as

d�
dq2 =

G2
F jVubj2

192� 3m3
B

� 3=2(q2)jf + (q2)j2; (2.72)

where � (q2) = ( m2
B + m2

� � q2)2 � 4m2
B m2

� . Using the Bourrely, Caprini, Lellouch (BCL)
parametrisation, the two form factors can be expanded in a similar way as theB ! D (� ) form
factors as shown in Equation 2.68. With respective truncation ordersN+ and N0, the two form
factors are therefore expressed as

f + (q2) =
1

1 � q2=m2
B �

N+ � 1X

n=0

a+
n

�
zn � (� 1)n� N+

n
N+

zN+

�
; (2.73)

f 0(q2) =
N0 � 1X

n=0

a0
nzn ; (2.74)

where mB � represents the mass of theB � pole in the expansion andan are non-perturbative
numerical coe�cients. The latter can be determined by �ts to data or LQCD predictions. The
most recent average of these coe�cients was calculated by the Flavour Lattice Averaging Group
(FLAG) in an expansion N+ = N0 = 3 [39]. This results in �ve coe�cients, the parameter a0

2
being �xed by the f + (q2 = 0) = f 0(q2 = 0) constraint.

B ! �`� and B ! !`� decays

jVubj can also be measured via decays to vector mesons, such as� and ! . In that case, both
the axial and vector currents contribute to the matrix elements such that, for vector V with
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momentum pV , massmV and polarisation " [40]

hV j �u
 � bjB i =
icV V1� ���� " �

� (pB + pV ) � q�

mB + mV
; (2.75)

hV j �u
 � 
 5bjB i = cV

�
A1(mB + mV )" � � � A2

(pB + pV ) � " � � q
mB + mV

+
" � � qq�

q2 [A2(mB � mV ) � A1(mB + mV ) + 2 mV A0]
�

; (2.76)

where cV = 1=
p

2 for � 0 and ! 0 and cV = 1 for � � and V , A0, A1 and A2 are form factors
parametrising the matrix element and depending onq2. It is usually convenient to rede�ne the
form factors in the helicity basis f H+ ; H � ; H0; Hsg such that

H � (q2) =
2mB j~pV jV1

mB + mV
� (mB + mV )A1; (2.77)

H0(q2) =
8mB mVp

q2

 
j~pV j2mB

4mV (mB + mV )
A2 �

(m2
B � m2

V � q2)(B + mV )
16mB mV

A1

!

; (2.78)

Hs(q2) =
2mB mVp

q2
A0: (2.79)

In this basis, the di�erential decay rate for B ! V `� transitions is

d�
dq2 =

G2
F jVubj2c2

V

96� 3 j~pV j
q2

m2
B

 

1 �
m2

`

q2

! 2

�

" 

1 +
m2

`

2q2

!

(H 2
+ (q2) + H 2

� (q2) + H 2
0 (q2)) +

3m2
`

2q2 H 2
s (q2)

#

: (2.80)

Similarly to the B ! � case, the form factors can be expanded in thez parameter using the
BCL parametrisation. In Ref. [40], the Bharucha, Straub, Zwicky (BSZ) parametrisation [41], a
modi�ed variation of BCL, is used to �t the decay rates to combined Belle and BaBar data and
LCSR constraints to extract the 11 BSZ parameters. The� meson decays almost exclusively to
pairs of pions, whereas! mostly decays to3� but can also decay to� + � � . The � � ! interference
plays an important role in the study of the B ! � + � � `� channel. In addition, because of its
relatively large width, the � lineshape must be taken into account in measurements of the
B ! �`� branching fraction. In the inclusive measurement discussed in this thesis, these e�ects
play only a negligible role.

B ! �`� and B ! � 0̀ � decays

The di�erential decay rate of B ! �`� and B ! � 0̀ � decays can be expressed in a similar way
to the decay rate of B ! �`� (Equation 2.72):

d�
dq2 =

G2
F jVubj2

192� 3m3
B

� 3=2(q2)jf +
B� ( 0) (q

2)j2; (2.81)

where the � function is de�ned for the � and � 0 masses. The simplest parametrisation of thef +

form factor gives

f +
B� ( 0) (q

2) =
f +

B� ( 0) (0)

(1 � q2=m2
B )(1 � � +

B� ( 0) q2=m2
B )

; (2.82)
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where � + is a parameter which can be determined from a �t to external data. In Ref. [42],
the form factor value at q2 = 0 and its q2-dependence for� and � 0 were calculated using QCD
light-cone sum rules [43]. A �t of Equation 2.82 to the resulting form factors �xes the values of
� +

B� and � +
B� 0.

2.3.4 Inclusive semileptonic B ! X c`� decays

Inclusive semileptonic decays to charm mesons are described in the heavy quark expansion
(HQE) framework, which was presented in Section 2.3.1. It is important to note that predictions
of inclusive B ! X c`� decay rates rely on the quark-hadron duality assumption which states
that predictions made at the parton level over su�ciently large portions of the phase-space
should yield reliable predictions of hadronic observables within the uncertainties related to the
limitations of the theory, such as the �nite order expansion [44]. Following Equations 2.60
and 2.61, theB ! X c`� decay rate can schematically be expressed as:

d� n =
X

i

Cn;i hB jOn+3 ;i jB i = d� 0 +
1

m2
b
d� 2 +

1
m3

b
d� 3 + ::: (2.83)

wherehB jOn+3 ;i jB i are non-perturbative matrix elements which need to be extracted from data.
For instance, at second order, two matrix elements contribute. They can be expressed using
non-perturbative parameters � 2

� and � 2
G such that [45, 46]

2mB � 2
� = � h B j�bv(iD )2bv jB i ; (2.84)

2mB � 2
G = hB j�bv(� i� �� )( iD � )( iD � )bv jB i ; (2.85)

where D is the covariant derivative and the b quark �eld is rede�ned in a similar way to Equa-
tion 2.56, bv(x) = exp( im bv � x)b(x). At third order in the operator product expansion (OPE),
two more matrix elements contribute. At higher orders in (1=mb)n , the number of matrix ele-
ments increases drastically, with nine atn = 4 and 18 atn = 5 . However, since the parameterv is
introduced arti�cially, quantities invariant under the in�nitesimal transformation v� ! v� + �v �

can be introduced [47]. This reparametrisation invariance allows one to relate di�erent orders
in the OPE and therefore reduce the number of independent operators. For example, at1=m5

b,
only 10 independent operators are found. The HQE parameters can be determined from mea-
surements of the kinematic moments ofB ! X c`� decays. The most general de�nition of the
kth moment of inclusive decays is given by

hM k [w]i =
Z

d� f k
w(v; p` ; p� )H �� L �� ; (2.86)

where the the hadronic and leptonic tensors,H and L are integrated over the decay phase-space
d� and f w is a weight function. The decay rate prediction can be recovered by choosingf w = 1 ,
whereas theq2 moments can be computed by choosingf w = q2. The normalised q2 moments
are therefore de�ned for an experimental selectionq2

cut such that

h(q2)k i q2 � q2
cut

�
Z

q2
cut

dq2(q2)n d�
dq2

, Z

q2
cut

dq2 d�
dq2 : (2.87)

The q2 moments were measured by the Belle and Belle II experiments [48, 49] which allows for the
simultaneous determination of the HQE non-perturbative parameters andVcb [50]. Predictions
for the decay rate and theq2 moments are available up to(1=m4

b) at tree level in QCD. However,
higher order corrections in� s are sizeable and have therefore been computed. The current status
of known perturbative corrections is summarised in Table 2.2.
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� / h(q2)k i tree � s � 2
s � 3

s
Partonic X X X X
1=m2

b X X
1=m3

b X X
1=m4

b X

Table 2.2: Summary of currently known HQE parameters for theB semileptonic
decay rate at di�erent orders in 1=mb and � s. The green check marks indicate
the corrections known for the decay rate and theq2 moments, whereas the blue
check mark indicates the correction known only for the decay rate. Taken from

Ref. [51].

2.3.5 Inclusive semileptonic B ! X u`� decays

It is, in principle, possible to use the OPE presented above to describe semileptonic charmlessB
decays. However, sincejVcbj2 is about two orders of magnitude abovejVubj2, these types of pro-
cesses are overwhelmed byB ! X c`� decays in experimental measurements. Historically, this
has required the application of tight kinematic selections using the fact that charmless decays
are expected to dominate in the low hadronic mass region and in the highE` and q2 regions
where B ! X c`� decays are kinematically forbidden. For instance, because the lightest charm
meson has a mass close to 1.8 GeV, selecting decays withM X < 1:7 GeV rejects B ! X c`�
decays very e�ciently. The di�erences between B ! X c`� and B ! X u`� decays are illustrated
in Figure 2.9 by comparing predicted distributions of E B

` , q2 and M X .

The downside of such selections is that they break the inclusivity requirement of the OPE,
which can therefore not be used [52]. Instead, predictions of di�erential decay rates are neces-
sary. The main di�culty in building a consistent theoretical description of the B ! X u`� decay
rate is that it is sensitive to the shape function F . The shape function is a non-perturbative
object which can be interpreted as a description of theb quark motion inside the B meson and is
therefore a function of the residual momentumk of the b quark. Decay rate predictions are par-
ticularly sensitive to the shape function in restricted regions of phase space. The key di�erence
with B ! X c`� decays is therefore that instead of a description based on a limited number of
power-suppressed non-perturbative matrix elements, theB ! X u`� decay description includes
an unknown function already at leading order in the HQE. Even though the shape function
cannot be expressed analytically, it is known to be universal toB decays and can therefore be
extracted from B ! X s
 decays [53]. In fact, at tree level and leading order in the HQE, the
photon energy spectrum is directly proportional to the shape function [54]. With this idea in
mind, the SIMBA collaboration proposed to perform a global �t of B ! X s
 and B ! X u`�
data to simultaneously extract the shape function and jVubj using a model-independent ap-
proach [55, 56]. Alternatively, Ref. [57] describes a parametrisation of the shape function using
neural networks. In both of these approaches, the shape function is constrained by its moments
M n , which are related to the heavy-quark parameter expansion such that [58]

M n �
Z

dk kn F (k); (2.88)

M 0 = 1 ; (2.89)

M 1 = mB � mb = �� ; (2.90)

M 2 = �� 2 �
� 1

3
; (2.91)

M 3 = �� 3 � � 1
�� +

� 1

3
; ::: (2.92)
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Figure 2.9: Histograms of E B
` (top left), q2 (top right) and M X (bottom) dis-

tributions of simulated B ! X u `� (purple) and B ! X c`� (blue) decays. The
two histograms are normalised to the same area. The shaded regions are excluded
in the experimental studies described in Chapter 5. A requirement thatE B

` > 1
GeV is applied to all decays.

where � 1 and � 1 are HQE matrix elements13. At order 1=mb in the HQE, additional subleading
shape functions appear but little is known about them except their �rst few moments.

Having introduced the most important features of B ! X u`� theoretical models, we present
in the following a few of the most common frameworks. For this discussion, it is useful to
de�ne the light-cone momenta P � = EX � j ~pX j, with EX and ~pX the hadronic system energy
and three-momentum. The di�erent regions discussed below can be illustrated in the(P+ ; P� )
plane as shown in Figure 2.10. The OPE region is characterised by the kinematic hierarchy
� QCD � P+ . P� . mB , whereas in the shape-function region,� QCD � P+ � P� . mB . In
the resonance region, where� QCD � P+ . P� � mB , the inclusive approach is no longer valid
because of the presence of individual resonances. Nevertheless, when the inclusive decay rate
is computed over su�ciently large phase-space regions, the quark-hadron duality holds and the
calculation including the resonance region can be performed.

13 � 1 is related to � 2
� by � 1 = � 2mB � 2

� and � 1 is one of the third order HQE matrix elements � 1 =
hB j�bv (iD � )( v � iD )( iD � )bv jB i .
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Figure 2.10: Illustration of di�erent relevant regions in the P � : P+ plane: the
OPE region in blue, the shape-function region in pink and the resonant region in

cyan.

De Fazio, Neubert

In the De Fazio, Neubert (DFN) model [59], the triple di�erential decay rate is expressed as a
function of the three parameters

x =
2E`

mb
; p̂2 =

p2
p

m2
b
; z =

2v � pp

mb
; (2.93)

where pp is the total parton momentum. The decay rate is de�ned as

d3�
dxdzdp̂2 = 12� 0

h
(1 + �x � z)(z � �x � p̂2)

m2
b

2
W1 + (1 � z + p̂2)

mb

2
W2

+
h
�x(z � �x) � p̂2

i mb

4

�
W3 + 2mbW4 + m2

bW5

�i
; (2.94)

where �x = 1 � x and � 0 is the lowest order total decay rate

� 0 =
G2

F jVubj2m5
b

192� 3 : (2.95)

The �ve Wi are structure functions necessary to describe the hadronic tensor, which encodes
the QCD dynamics of semileptonic decays. The structure functions are expressed up toO(� s)
such that

Wi (z; p̂2) = W (0)
i (z; p̂2) +

CF � s

4�
W (1)

i (z; p̂2) + O(� 2
s); (2.96)

where at leading order all functions vanish exceptW1 which reads m2
b

2 W (0)
1 = � (p̂2). The shape

function is de�ned as
F (k) = N (1 � k=��) ae(1+ a)k=�� (2.97)

where the parametera is de�ned such that � 2
� =3 = �� 2=(1+ a). The shape function can therefore

be de�ned for the set of parameters(mb; a) or ( �� ; � 2
� ). Incorporating all ingredients described

here, the DFN model yields predictions for triple, double and single di�erential spectra. The
lepton energy spectrum as predicted in the DFN framework is illustrated in Figure 2.11.
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Figure 2.11: The lepton energy spectrum as predicted by the DFN model. Each
dashed line corresponds to a prediction based on a di�erentb quark mass value:

4.65 GeV (red), 4.8 GeV (blue) and 4.95 GeV (green) [59].

Bosch, Lange, Neubert, Paz

The model developed by Bosch, Lange, Neubert and Paz (BLNP) [54, 60] relies on complex
theoretical technology to optimise the description of inclusiveB ! X u`� decays in the shape-
function region where the hadronic system energy is large while its mass is smalli:e: P+ � P� .
The BLNP model smoothly interpolates between the shape-function region and the OPE region
where hadronic kinematic variables are close to theB meson mass. In the OPE region, the
decay rate can be expressed in terms of local matrix elements, whereas in the shape-function
region, the non-perturbative physics is summed up in the shape function. The two regimes are
connected because, as outlined earlier, the shape function can be expressed in terms of HQE
operators. In both regions, an expansion in inverse powers ofmb is therefore used but since
the power-counting is di�erent in the two regimes, the connection is not straightforward. In the
shape-function region, di�erent energy scales are separated through QCD factorisation theorems
at each order in 1=mb. In the BLNP approach, the HQE expansion is e�ectively reorganised in
terms of hadronic kinematic variables instead of partonic variables which allows one to eliminate
any explicit dependency onmb

14. One of the key elements of the BLNP model is that it also
yields a prediction for the B ! X s
 photon energy spectrum. A �t of the predicted spectrum to
precise data would therefore allow the shape function to be determined, yielding high-accuracy
predictions of the partial B ! X u`� decay rate over any arbitrary phase-space region. We
outline in the following the main technical elements of the BLNP approach.

The triple di�erential rate is expressed as a function of P+ , P� and P` = mB � 2E` as

d3�
dP+ dP� dP`

=
G2

F jVubj2

16� 3 (mB � P+ )[(P� � P` )(mB � P� + P` � P+ )F1

+ ( mB � P� )(P� � P+ )F2 + ( P� � P` )(P` � P+ )F3]; (2.98)

where the function F1, F2 and F3 depend directly on the structure functions de�ned in Equa-
tion 2.94. At leading power and tree-level,F2 and F3 vanish, whereasF1 is equal to the leading
order shape function. At one-loop order,F2 doesn't contribute either. F1 and F3 on the other
hand can be expressed by separating e�ects contributing at di�erent energy scales: the hard

14 Note that the decay rate expressions are not free of mb terms since the �rst moment of the shape function
depends on this parameter.
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scale� mb, the jet scale �
q

mb� QCD and the soft scale� � QCD . In this context

F1;3 � H1;3J 
 S; (2.99)

where H and J and respectively the hard and jet function and S is the shape function. This
factorisation of hard, collinear and soft degrees of freedom is particularly useful as it allows the
application of the soft-collinear e�ective theory (SCET) [61] framework. By matching SCET pre-
dictions of the structure functions to full QCD predictions and HQET predictions, expressions
of H and J up to �rst order in � s are obtained. Additional subleading corrections contribute
to F1, F2 and F3. The �rst are kinematic power corrections, which are organised in powers
of 1=(mB � P+ ). In the BLNP model, these corrections are included up to second order. As
mentioned earlier, beyond the leading HQE order, additional subleading shape functions enter
the B ! X u`� decay rate. These functions contribute to the expressions ofF1 and F3 but since
they cannot be extracted from the B ! X s
 photon energy spectrum, they yield additional
theoretical uncertainties. At order (1=mb)2, another set of sub-subleading shape functions con-
tributes. The associated expressions are obtained by subtracting the leading and subleadingF i

contributions expanded in terms of their moments from the(1=mb)2 correction to the pure OPE
triple-di�erential B ! X u`� decay rate. These residual hadronic power corrections are therefore
suppressed by1=(mB � P+ )2 and depend on the leading order shape function and OPE param-
eters. The last contribution that must be taken into account stems from the weak annihilation
contribution to B ! X u`� decays. We discuss this e�ect in more detail in Section 2.3.5 below.
Since little is known about the weak annihilation contribution on both the experimental and
theoretical level, BLNP suggests to either add a related uncertainty on the total rate prediction
(and similarly on experimental determinations of jVubj) or to simply reject the high-q2 region
where weak annihilation is expected to contribute. In the BLNP model, three functional forms
of the shape function are proposed: an exponential-type, a Gaussian-type and a hyperbolic-type
function. They are motivated by the shape of the B ! X s
 photon energy spectrum and they
each depend on two parameters which can be tuned. However, the only known constraints on
the subleading shape functions are the expressions of their �rst moment and the fact that their
total normalisation vanishes. Based on this information, there is an in�nite number of possible
functions. BLNP chooses to express the subleading functions as the sum of the leading shape
function's �rst derivative and an arbitrary set of functions. The choices made for the leading
and subleading shape functions are varied to estimate related uncertainties. TheP+ spectrum
as predicted in the BLNP framework is shown in Figure 2.12.

Gambino, Giordano, Ossola, Uraltsev

The model developed by Gambino, Giordano, Ossola and Uraltsev (GGOU) [62] takes a di�erent
approach compared to the BLNP model as it avoids focusing on the region whereP+ � P� .
The di�erential decay rate is �rst de�ned as

d3�
dq2 dq0 dE`

=
G2

F jVubj2

8� 3

(

q2W1 �

"

2E 2
` � 2q0E` +

q2

2

#

W2 + q2(2E` � q0)W3

)

� �

 

q0 � E` �
q2

4E`

!

� (E` ) �
�
q2

�
�

�
q0 �

q
q2

�
; (2.100)

where q0 is the total leptonic energy and � are Heaviside functions. In this case, two of the
�ve structure functions are neglected since the charged lepton is considered to be massless. In
the following, q0 and q2 will be normalised such that q̂0 = q0=mb and q̂2 = q2=m2

b. The key
initial idea of the GGOU model is to split each structure function into a perturbative part and
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Figure 2.12: The P+ spectrum as predicted by the BLNP model. The black
solid line represents the leading-power prediction, the dashed line the �rst-order
power corrections, the dash-dotted line the second-order power corrections and

the red line the sum of all these contributions [60].

a power-suppressed non-perturbative part based on a cut-o�� 15 such that

Wi (q0; q2; � ) = mb(� )n i
h
W pert

i (q̂0; q̂2; � ) + W pow
i (q̂0; q̂2; � )

i
(2.101)

with n1;2 = � 1 and n3 = � 2. The W pow
i correspond to the OPE power corrections up to third

order. To be able to take the HQE parameters directly from �ts of B ! X c`� moments, the
kinetic renormalisation scheme is used. The cut-o� scale dependence cancels out when computing
inclusive quantities such as moments ofWi . The perturbative terms W pert

i are expanded up to
order O(� 2

s� 0) with � 0 = 11 � 2
3N f where the number of active �avours is set to N f = 3 (see

Equation 2.6). Furthermore, the structure functions can be expressed as

Wi (q0; q2) = mn i
b (� )

Z
dk Fi (k; q2; � ) W pert

i

"

q0 �
k
2

 

1 �
q2

mbmB

!

; q2; �

#

: (2.102)

Here, the three distribution functions Fi include the leading and subleading functions, which
makes them non-universal and therefore di�erent for each structure function. Since they are
de�ned to absorb all infrared e�ects below the scale � , they depend on this parameter. The
distribution functions can be constrained by matching Equation 2.102 to the OPE description
of the structure functions as de�ned in Equation 2.101. This results in an expression of each
structure function up to orders O(1=m3

b) and O(� 2
s� 0) which doesn't depend on� and where the

only arbitrary choice corresponds to the functional form of the distribution functions Fi . Ref. [62]
considers four two-parameter functional forms of the distribution functions � an exponential
form, a Gaussian form, a hyperbolic form and a Roman form � and multiplies them by a
distortion factor such that the distribution functions always match their moment constraints. An
uncertainty related to the choice of functional form is extracted by using the di�erent proposed
functions. Finally, the GGOU model carefully takes into account e�ects in the high-q2 region

15 In Ref. [62], � = 1 GeV is chosen for numerical results.
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where the OPE breaks down and where weak annihilation plays a non-negligible role. TheM 2
X

spectrum as predicted by the GGOU model is shown in Figure 2.13.

Figure 2.13: The M 2
X spectrum as predicted in the GGOU framework using

three di�erent functional forms for the distribution functions Fi [62].

Other models and additional considerations

In the jVubj measurement presented in this thesis, the DFN and BLNP frameworks are chosen to
model the B ! X u`� events. The GGOU calculation is not implemented in any event generator
but it is chosen by the Heavy Flavour Averaging Group (HFLAV) to quote a reference value
of jVubj [63]. Besides these three frameworks, other models have been developed to describe
inclusive B ! X u`� decays. Most notably, the Dressed Gluon Exponentiation (DGE) compu-
tation [64] relies on a resummation of the perturbation theory. The DGE model utilises the
momentum scale hierarchy in the semileptonic decays without introducing a momentum cut-o�.
The model developed by Aglietti, Di Lodovico, Ferrera and Ricciardi (ADFR) [65] also relies on
soft-gluon resummation and introduces an e�ective QCD coupling free from Landau singulari-
ties. The resummation methodology makes it possible to calculate the elements of the di�erential
decay rate, rather than parametrising them as in the models described above. However, since
no uncertainties are associated to the assumptions on which the more model-dependent DGE
and ADFR frameworks are based on, the BLNP and GGOU descriptions are deemed to be more
reliable. The BLNP, GGOU, DGE and ADFR frameworks are compared in Figure 2.14. Finally,
the framework presented in Ref. [58] computes theB ! X u`� di�erential decay rate at NNLO
and N3LL accuracy using SCET.

Two additional contributions to B ! X u`� decays must be mentioned: multi-hadron �nal states
and weak annihilation. The �rst one corresponds to non-resonant decays where the hadronic
�nal state is comprised of more than one hadron, such asB ! ��`� . In principle, this type of
decays are indirectly described by non-resonant models and do not require a separate treatment
for an inclusive measurement. However, they can represent important contributions for exclusive
measurements and therefore need to be studied precisely. One multi-hadron channel, namely
B ! KK`� , impacts inclusive charmless measurements directly. Since kaons are characteristic
of charm meson decays, they are usually rejected, thus removingB ! KK`� decays, which con-
tribute to the B ! X u`� rate through s�s fragmentation. In the measurement presented here,
an uncertainty related to this contribution is derived using hadronisation modelling parameters
but with the uncertainty on jVubj expected to decrease in the near future, it will become crucial
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Figure 2.14: Comparison of the hadronic mass (left) and lepton energy (right)
spectra as predicted by the DGE (red), GGOU (blue), BLNP (brown) and ADFR
(pink) models of inclusive B ! X u `� decays. All four spectra are computed with
a �xed set of inputs. Similarly to Figure 2.13, three GGOU predictions are shown
based on di�erent functional forms of the distribution functions. The lavender
and beige areas correspond to the regionsM X < 1:55 GeV, E ` < 1:9 GeV and
M X < 1:7 GeV, E ` < 2:0 GeV respectively. The �gures are taken from Ref. [66].

to estimate precisely the B ! KK`� decay rate. On the other hand, the weak annihilation
contribution to B ! X u`� decays arises at third order in the HQE in the form of four-quark
operators of the type [67�69]

OV � A = ( �b
 � uL )(�uL 
 � b);

OS� P = ( �buL )(�uL b): (2.103)

The weak annihilation contribution to the total decay rate can therefore be expressed as

� � =
1

12�
G2

F jVubj2f 2
B m2

bmB (B2 � B1); (2.104)

where f B is the B meson decay constant andB1 and B2 are de�ned such that

hB jOV � A jB i =
f 2

B mB

8
B1;

hB jOS� P jB i =
f 2

B mB

8
B2: (2.105)

Compared to other O(1=m3
b) contributions, weak annihilation is enhanced by a factor 16� 2.

Weak annihilation processes do not necessarily occur as an interaction between theb quark and
the valent u quark but could also be due to annihilation with a sea quark, as illustrated in
Figure 2.15. The neutral B channel could therefore yield a non-vanishing contribution, which
could even be larger than for the chargedB channel. If the matrix elements in Equation 2.105
are factorised and the vacuumj0i h0j is inserted, the two constants are expected to be equal �
B1 = B2 = 1 for B � , B1 = B2 = 0 for �B 0. The weak annihilation contribution would therefore
vanish but these assumptions are expected to break at roughly the 10% level. Furthermore, the
hadronic system is expected to be very soft, which would lead to the observation of a peaking
structure at high leptonic energies. It is, however, not straightforward to quantify precisely the
e�ect that weak annihilation has on the total decay rate and it is therefore usually included as
a source of theoretical uncertainty (except in the GGOU model, which accounts for the contri-
bution).
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Figure 2.15: Feynman diagrams of the weak annihilation contributions to B !
X u `� decays.

We motivated the modelling of non-resonantB ! X u`� decays by referring to the phase-space
cuts necessary to reduce the large background contamination. However, with machine learning
algorithms, it is now possible to isolate regions with high signal purity without tight selections
on kinematic variables. In fact, in the measurement presented in this manuscript, the only
kinematic selection applied to de�ne the nominal signal region is the requirement thatE B

` > 1
GeV. One could therefore imagine a measurement which doesn't rely on a speci�c model of the
inclusive tripe-di�erential decay rate but rather on the OPE directly, similarly to what is done
for inclusive B ! X c`� studies. Two main caveats, however, still make it necessary to use the
inclusive models. First, the non-resonant contribution to the inclusive B ! X u`� decay rate
is much larger than for the B ! X c`� decay rate. The relatively small gap between sum of
exclusive rates and inclusive rate forB ! X c`� decays is usually �lled with a set of resonant
modes16 which is not feasible for B ! X u`� decays. Second, the relatively largeB ! X c`�
decay rate and the clean data samples allow for a simultaneous extraction of OPE parameters
and jVcbj through a measurement of kinematic moments which, because of the limited event
yields and large backgrounds, could only be done with relatively low precision withB ! X u`�
decays. Directly measuring the inclusiveB ! X u`� branching fraction and extracting jVubj
from it, therefore, remains the optimal strategy.

2.4 Experimental overview

Over the past 25 years, the value ofjVubj has been measured several times using semileptonic
B decays, starting with measurements by the CLEO collaboration in the early 2000s. Since
then, b ! u transitions have been studied mostly atB factories even though measurements at
hadronic collider experiments such as LHCb were also performed (see next chapter for a more
detailed description of �avour physics experiments). The main advantage ofB factories is the
possibility to reconstruct the partner B meson, which helps determining precisely the kinematics
of semileptonic events despite the presence of an undetected neutrino and an inclusive hadronic
system. We give in this section an overview of existing measurements ofjVubj and discuss the
existing tension between the value extracted via exclusive and inclusive decays.

2.4.1 Exclusive B ! X u`� measurements

The value of jVubj has been measured through decays to� , � and ! with �ts to the B ! �`� q 2

spectrum yielding the most precise values. The four most precise measurements were performed
with data collected by the BaBar and Belle experiments. The two BaBar measurements were
untagged, meaning that the partner B meson was not reconstructed, thereby maximising the
available statistics for the measurements whereas Belle performed an untagged measurement and

16 Because thesegap modesare poorly known, the methodology is seriously questioned though this is not the
main focus of this thesis.
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a tagged measurement where the tag-sideB meson was reconstructed in its hadronic decays.
Using these four measurements, the HFLAV averages the extractedq2 spectrum and �ts it to the
BCL form factor parametrisation with additional lattice QCD constraints [63]. The obtained
jVubj average reads

jVubjB ! �`� = (3 :75� 0:06� 0:19) � 10� 3; (2.106)

where the �rst uncertainty is experimental and the second is theoretical. An untagged measure-
ment of the B ! �`� q 2 spectrum was recently performed by the Belle II collaboration [70] but
its results have not been included in the HFLAV averages. Measurements ofjVubj via decays
to vector mesons have also been performed by Belle and BaBar, though they yield less precise
measurements since� mesons decay to pairs of pions and! mesons mostly decay to three pions.
Besides the experimental challenges added by these multi-body decays, theoretical uncertainties
arise from the modelling of the � and ! lineshapes and interference e�ects between the two
modes [71]. When combined and averaged, the most precise measurements of theB ! �=!`�
q2 spectra yield [40]

jVubjB ! �`� = (2 :96� 0:29) � 10� 3;

jVubjB ! !`� = (2 :99� 0:35) � 10� 3: (2.107)

The two values are below theB ! �`� -extracted average by1 � 2� . Measurements ofjVubj
through B ! �=� 0̀ � decays yield far too large uncertainties to be competitive withB ! �`�
measurements. The LHCb collaboration reports two measurements of thejVubj=jVcbj ratio via
exclusive semileptonic decays of� b baryons and B 0

s mesons [72, 73]. Using the latest Particle
Data Group (PDG) [24] average value ofjVcbj = (41 :1 � 1:2) � 10� 3 and the average value of
jVubj=jVcbj from the two LHCb measurements, a value ofjVubj = (3 :43� 0:32)� 10� 3 is obtained.
The HFLAV includes in its jVubj � j Vcbj combined average the two LHCb results in addition to
B ! �`� measurements, whereas the PDG doesn't use the LHCb information, thus yielding
slightly di�erent averages:

jVubjexcl
HFLAV = (3 :43� 0:12) � 10� 3;

jVubjexcl
PDG = (3 :70� 0:16) � 10� 3: (2.108)

2.4.2 Inclusive B ! X u`� measurements

The Belle and BaBar collaborations have performed several tagged and untagged inclusive mea-
surements in di�erent phase-space regions. Each measurement is carried out assuming a speci�c
inclusive model and assigning uncertainties associated to this assumption. The resulting partial
branching fraction can then be extrapolated to a value ofjVubj valid over the full phase-space for
each available model. The latest BaBar analysis [74] measures a value of the inclusive branch-
ing fraction for four di�erent models, highlighting large discrepancies in the lepton momentum
modelling, especially in the endpoint region. The three theoretical frameworks chosen by the
HFLAV to extract jVubj are BLNP, DGE and GGOU, with the latter one used to quote the
nominal average. The values ofjVubj for each of these three models as measured by CLEO,
Babar and Belle studies are summarised in Table 50 in Ref. [63]. The averages of all these
measurements read

jVubj incl
BLNP = (4 :25� 0:13� 0:19) � 10� 3;

jVubj incl
DGE = (3 :87� 0:10� 0:10) � 10� 3;

jVubj incl
GGOU = (4 :06� 0:12� 0:11) � 10� 3; (2.109)
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where the �rst uncertainty is experimental and the second is theoretical. The PDG quotes
the arithmetic average of the three values from the 2021 HFLAV report [75] and increases the
uncertainty based on the spread of values from di�erent models:jVubj incl

PDG = (4 :13� 0:26)� 10� 3,
which di�ers only slightly from the latest nominal HFLAV average. It is interesting to note
that, even though the three values agree with each other within uncertainties, the theoretical
uncertainties largely di�er between models. The value of jVubj incl :

GGOU di�ers from the HFLAV
and PDG exclusive averages from Equation 2.108 by about 3.0 and1:4� respectively. The PDG
also quotes an averaged value ofjVubj, which reads

jVubjavg
PDG = (3 :82� 0:20) � 10� 3; (2.110)

where the uncertainty has been increased based on the� 2 value of the combined average.

2.4.3 Summary of B ! X u`� measurements

The CKM�tter group extracts an average value of jVubj from a global �t to the CKM unitarity
triangle using inputs from measurements of other CKM parameters but excluding inputs from
measurements ofjVubj [17]. The value obtained from this global �t reads

jVubjavg
CKMf =

�
3:67+0 :07

� 0:08

�
� 10� 3; (2.111)

which is closer to the values measured in exclusive measurements than in inclusive measure-
ments. We compare in Figure 2.16 constraints obtained by CKM�tter from tree-level quantities
using only input on jVubj from inclusive or exclusive decays. This comparison con�rms that the
global �t appears to favour the value of jVubj obtained from exclusive measurements.

The evolution over the past two decades of the exclusive and inclusive PDG averages is sum-
marised in Figure 2.17.

2.5 Additional remarks

A possible way to ease the tension between the inclusive and exclusive values ofjVubj would be
to introduce a small right-handed contribution in the hadronic current, such that [76]

H � = �u
 � PL b ! �u
 � PL b+ "R �u
 � PRb; (2.112)

where "R quanti�es the strength of the right-handed current. Such a current appears to be
favoured by inclusive and B ! �`� measurements but disfavoured by the� 0

b ! p�� measure-
ment (see Figure 4 in Ref. [72]). Measurements of angular variables inB ! �`� decays could
help shed light on a potential right-handed contribution.

Even though the focus of the study presented here is not on a measurement ofjVcbj, B ! X u`�
decays are largely dominated by background fromB ! X c`� decays. A precise understanding
of B ! X c`� decays is therefore essential for an accurate measurement ofjVubj. The inclusive
and exclusive values ofjVcbj disagree at the level of about3� (see Figure 25 in Ref. [63] for a
combined average ofjVubj and jVcbj). As of now, it is not yet clear why the OPE-extracted in-
clusive value di�ers from the exclusive value, which relies on relatively well-known form factors.
One possible explanation could come fromB meson decays to radially excitedD �� states and
multiple hadrons, which are not as well modelled as decays toD and D � mesons.

Given the experimental and theoretical challenges posed byB ! X u`� decays to light lep-
tons, decays to tau leptons have only marginally been studied. For the inclusive measurement
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Figure 2.16: Comparison of constraints on jVub j (green band) obtained from
exclusive (top) or inclusive (bottom) semileptonic decays. The black triangle is
the best CKM triangle obtained from the global �t. The grey band corresponds
to the constraint obtained on the angle 
 and the red and yellow circle marks the

overlap between thejVub j and 
 constraints. Taken from Ref. [17].

presented here, they would add a relatively small amount of data but would greatly complicate
the event reconstruction and treatment of systematic uncertainties. However,B ! X c� � modes
are currently under great scrutiny because of the3� discrepancy between the SM prediction and
the measurements of the ratiosR(D (� ) ) = B(B ! D (� ) � � )=B(B ! D (� ) `� ) with ` = e; � [63].

In this chapter, we only presented semileptonic decays as a means of measuringjVubj but purely
leptonic B decays represent the cleanest channel for such measurements. The only hadronic
input needed to measure theB � ! ` � � decay rate is theB meson decay constantf B which has
been determined by lattice QCD calculations to a precision level of about 0.7%. The downside
of leptonic decays is that they are helicity suppressed. Therefore, extremely large amounts of
data must be collected by experiments to reduce the uncertainty ofjVubj measured through
leptonic decays to the current level of precision obtained with semileptonic decays. As of now,
no measurement ofB(B � ! ` � � ) has ever crossed the5� threshold. If the Belle II experiment
or proposed future experiments such as FCC-ee or CEPC manage to collect su�ciently large
datasets, measurements ofjVubj via B ! � � or even B ! �� appear to be feasible.
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Figure 2.17: PDG averages of inclusive (purple points) and exclusive (cyan
points) jVub j values over the past 23 years. The latest averages are also shown
with purple and cyan bands. The latest CKM�tter extracted value is shown as a
blue band and the latest exclusive HFLAV average is shown as a pink band. The
latest HFLAV inclusive average di�ers only slightly from the PDG average and
is therefore not shown. The di�erence between the exclusive and inclusive PDG

averages is calculated by the author of this thesis. Adapted from Ref. [58].

2.6 Conclusion and role of the measurement

Measuring the nine CKM matrix element magnitudes to test the unitarity of the matrix repre-
sents a crucial precision test of the SM. As was highlighted in the previous sections, inclusive
and exclusive measurements ofjVubj yield signi�cantly di�erent values, resulting in one of the
largest relative uncertainty of all nine elements, which limits the precision of the CKM unitarity
test. In the context of the jVubj puzzle, the study presented in this manuscript therefore serves
one main purpose: to improve the precision of the measured value ofjVubj. To extract the value
of jVubj, we measure the partial branching fraction of inclusiveB ! X u`� decays. As high-
lighted throughout this chapter, there remain numerous open questions regarding the modelling
of inclusive B ! X u`� decays. Di�erent models employ various techniques to describe these
decays, resulting in di�erent determinations of jVubj, as shown in Equation 2.109. Moreover,
the choice of how to parametrise the shape function introduces additional uncertainty in predic-
tions. Experimental selections designed to suppress background contributions can further a�ect
the extracted value of jVubj as the applied cuts alter the kinematic phase space in which the
measurement is performed. The measurement described in this thesis aims to provide insights
into the determination of jVubj and the jVubj puzzle. We present a measurement of inclusive
B ! X u`� branching fractions in three phase-space regions de�ned by applying the following
sets of kinematic selections:

ˆ E B
` > 1 GeV,

ˆ E B
` > 1 GeV and M X > 1:7 GeV

ˆ E B
` > 1 GeV, M X > 1:7 GeV and q2 > 8 GeV2.

From each partial branching fraction � B measured over a given phase-space region, we extract
jVubj via

jVubj =

s
� B(B ! X u`� )

� B ��( B ! X u`� )
; (2.113)
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where � B is the B meson lifetime and �� is the partial decay rate predicted by a theoretical
calculation (excluding the jVubj2 factor) over the same phase-space region. We use partial decay
rates predicted by the BLNP, DGE and GGOU frameworks.
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Chapter 3

Experimental setup

� Never send a human to do a machine's job.�

Agent Smith

We give in this chapter an overview of the experimental apparatus which produced the dataset of
B meson decays used for the measurement presented in this thesis. We start by introducing the
concept ofB factory with a quick historical overview of such experiments and we highlight their
main advantages. We then present SuperKEKB, a complex accelerator facility which produces
and accelerates the electron and positron beams that are collided at the Belle II interaction point.
Finally, we detail the properties of the various components of the Belle II detector placed around
this interaction point and discuss the most important aspects of the Belle II software framework.

3.1 B factories

In the 1980's, the discovery of a longB meson lifetime andB 0� �B 0 mixing indicated that the idea
developed by Kobayashi and Maskawa [77], namely that three generations of quarks are needed
to introduce CP-violation, could be experimentally tested via B meson decays. Technological
developments during that decade made possible the study ofCP-violation by producing a large
number of B mesons from asymmetrice+ e� collisions at the � (4S) mass resonance as was
proposed in Ref. [78]. This concept led to the approval of the BaBar experiment1 placed at
the PEP-II electron-positron storage ring and the Belle experiment2 placed at the KEKB ring
in the early 1990s. Before these twoB factories were built, the CLEO detector, placed at the
Cornell Electron Storage Ring (CESR) and operational between 1979 and 2008, was redesigned
several times to optimise the early study ofB mesons.B meson decays have also been studied at
hadron colliders in the HERA-B experiment, for example and more recently at LHCb. However,
B factories present important advantages in the study of �avour and B physics:

ˆ The e+ e� ! �(4 S) cross-section� �(4 S) = 1 :1 nb [79] is sizeable compared to the cross-
section of e+ e� ! q�q with q 2 f u; d; s; cg, � q�q = 3 :7 nb. In the study of B decays,
background processes coming from such events (called continuum events) are therefore
kept to a reasonable level. By collecting data at a centre-of-mass energy slightly below the
� (4S) mass, light-quark pair events can also be studied. Thee+ e� ! hadrons cross-section
as a function of the centre-of-mass energy is summarised in Figure 3.1.

ˆ The environment is extremely clean as opposed to hadron colliders which allows the precise
reconstruction of both charged and neutral intermediate resonances. The low detector
occupancy allows for a high reconstruction e�ciency of B meson decays.

1Which obviously used the famous elephant as its mascot.
2Which sadly did not use the famous Disney princess as its mascot.
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Figure 3.1: e+ e� ! hadron cross-section as a function of the centre-of-mass en-
ergy as measured at the Cornell Electron Storage Ring by the Columbia University-
Stony Brook detector [81]. At B factories, the centre-of-mass energy is most com-
monly chosen to be the� (4S) resonance mass. Collisions around 60 MeV below

the � (4S) resonance provide data one+ e� ! q�q processes (q 2 f u; d; s; cg).

ˆ The precisely known initial state kinematics can be exploited to study decays with missing
particles as well as inclusive decays where one of the �nal state objects is not reconstructed.

ˆ One of the fundamental requirements of aB factory is the asymmetric energy of the
electron and positron beams. The boost of the subsequent neutralB mesons allows the
measurement of their time sequence and therefore of time-dependentCP-violation.

ˆ Finally, B factories allow the study of various types of heavy and light �avour decays such
as tau lepton decays or charm meson decays. Thee+ e� ! � + � � and e+ e� ! c�c cross-
sections are 0.9 nb and 1.3 nb respectively at the� (4S) centre-of-mass energy. Besides,
the measurement of thee+ e� ! � + � � cross-section leads to a precise determination of the
hadronic vacuum polarisation contribution to the muon anomalous magnetic moment [80].

The cross-sections of the most common products of ane+ e� collision at the � (4S) centre-of-mass
energy are summarised in Figure 3.2.

3.2 The SuperKEKB collider

The SuperKEKB accelerator [83], located in Tsukuba, Japan, is an upgrade of the KEKB project,
which operated between 1998 and 2010 and was used to collect the full Belle experiment dataset
of more than 1 ab� 1. SuperKEKB is an electron-positron collider with asymmetric beam energies
of Ee+ = 4 GeV for positrons and Ee� = 7 GeV for electrons. The two beams are sent in two
separate rings, which only cross at a speci�c interaction point, around which the Belle II detector
is placed. The centre-of-mass energy of thee+ e� collisions is given by:

p
s =

q
(Ee+ + Ee� )2 � (~pe+ + ~pe� )2 � 10:58GeV; (3.1)
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Figure 3.2: Cross-section of the most common �nal states produced by ane+ e�

collision at the � (4S) centre-of-mass energy [82].

where ~pe+ (~pe� ) is the three-momentum of the positron (electron). A schematic of SuperKEKB
is shown in Figure 3.3.

Figure 3.3: Schematic of the SuperKEKB accelerating facility. The Belle II
detector is placed at the interaction point. Taken from Ref. [83].

In order to improve on the then world record instantaneous luminosity of 2:1 � 1034 cm� 2s� 1

achieved by KEKB, the nano-beam schemeis applied at SuperKEKB. Let us de�ne the lumi-
nosity L as [83]

L =

 �

2ere

 

1 +
� �

y

� �
x

!  
I � � y�

� �
y

!  
RL

R� y

!

; (3.2)
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where the su�x � speci�es the positron (+ ) and electron (� ) beams;
 � , e and re are respectively
the Lorentz factors, the elementary charge and the electron classical radius;RL and R� y are
geometrical correction factors;� �

x;y are the horizontal and vertical beam sizes at the interaction
point; I � are the beam currents;� y� are the vertical beam-beam tune-shift parameters; and� �

y
is the vertical beta function at the interaction point. To increase the luminosity, several of these
beam parameters can be tuned but the nano-beam scheme focuses speci�cally on decreasing the
beta function � �

y . In head-on collisions, the size of� �
y is limited by the bunch length � z due to the

hourglass e�ect [24]. To mitigate this e�ect, the two beams collide at a large horizontal crossing
angle 2� = 2 � 41:5 mrad in the nano-beam scheme. In that case,� �

y is limited by the e�ective
bunch length d � � �

x=� and a larger crossing angle therefore leads to a higher instantaneous
luminosity. The hourglass e�ect and the nano-beam scheme are illustrated in Figure 3.4.

Figure 3.4: Vertical beam size comparison between KEKB and SuperKEKB
(top) and bunch collision illustration in the horizontal plane (bottom).

3.3 The Belle II detector

The Belle II detector is a cylindrical detector consisting of various sub-detectors, each with
a speci�c role in the reconstruction of the e+ e� collision products. The three-dimensional
Cartesian coordinate system used in the following is de�ned as follows: thez axis corresponds
to the symmetry axis of the solenoid pointing in the direction of the electron beam, they axis
corresponds to the vertical axis, pointing upwards and thex axis, perpendicular to the y and z
axes, points towards the outside of the accelerator ring. Thex � y plane is referred to as the
transverse plane. Belle II has a large solid angle acceptance, close to4� , and has the ability to
reconstruct and identify both charged and neutral particles with a momentum spanning between
50 MeV and a few GeV. In the following, a track is de�ned as a charged particle trajectory as
reconstructed from the successive energy deposits left by the particle in a region of the detector
and a cluster is de�ned as a collection of responses from a group of neighbouring detector units
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which can be produced by both charged and neutral particles. Charged particles which have a
long enough lifetime to travel through large sections of the detector consist ofe� , � � , � � , K � , p�

and 2H (deuterons). Final state neutral particles consist of
 , n and K 0
L . All other particles are

reconstructed as intermediate resonances. Starting from the innermost layer, Belle II consists of
the pixel detector (PXD), the silicon vertex detector (SVD), followed by the central drift chamber
(CDC), the time-of-propagation detector in the barrel region (TOP), the aerogel ring imaging
Cherenkov counterin the barrel and forward regions (ARICH), the electromagnetic calorimeter
(ECL), and �nally, the K 0

L � � system (KLM). The detector is illustrated in Figure 3.5. The
properties of all sub-detectors are detailed in this section.

Figure 3.5: Illustration of the Belle II detector

3.3.1 The Pixel Detector (PXD)

The PXD [84] consists of two layers of silicon pixeldepleted p-type �eld-e�ect (DEPFET) sensors
positioned at 14 mm and 22 mm from the interaction point, respectively. This type of sensors
is used in order to cope with the large levels of QED background produced by the beams. The
sensors are kept thin in order to reduce multiple scattering e�ects. The two layers are designed to
contain 8 and 12 ladders, respectively, with each ladder made up of two modules. Each module
comprises250� 768 pixels. For the data used for the analysis presented in this thesis, only two
ladders from the outer layer were employed to compensate for a dead module in the inner layer.
The hit e�ciency of most modules exceeds 98%, allowing for accurate vertex reconstruction
with an average spatial resolution of approximately 14� m. A view of the PXD in the transverse
plane is shown in Figure 3.6.

3.3.2 The Silicon Vertex Detector (SVD)

The SVD [85] is equipped with four layers of double-sided silicon-strip sensors positioned between
39 mm and 135 mm from the interaction point. These sensors operate by collecting the electron-
hole pairs generated through ionisation as a charged particle passes through the sensor. Strips on
the p-side and n-side collect the charges, and their perpendicular orientation allows for a precise
determination of the particle's coordinates. The detector provides full azimuthal coverage and
polar angle acceptance between17� and 150� . In the forward direction, the sensors on the three
outermost layers are trapezoidal and slanted towards the beam line. This helps improving the
acceptance for particles travelling in the forward direction and at the same time reduces the
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Figure 3.6: Schematic of the PXD in the transverse plane.

amount of material traversed by these particles. The hit e�ciency of the SVD exceeds 99.5%,
while its spatial resolution ranges from 18� m to 35 � m. The SVD is shown in Figure 3.7.

Figure 3.7: Illustration of the SVD. The PXD is placed inside the SVD.

3.3.3 The Central Drift Chamber (CDC)

The CDC [86] is the third component of the tracking system in Belle II. It operates by detecting
charged particles through the ionisation of a gas mixture of helium and ethane (He-C2H6). The
resulting electron avalanches are collected by 56 layers of wires, positioned between 168 mm and
1111 mm from the interaction point. The wires are arranged into two types: axial wires, which
are parallel to the beam axis, and stereo wires, which are oriented at a skewed angle relative
to the axial wires. These wires are grouped into axial and stereo superlayers, each containing
either 6 or 8 wire layers. The alternating arrangement of superlayers enables the reconstruction
of three-dimensional trajectories of particles. Charged tracks are bent in thex � y plane by
a magnetic �eld parallel to the beam axis and produced by a superconducting solenoid which
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