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(The Belle and Belle II Collaborations)

We report a measurement of the branching fraction for the leptonic decay B+ → µ+νµ. This
work presents the first B+ → µ+νµ result using Belle II data, an updated Belle measurement that
supersedes the previous result, and their combination, which yields the most precise search to date.
The analysis is based on 1076 fb−1 of e+e− collision data collected at a center-of-mass energy of
10.58GeV with the Belle and Belle II detectors at the KEKB and SuperKEKB colliders, respectively.
We measure B(B+ → µ+νµ) = (4.4 ± 1.9 ± 1.0) × 10−7, where the first uncertainty is statistical
and the second systematic. The observed significance relative to the background-only hypothesis is
2.4 standard deviations. We set a 90% confidence level upper limit of B(B+ → µ+νµ) < 6.7× 10−7

using a frequentist approach and a 90% credibility level upper limit of B(B+ → µ+νµ) < 7.2× 10−7

using a Bayesian approach. These are the most stringent limits to date. The result is interpreted as
an exclusion region in the parameter space of type II and type III two-Higgs-doublet models. We
search for stable sterile neutrinos with masses mN ∈ [0, 1.5]GeV. No signal is observed, and the
resulting exclusion on the squared mixing parameter |UµN |2 provides improvement over previous
limits. We report a measurement of the partial branching fraction of semileptonic B → Xuℓνℓ
decays with pBµ > 2.2GeV, obtaining ∆B(B → Xuℓνℓ) = (2.72 ± 0.05 ± 0.29) × 10−4. We present
a model-dependent study of weak annihilation decays using the muon momentum spectrum. We
observe a signal of 2.4 standard deviations above the background-only hypothesis in regions where
the distribution resembles that of B → Xuℓνℓ decays.

I. INTRODUCTION

Precision measurements of leptonic decays of B
mesons, such as B+ → µ+νµ, offer a unique way to
test the validity of the Standard Model (SM) of parti-
cle physics. In the SM the B+ → µ+νµ decay proceeds
via the annihilation of the constituent b̄ and u quarks
into a virtual W+ boson, which subsequently decays into
an anti-lepton and the corresponding neutrino,1 as illus-
trated by the tree-level Feynman diagram in Fig. 1 (a).

The SM branching fraction is given by

B(B+ → µ+νµ) =
G2

FmBm
2
µ

8π

(
1−

m2
µ

m2
B

)2

f2
B |Vub|2 τB+ ,

(1)
where GF is the Fermi constant, mµ is the muon
mass, mB = (5279.42± 0.08) MeV [1], fB =
(190.0± 1.3) MeV [2] and τB = (1.638± 0.004) ps [3]
are the B+ meson mass, decay constant and lifetime, and
Vub is the relevant CKM matrix element. The decay is
helicity suppressed and further suppressed by the small
magnitude of |Vub|. In the SM, the branching fraction of
B+ → µ+νµ is predicted to be

B(B+ → µ+νµ) = (4.18± 0.44)× 10−7 , (2)

using |Vub| = (3.82 ± 0.20) × 10−3, obtained from the
average of the world averages of inclusive and exclusive
determinations [1].

1 Charge conjugation and natural units c = ℏ = 1 are implied
throughout.

In the presence of new interactions or particles beyond
those in SM, the CKM and helicity suppression may be
lifted, as illustrated by Fig. 1 (b–d). The existence of a
charged Higgs boson, as predicted in many supersymmet-
ric extensions of the SM, could significantly modify the
branching fraction [4–6]. Similar effects may also arise
from leptoquarks [7]. Sterile neutrinos, as gauge singlets,
could be produced in B+ → µ+N decays via a non-SM
mediator, provided the sterile neutrino mass is smaller
than mB −mµ [8].

Experimentally, the study of the B+ → µ+νµ decay
is challenging due to its signature of a single muon and
the presence of missing energy due to the neutrino. The
most recent measurement of the leptonic B+ → µ+νµ de-
cay by Belle [9] reports a branching fraction of B(B+ →
µ+νµ) = (5.3±2.0±0.9)×10−7, where the errors denote
the statistical and systematic uncertainties, respectively,
with a reported significance of 2.8 standard deviations
above the background-only hypothesis.

In this paper, we improve the precision of the mea-
surement by combining Belle and Belle II data sets,
collected at the KEKB and SuperKEKB e+e− collid-
ers [10–12] from collisions at and near the Υ(4S) res-
onance. The Belle and Belle II samples correspond to
integrated luminosities of 711 fb−1 and 365 fb−1, respec-
tively. The Υ(4S) decays almost exclusively to BB̄
pairs. The corresponding numbers of Υ(4S) events are
(772 ± 10) × 106 and (387 ± 6) × 106, respectively, from
which the numbers of B meson pairs are determined as
NΥ(4S) × (f00 + f+−), where f00 and f+− are the frac-
tions of neutral and charged B pairs produced. Assuming
the branching fraction in Eq. 2, about 500 B+ → µ+νµ
decays are expected in the combined data set. To maxi-
mize efficiency, we employ an inclusive tagging approach.
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While hadronic and semileptonic tagging methods are, in
principle, applicable, they are not yet competitive given
the low number of expected decays. For the Belle mea-
surement, input parameters relevant to background mod-
eling, such as inclusive and exclusive branching fractions
and form factors, have been updated to improve the over-
all description of the data.

The signal B+ → µ+νµ decay is reconstructed by iden-
tifying a high-momentum muon. The remaining parti-
cles in the collision event, which include all reconstructed
charged particles and photons, define the rest of the event
(ROE) and are used to reconstruct the tag-side B meson.
Exploiting the back-to-back kinematics of Υ(4S) → BB̄
decays in the e+e− center-of-mass (c.m.) frame, the four-
momentum of the signal-side B is determined from the
tag-side reconstruction. This allows the analysis of the
muon in the approximate signal-B rest frame, where its
momentum shows a peak around the expected monochro-
matic value of pBµ = 2.64GeV from the two-body decay.

(a) (b)

(c) (d)

Figure 1: Tree-level Feynman diagrams for the B+ → µ+νµ
decay in the SM (a), and for potential beyond Standard Model
contributions mediated by a charged Higgs bosonH+ ((b),(c))
or a leptoquark LQ (d). Note the final-state sterile neutrino
N in cases (c) and (d).

The remainder of this paper is organized as follows:
Section II introduces the data sets, simulations, and ap-
plied corrections. Updates to the Belle samples from
the previously published analysis are detailed in Sec-
tion IIC. The overall analysis strategy, calibration of
the ROE, and methods used to suppress the background
from continuum processes are outlined in Section III.
The various analysis steps are validated using the con-
trol B+ → D̄0π+ decay, as discussed in Section IV. The
statistical methods used to determine the branching frac-
tion of the B+ → µ+νµ decay are presented in Section V,
followed by a discussion of systematic uncertainties in
Section VI. Additionally, the analysis allows for a precise
measurement of the partial branching fraction of semilep-
tonic B → Xuµ

+νµ decays at the kinematic endpoint
(pBµ > 2.2GeV) and provides sensitivity to weak annihi-
lation (WA) processes. This is discussed in Sections VIII

and IX, respectively. Finally, Section VII presents the
results, with our conclusions in Section X.

II. DETECTOR, SIMULATED SAMPLES AND
CORRECTIONS

A. Belle II Detector

The Belle and Belle II detectors are general-purpose
spectrometers. A detailed description of the Belle detec-
tor can be found in Refs. [9, 13]. In the following, a brief
overview of the Belle II detector is provided, with further
details available in Ref. [14].
The Belle II detector consists of several subdetec-

tors arranged cylindrically around the e+e− interaction
point [15]. Charged-particle trajectories (tracks) are
reconstructed using the vertex detector, comprising a
two-layer silicon-pixel detector (PXD) and a four-layer
double-sided silicon-strip detector (SVD) [16], together
with a 56-layer central drift chamber (CDC), which
also provides dE/dx measurements. For the analyzed
data, only one sixth of the second PXD layer was in-
stalled. Particle identification is achieved with a time-
of-propagation counter in the barrel region [17] and an
aerogel ring-imaging Cherenkov detector in the forward
endcap. Outside these, an electromagnetic calorimeter
(ECL) based on CsI(Tl) crystals measures the energy
and timing of electrons and photons. A superconducting
solenoid surrounds these components, providing a 1.5 T
magnetic field parallel to the electron beam, essential
for momentum and charge measurements. The outer-
most subsystem, the instrumented flux return, detects
K0

L mesons, muons, and neutrons using resistive-plate
chambers and plastic scintillator modules. The detector
is described in a right-handed Cartesian coordinate sys-
tem with the origin at the interaction point (IP). The
z-axis is defined as the Belle II solenoid axis, the x-axis
points outward, and the y-axis upward.

B. Belle II Simulation

Monte Carlo (MC) simulations are utilized to deter-
mine reconstruction efficiencies, to account for accep-
tance effects, to assess background contamination, and
to provide training samples for multivariate classifiers.
The simulation of B meson decays is performed using
EvtGen [18] interfaced to PYTHIA8 [19] and electromag-
netic final-state radiation is simulated using the PHOTOS
package [20] for all charged final-state particles. Interac-
tions of particles with the detector are simulated using
GEANT4 [21]. All recorded e+e− collision data and sim-
ulated events are reconstructed and analyzed with the
open-source basf2 framework [22, 23]. Templates in the
form of binned histograms are constructed from these
simulations to model the distributions of signal and back-
ground events. Unless stated otherwise, the template for
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B+ → µ+νµ decays is normalized to the expected num-
ber of events, assuming the branching fraction given by
Eq. 2. The backgrounds considered are B+ → µ+νµγ
decays; semileptonic b → u and b → c transitions;
other rare B decays; continuum processes e+e− → qq̄
where q = {u, d, s, c}; e+e− → ℓ+ℓ−(γ) processes with
ℓ = {e, µ, τ}; as well as e+e− → γγ(γ); and four fermion
processes e+e− → e+e−e+e− and e+e− → e+e−µ+µ−.
The simulation of the e+e− → qq̄ processes is performed
with KKMC [24], using PYTHIA8 for quark fragmentation.
The processes e+e− → µ+µ−(γ) and e+e− → τ+τ−(γ)
are also generated with KKMC, with τ decays handled by
TAUOLA [25]. Quantum electrodynamics (QED) processes
such as e+e− → e+e−(γ) and e+e− → γγ(γ) are sim-
ulated using BABAYAGA.NLO [26–30], while four-fermion
processes, e+e− → e+e−e+e− and e+e− → e+e−µ+µ−,
are modeled with AAFH [31–33].

At next-to-leading order in QED, the B+ → µ+νµ de-
cay can be accompanied by photon emission, either from
the final-state lepton or from the initial-state quarks.
The soft radiation from the final-state lepton is included
in the signal simulation using the PHOTOS package [20].
If the photon is instead emitted from the initial quarks,
the helicity suppression of the decay is lifted; however,
the rate is reduced by the fine structure constant, αem ≃
1/137. This contribution is denoted as B+ → µ+νµγ and
is treated as a separate background process. The most
precise measurement of this branching fraction is

∆B(B+ → µ+νµγ) = (1.00± 1.08)× 10−6 , (3)

for photons with energy EB
γ > 1.0GeV in the B meson

rest frame [34]. This result is extrapolated to the kine-
matic region EB

γ > 300MeV, using the model of Ref. [35]
and assuming negligible contributions below this thresh-
old, yielding

B(B+ → µ+νµγ) = (1.41± 1.51)× 10−6 . (4)

Semileptonic b → u transitions are simulated using sev-
eral exclusive channels and non-resonant contributions.
The exclusive decays B → πℓ+νℓ, B → ρℓ+νℓ, and
B+ → ωℓ+νℓ are modeled with the Bourrely–Caprini–
Lellouch (BCL) parametrization [36] as implemented in
the eFFORT package [37], using input parameters from
Ref. [38]. The B+ → ηℓ+νℓ and B+ → η′ℓ+νℓ channels
are described with light-cone sum rules from Ref. [39].
A hybrid approach [40] is adopted to combine the reso-
nant channels with the non-resonant B → Xuℓ

+νℓ contri-
bution while maintaining reliable modeling in the signal
region. The non-resonant contribution is described by
the De Fazio–Neubert (DFN) model [41], which incor-
porates the triple-differential decay rate into its shape-
function formalism to reproduce inclusive predictions.
The model has two free parameters: the b-quark mass
in the Kagan–Neubert scheme [42], mKN

b = 4.658+0.103
−0.200,

and the nonperturbative parameter aKN = 1.328+0.617
−0.704.

Their values were determined in Ref. [43] from a fit to
the spectral moments of B → Xcℓν̄ℓ and B → Xsγ de-
cays. Hadronization of the parton-level B → Xuℓν̄ℓ DFN

simulation is performed with PYTHIA8 [19], producing fi-
nal states containing two or more mesons. The hybrid
model is constructed in three kinematic variables: the
hadronic invariant mass MX , the squared momentum
transfer q2 = (pℓ + pν)

2, and the lepton energy in the
B meson rest frame EB

ℓ . The binning scheme is

MX = [0, 1.4, 1.6, 1.8, 2, 2.5, 3, 3.5] GeV ,

EB
ℓ = [0, 0.5, 1, 1.25, 1.5, 1.75, 2, 3] GeV ,

q2 = [0, 2.5, 5, 7.5, 10, 12.5, 15, 25] GeV2 .

Within this framework, the number of events in each bin
(i, j, k) in MX , Eℓ, and q2 is defined as

Hijk = Rijk + wijk · Iijk ,

where Rijk and Iijk denote the resonant and non-
resonant contributions, respectively. The weight factor
wijk is chosen such that the partial rate in each hybrid
bin Hijk is equal to the partial rate in each fully inclu-
sive bin Iijk, ensuring that the hybrid model is consistent
with the inclusive prediction.

In WA processes, initial-state gluon radiation produces
a bound state Xu, while the b and u quarks annihilate
into a virtual W boson that subsequently decays into
a lepton and a neutrino. The tree-level Feynman dia-
gram for this process is shown in Fig. 2. Such decays
can closely resemble B+ → µ+νµ events, and both their
kinematic distributions and their relative contribution to
the semileptonic b → u rate are poorly understood. Ex-
perimentally the relative contribution with respect to the
full B → Xuℓν̄ℓ rate is constrained to be below 7.4–13%
at 90% CL [44–46], whereas theoretical limits from D
and Ds decays estimate a relative contribution of the
order of 1–3% [47–50]. We model the WA decays as a
sequence of two-body decays, B+ → XuW followed by
W → ℓ+νℓ. The muon momentum spectrum pBµ in the B
meson rest frame is determined by the masses and widths
of the hadronic system Xu and the virtual W boson. An
admixture of two scenarios is considered: a flat distribu-
tion in pBµ , which arises from a broad spectrum of events

at low q2, and a peaking distribution, originating from
a narrow resonance-like structure at high q2. We imple-
ment a continuous interpolation between the two models,
controlled by a parameter α that scales their relative con-
tributions. Figure 3 shows the resulting pBµ spectra of this
model for flat (α = 0), peaking (α = 1), and intermediate
cases. The distribution from B+ → µ+νµ decays is also
shown for comparison. To convert the WA yields into a
branching fraction, the overall efficiency is expressed as

ϵ = ϵflat · (1− α) + ϵpeak · α,

where ϵflat and ϵpeak denote the efficiencies of the flat and
peaking components, respectively.

The b → c transitions are dominated by the ex-
clusive decays B → Dℓ+νℓ and B → D∗ℓ+νℓ,
which are modeled with the Boyd–Grinstein–Lebed
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Figure 2: Leading-order Feynman diagram for the WA pro-

cesses B+ WA→ Xuℓ
+νℓ. The hadronic system Xu is formed

through initial-state gluon radiation, while the charged lep-
ton and neutrino originate from the decay of the virtual W+

boson.
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Figure 3: Distribution of the muon momentum pBµ in the
B meson rest frame for the flat, peaking and intermediate

B+ WA→ Xuℓ
+νℓ models, with the transition between shapes

controlled by the parameter α, compared to that of B+ →
µ+νµ decays.

(BGL) parametrization [51–53], using input parame-
ters provided by the Heavy Flavor Averaging Group
(HFLAV) [3]. Decays to orbitally excited states, B →
D∗∗ℓ+νℓ with D∗∗ = {D∗

0 , D
′
1, D1, D

∗
2}, are described us-

ing heavy-quark–symmetry–based Bernlochner–Ligeti–
Robinson (BLR) form factors [54, 55]. The masses and
widths of the D∗∗ states are taken from Ref. [1], while the
branching fractions are fixed to the HFLAV values [3],
ensuring consistency with isospin-conjugated and other
hadronic B decays, following the prescription of Ref. [54].

To account for the difference between the inclusive
B → Xcℓ

+νℓ rate and the sum of measured exclusive
channels, we include “gap processes” modeled as inter-
mediate broad resonances within the BLR framework.
These serve only to ensure completeness and have negli-
gible impact in the signal region. Finally, we also account
for hadronic backgrounds from b → c transitions in this

contribution.
In addition to the dominant b → c and b → u tran-

sitions, we include rare hadronic processes, which are
mainly given by B+ → K0

Lπ
+ and B0 → K∗+

0 π− de-
cays.
The branching fractions for all decays are summarized

in Table I.

Table I: Branching fractions for various decays used in the
analysis [1, 3]. The WA branching fraction is taken as the
average of the model-independent limits reported in Refs. [44,
45], corresponding to (1± 7)% of the total B → Xuℓ

+νℓ rate.

Decay Process B0 B+

B → Dℓ+νℓ (2.12± 0.06)× 10−2 (2.21± 0.06)× 10−2

B → D∗ℓ+νℓ (4.90± 0.12)× 10−2 (5.53± 0.22)× 10−2

B+ → D̄0π+ (4.66± 0.14)× 10−3

B0 → D−π+ (2.48± 0.11)× 10−3

B+ → K0π+ (2.39± 0.06)× 10−5

B0 → K∗+
0 π− (3.3± 0.7)× 10−5

B+ → µ+νµγ (1.41± 1.51)× 10−6

B → πℓ+νℓ (1.50± 0.06)× 10−4 (7.80± 0.27)× 10−5

B → ρℓ+νℓ (2.94± 0.21)× 10−4 (1.58± 0.11)× 10−4

B+ → ωℓ+νℓ (1.19± 0.09)× 10−4

B+ → ηℓ+νℓ (3.5± 0.4)× 10−5

B+ → η′ℓ+νℓ (2.7± 0.7)× 10−5

B → Xuℓ
+νℓ (1.85± 0.20)× 10−3 (1.99± 0.22)× 10−3

B+ WA→ Xuℓ
+νℓ (1.99± 13.9)× 10−5

B+ → µ+νµ (4.18± 0.44)× 10−7

C. Updates to the Belle Simulation

Since the publication of the Belle result [9], several
branching fractions and external parameters have been
measured with improved precision [1, 3]. The simulated
Belle samples are therefore reweighted according to the
updated inputs and models, which have been aligned
with the Belle II analysis to ensure a consistent treat-
ment of common systematic uncertainties. The branch-
ing fraction of the B+ → µ+νµγ decay has been updated
to the value quoted in Eq. 4. For semileptonic b → c
transitions, in particular B → Dℓ+νℓ and B → D∗ℓ+νℓ,
the form factor parameters and corresponding branch-
ing fractions have been updated. Similarly, the branch-
ing fractions and form factor inputs for the dominant
semileptonic b → u transitions have been updated. In
addition, the modeling of inclusive B → Xuℓ

+νℓ decays
has been updated to use consistent input parameters.

III. EVENT SELECTION

A. Signal and Tag-side Reconstruction

The selection criteria for the Belle data remain un-
changed and are summarized in Ref. [9]. The Belle II
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analysis conceptually follows the same strategy and is
outlined below.

The signal-B meson is reconstructed by selecting a
muon with a momentum in the c.m. frame of the e+e−

collision within the range of 2.1 GeV < p∗µ < 3.4 GeV.

Here, and throughout the paper, quantities in the e+e−

center of mass frame are indicated by an asterisk. Muons
are identified using the likelihood ratio Pµ = Lµ/(Le +
Lµ+Lπ+LK+Lp+Ld), where the likelihood Li for each
charged-particle hypothesis (i = e, µ, π,K, p, d) combines
particle identification information from all detectors ex-
cept the silicon trackers. By construction, Pµ ranges
from zero to one. A requirement of Pµ > 0.99 is ap-
plied to ensure high-purity muon identification. Within
the specified momentum range, this requirement selects
85% of muons and removes 98.5% of particles that are
not muons. Additionally, the candidate must originate
from the IP, enforced through a constraint on the point
of closest approach along the beam axis |dz| < 2 cm, and
the transverse distance dr < 0.5 cm. Only events with
more than one charged track in the ROE are considered.
Each charged particle in the ROE is assigned its most-
likely mass hypothesis by selecting the particle species
that maximizes the respective particle-identification like-
lihood ratio. The resulting multiplicities of each par-
ticle type are then constrained to match the expected
distributions obtained from simulated Υ(4S) decays, en-
suring that the overall composition of particle species
in the ROE reflects the physical expectations. Charged
particles must satisfy the constraints |dz| < 3 cm and
dr < 0.5 cm, the transverse momentum requirement
pT > 100 MeV, and their energy E must not exceed
5.5 GeV. Furthermore, their trajectories must fall within
the acceptance of the CDC, 17◦ < θ < 150◦, where θ is
the polar angle. Photons, reconstructed as neutral clus-
ters in the ECL (energy deposits in the calorimeter not
associated with any charged particle track), are consid-
ered if they meet the energy requirement 0.075 GeV <
E < 5.5 GeV, and are within the CDC acceptance. To
ensure reliable reconstruction, only clusters from multiple
crystals are retained. Additionally, clusters are required
to satisfy the timing constraints |tcluster| < 200 ns and
|tcluster/σtcluster

| < 2.0, where tcluster denotes the differ-
ence between the photon timing and the event time, and
σtcluster

is the estimated timing resolution, defined to con-
tain approximately 99% of true photons. To correct for
discrepancies in photon reconstruction efficiency between
data and MC, photons are removed from the reconstruc-
tion with a probability of 1− w, where w is the ratio of
the efficiency in data to that in MC as determined with
control sample studies [56, 57].

The three-momentum of the tag-side B meson in the
laboratory frame is reconstructed as

p⃗ lab
tag =

∑
i∈charged

p⃗ lab
i +

∑
j∈γ

p⃗ lab
j , (5)

where p⃗ lab
i and p⃗ lab

j are the three-momenta of the
charged particles and photons in the ROE, respectively.

The tag-side energy is then obtained from

Elab
tag =

√∣∣p⃗ lab
tag

∣∣2 +m2
tag , (6)

using the reconstructed mass of the tag-side B meson
mtag. The normalized beam-constrained mass m̂tag

bc and

energy difference ∆Ê are defined as

m̂tag
bc =

√
s/4−

∣∣p⃗ ∗
tag

∣∣2
√
s/2

, (7)

∆Ê =
E∗

tag −
√
s/2

√
s/2

, (8)

where
√
s is the collision energy. Events must satisfy

m̂tag
bc > 0.964, −0.5 < ∆Ê < 0.1 , (9)

translating to an on-resonance requirement of mtag
bc =√

s/4−
∣∣p⃗ ∗

tag

∣∣2 greater than 5.10GeV and ∆E = E∗
tag −√

s/2 between −2.64GeV and 0.53GeV in the Υ(4S) rest
frame. These requirements retain 62% of reconstructed
signal events while effectively suppressing 99.99% of con-
tinuum processes.

B. Tag-side Momentum Calibration

Exploiting the two-body kinematics of the Υ(4S) →
BB̄ decay, the tag-side four-momentum is reconstructed
as

(p∗tag,constr.)i = (p∗tag)i ·
|p⃗ ∗

B |
|p⃗ ∗

tag|
, (10)

E∗
tag,constr. =

√
|p⃗ ∗

B |2 +m2
B , (11)

where |p⃗ ∗
B | denotes the momentum of a charged B meson

in the c.m. frame, with an expected value of 332MeV,
and with i ∈ {x, y, z}. The incomplete coverage of the
4π solid angle and the presence of unreconstructed par-
ticles such as neutrinos and K0

L mesons, limit the ROE
reconstruction, which in turn affect the resolution of the
muon momentum in the rest frame of the signal-B me-
son. To correct for these detector-level effects, a calibra-
tion function f is derived from simulated signal events.
This function maps the reconstructed pz component to
the mean of the corresponding simulated distribution, as
illustrated in Fig. 4.
The corrected pz component is then used to determine

the transverse momentum. An overall scaling factor ζ is
applied to minimize the difference between the corrected
and generated three-momentum D = |ζp⃗ ∗

corr. − p⃗ ∗
gen.|, re-

sulting in:

(p∗tag,opt.)z = ζ · f
[
(p∗tag,constr.)z

]
, (12)

(p∗tag,opt.)T = ζ ·
√(

(p∗tag,constr.)
)2 − (f [(p∗tag,constr.)z])2 ,

(13)
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Figure 4: Relation between the mean generated and recon-
structed values of the momentum component pz in each bin.
The difference between the Belle and Belle II distributions
stems from the different mass constraint enforced on the tag-
side B meson.

with (p∗tag,opt.)T denoting the transverse-momentum
component. The optimal scaling factor is found to be
ζ = 0.58 for the Belle data and ζ = 0.52 for the Belle II
data. The optimized momentum components are com-
bined with the energy component given by Eq. 11, al-
lowing for the reconstruction of the signal-B meson kine-
matics:

p∗sig =
(
E∗

tag,constr.,−p⃗ ∗
tag,opt.

)
. (14)

The signal muon momentum is boosted into the rest
frame of the signal-B meson, leading to a resolution im-
provement of about 7% and 6.4% for Belle and Belle II,
respectively, relative to the muon momentum in c.m.
frame. The corresponding distributions are shown in
Fig. 5.

C. Background Suppression

Background contributions from continuum processes
are suppressed using a multivariate classifier based on a
boosted decision tree (BDT) trained with the FastBDT
algorithm [58], using event-shape observables as input
variables (see e.g. Ref. [14]). These include the cosine of
the angle between the signal muon momentum and thrust
axis of the ROE, as well as harmonic moments of order
zero to five with respect to the thrust axis of the event.
The thrust axis is constructed from all tracks and neutral
clusters in the object and is defined as the direction that
maximizes the sum of the absolute values of the longitu-
dinal momenta of the particles in the object. Additional
input variables are the cosine of the polar angle of the
missing momentum, m̂tag

bc , ∆Ê, nine CLEO cones [59],
and sixteen modified Fox–Wolfram moments [60], which
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Figure 5: Muon momenta pBµ and p∗µ in the estimated signal-
B meson rest frame and in the c.m. frame, respectively, from
the Belle (top) and Belle II (bottom) data.

are constructed either exclusively from the ROE, denoted
as type oo, or from a combination of the ROE and the
signal-B meson, denoted as type so. The training process
proceeds in three stages.
First, a BDT is trained on the full set of 47 continuum-

suppression variables using the off-resonance data and
the signal MC. From this training, only the most impor-
tant variables are retained, with the off-resonance data
providing an unbiased representation of the continuum
background. The off-resonance samples correspond to
79 fb−1 and 42 fb−1 of collision data collected 60MeV be-
low the Υ(4S) resonance peak by the Belle and Belle II
detectors, respectively.
In the second stage, the selected suppression variables,

together with pBµ , are used to train a BDT with the
off-resonance data against the continuum MC to correct
for data–simulation differences. This BDT accounts for
mismodelling in the continuum sample generated at the
Υ(4S) c.m. energy relative to the below-resonance data,
taking into account the different collision energies. Its
output, CRW, is converted into an event weight [61]

w =
CRW

1− CRW
,
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which corrects both the shape and normalization of the
simulated continuum events. Figure 18 in Appendix B
shows the effect of this correction on a set of variables.

Before the final step, all selected variables are checked
for agreement between off-resonance data and simula-
tion. Variables that are highly discriminating but poorly
modeled are removed, and, if necessary, strongly corre-
lated alternatives are included to maintain the separation
power. Further, any variables that show a correlation of
more than 10% to pBµ are removed. This ensures that
the final BDT uses only variables that both maximize
signal–background discrimination and are reliably mod-
eled, while avoiding any sculpting of pBµ .

In the last stage, sixteen well-modeled and discrim-
inating variables are selected to train the continuum-
suppression BDT. The used variables are listed in Ap-
pendix A. The resulting classifier output score C and pBµ
for on-resonance data and simulation are shown in Fig. 6.

The B+ → µ+νµ branching fraction is extracted from
a binned maximum-likelihood fit to pBµ . The fit is per-
formed in predefined bins of the classifier output, cho-
sen to maximize the sensitivity by separating the signal-
enriched from the background-enriched categories.

The Belle analysis defined four mutually exclusive
categories (labeled as Category I–IV), consisting of
two signal-enriched and two background-enriched regions
used to constrain the b → u transitions and the con-
tinuum processes. These categories are retained in the
combined Belle and Belle II analysis.

For Belle II, a similar strategy is implemented to define
categories. A multi-dimensional grid search on the classi-
fier output C is used to define one signal-enriched region
and three background-enriched regions. Unlike the Belle
analysis, no further separation based on cos θBµ, where
θBµ is an angle-like variable defined by the calibrated
signal-B meson momentum in the c.m. frame and the
muon momentum in the B rest frame, is implemented
due to the lower integrated luminosity. The selected cat-
egories for Belle II are defined as:

Category V : 1.000 > C > 0.994,

Category VI : 0.994 > C > 0.986,

Category VII : 0.986 > C > 0.968,

Category VIII : 0.968 > C > 0.900.

Category V corresponds to the signal-enriched region,
while the remaining categories are used to constrain back-
ground contributions. Requiring C > 0.900 yields se-
lection efficiencies of 35.4% for B+ → µ+νµ, 0.8% for
B → Xuℓ

+νℓ, and 0.00011% for continuum processes.
The efficiency numbers here are defined as the fraction
of selected events relative to the total number of gener-
ated events.

All eight categories, four for each experiment, are an-
alyzed simultaneously in a combined likelihood fit with
shared common systematic uncertainties, ensuring a con-
sistent treatment of the two data sets.
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Figure 6: Distribution of the continuum suppression clas-
sifier output C (top) and the muon momentum pBµ in the
signal-B meson rest frame (bottom) from data and simula-
tion. The colored stacked histograms represent the different
components: the signal process B+ → µ+νµ in light green
(not visible in this plot), with the same distribution scaled by
a factor of 3000 in black, the b → u transitions in tan, the
B+ → µ+νµγ processes in golden brown, the rare B processes
in rose, the b → c transitions in medium purple, and the cor-
rected continuum events in dark blue.

IV. VALIDATION USING B+ → D̄0π+ DECAYS

To validate the modeling of the input variables used
in the multivariate selection, we study the decay B+ →
D̄0π+ with D̄0 → K+π−. The reconstruction procedure
and selection criteria for the control channel in the Belle
data remain as described in Ref. [9]. The following out-
lines the strategy adopted for the Belle II analysis.

The charged particles from B+ → D̄0π+ are required
to satisfy the same impact-parameter criteria as the
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muon in B+ → µ+νµ. The kaon and pion used to re-
construct the D̄0 meson must each have a momentum
greater than 0.3GeV in the c.m. frame. We require
LK/(LK + Lπ) > 0.6 and Lπ/(LK + Lπ) > 0.6 for
the kaon and pion, respectively. Only D̄0 candidates
with reconstructed masses within 50MeV of the expected
value [1] are retained. The B+ → D̄0π+ candidates
are then reconstructed by combining the D̄0 candidates
with a pion having momentum greater than 2.1GeV in
the c.m. frame and Lπ/(LK + Lπ) > 0.6. We require
the reconstructed B meson mass to be within 50MeV
of the expected value [1], a beam-constrained mass mbc

above 5.2GeV, and an absolute energy difference |∆E|
below 0.2GeV. The ROE reconstruction and selection
for the control channel is identical to the signal channel
described in the previous section. To further suppress
continuum background, only events with cos θthrust < 0.8
are retained, where θthrust is defined as the angle between
the thrust axis of the ROE and the thrust axis of the re-
constructed B meson, in the c.m. frame.
The momentum of the pion originating from the B

decay is boosted into the B rest frame using the recon-
structed and calibrated ROE, and is then compared to
the pion momentum in the same frame obtained using the
fully reconstructed B meson. This comparison serves to
identify potential biases and assess resolution differences
between the data and simulation. The mean and stan-
dard deviation of the momentum bias, defined as

∆pBπ = pBROE
π − pBsig

π , (15)

are determined and listed in Table II. The ∆pBπ distribu-
tions from the Belle and Belle II data are shown in Fig. 7.
The systematic uncertainties on the simulation arise from
the uncertainty in the measured B+ → D̄0[→ K+π−]π+

branching fraction and limited MC sample size. We ob-
serve good agreement between simulation and the control
sample data.

Table II: Mean values and standard deviations for B+ →
D̄0π+, each with their respective uncertainties, for the mo-
mentum bias of the data and simulation from the Belle and
Belle II experiments.

Belle µ σ

∆pBπ [GeV] MC 0.0119± 0.0004 0.1108± 0.0003
∆pBπ [GeV] Data 0.0123± 0.0004 0.1113± 0.0003

Belle II µ σ

∆pBπ [GeV] MC 0.0074± 0.0004 0.0942± 0.0003
∆pBπ [GeV] Data 0.0073± 0.0007 0.0932± 0.0005

To validate the modeling of the continuum-suppression
classifier in Belle II, an additional study is performed in
which the reconstructed D̄0 is omitted from the recon-
struction to mimic a neutrino in the final state. Further,
the momentum of the pion from the B decay is scaled
to match the momentum of the muon in B+ → µ+νµ.
After these corrections, the sixteen event shape variables
are recomputed and the classifier output C is determined
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Figure 7: Upper panels: Distributions of the pion momentum
bias in the B meson rest frame for the B+ → D̄0π+ control
channel, shown for Belle (top) and Belle II (bottom) data sets
and simulations. The colored stacked histograms show the
different components: B+ → D̄0[→ K+π−]π+ in light green,
other BB̄ decays in rose, and continuum events in dark blue.
Data points are shown as black markers, while systematic
uncertainties are indicated by black hatched bands. Lower
panels: Ratios of data to simulation are shown, with error
bars representing the combined statistical uncertainty of the
data and systematic uncertainty of the simulation.



10

using the respective weights derived in the signal chan-
nel. The classifier is then used to study the selection
efficiency in data and simulation for the Belle and Belle
II categories. The distributions of the classifier output of
the control channel for the Belle and Belle II data sets
are shown in Fig. 8.
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Figure 8: Distribution of the classifier output derived for
B+ → µ+νµ and applied to the control B+ → D̄0π+ channel
for the Belle (top) and Belle II (bottom) data sets and simu-
lation. For the Belle II data the distribution is shown for the
case where the D meson is removed from the reconstruction
and the pion momentum is scaled up. The color scheme for
the individual components is the same as in Fig. 7.

The data set is separated into the eight categories used
in the B+ → µ+νµ analysis. The selection efficiency for
the categories is summarized in Table III for both data
and simulation. The efficiency is defined as the fraction
of reconstructed B+ → D̄0π+ events in a given region rel-
ative to the total number of reconstructed B+ → D̄0π+

events. The yield of B+ → D̄0π+ events in data is de-
termined by a two-dimensional binned fit to the energy
difference ∆E and the signal-side beam-constrained mass
mbc.

We perform χ2 tests of the efficiency ratios between
data and simulation for the four Belle and Belle II cate-
gories separately and observe good agreement. For Belle,
the ratios are compatible with unity within at most 1.3
standard deviations, with a combined χ2 = 3.26 corre-
sponding to a p-value of 51%. For Belle II, the ratios
agree with unity within at most 2.3 standard deviations,
and the combined χ2 = 8.16 yields a p-value of 9%.
Hence, no correction to the B+ → µ+νµ efficiencies is
applied. The efficiency ratios of data-to-simulation, to-
gether with the combined factors, are summarized in Ta-
ble IV.

Table III: Selection efficiencies of B+ → D̄0π+ and their un-
certainties in eight categories for data and simulation from
the Belle and Belle II experiments.

Belle ϵData ϵMC

Category I (0.37± 0.04)% (0.43± 0.04)%
Category II (0.35± 0.04)% (0.37± 0.03)%
Category III (1.80± 0.07)% (1.92± 0.09)%
Category IV (1.97± 0.08)% (2.04± 0.10)%

Belle II ϵData ϵMC

Category V (7.25± 0.26)% (6.63± 0.24)%
Category VI (11.99± 0.33)% (10.82± 0.38)%
Category VII (16.99± 0.40)% (16.69± 0.57)%
Category VIII (29.51± 0.56)% (30.23± 1.02)%

Table IV: Ratios of data to simulation efficiencies for B+ →
D̄0π+ and the combined factors in the eight categories for the
Belle and Belle II experiments.

Belle ϵData/ϵMC χ2 p-value
Category I 0.846± 0.120

3.26 0.51
Category II 0.950± 0.135
Category III 0.937± 0.059
Category IV 0.967± 0.059

Belle II ϵData/ϵMC χ2 p-value
Category V 1.093± 0.056

8.16 0.09
Category VI 1.109± 0.049
Category VII 1.017± 0.042
Category VIII 0.976± 0.038
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V. STATISTICAL ANALYSIS AND LIMIT
SETTING PROCEDURE

To avoid experimenter’s bias, all selection criteria, re-
construction procedures, and fit models are defined and
validated using simulation and control samples before in-
specting the data in the signal region. The templates for
signal and background momentum distributions are de-
rived from simulation and use 22 uniform bins with a
width of 50 MeV, covering the range pBµ ∈ [2.2, 3.3] GeV.
A binned maximum-likelihood fit to the muon momen-
tum pBµ is performed to extract the branching fraction

B(B+ → µ+ν). Systematic uncertainties are incorpo-
rated with multiplicative or additive event-count modi-
fiers in the likelihood.

The likelihood L is constructed as the product of the
likelihoods Lc for each category c and the Gaussian con-
straints Gk for each process k:

L =
∏
c

Lc ×
∏
k

Gk . (16)

The likelihood of each category is the product of Poisson
probability density functions P over bins i of the muon
momentum spectrum,

Lc =

bins∏
i

P (ni|νi) , (17)

with ni and νi denoting the number of observed and ex-
pected events. The expected number of events in each
bin, νi, is determined from simulation and is given by

νi =

processes∑
k

fik ηk , (18)

where ηk represents the total number of events from pro-
cess k, and fik denotes the fraction of these events recon-
structed in bin i.

Systematic uncertainties are incorporated into the like-
lihood through a vector of nuisance parameters (NPs),
θn, which parameterize both normalization and shape
variations. For normalization uncertainties, each inde-
pendent source s is modeled by a Gaussian-constrained
parameter. Its effect is incorporated by modifying the
total yield of process k as

ηk → ηk (1 + θks) , (19)

where θks denotes the NP parameterizing the correspond-
ing uncertainty.

For the shape uncertainties, each element of the nui-
sance parameter vector θn corresponds to a bin in the
fitted pBµ spectrum across the eight event categories of
a given template. The NPs are constrained in the like-
lihood function through multivariate Gaussian distribu-
tions,

Gk = Gk(0;θk,Σk) , (20)

where Σk represents the systematic covariance matrix
associated with template k. This matrix contains all
sources of systematic uncertainty that affect template k
and is given by

Σk =

error sources∑
s

Σks , (21)

where Σks is the contribution of a specific uncertainty
source s. The construction of Σks is based on the un-
certainty vector σks, whose elements correspond to the
absolute uncertainties in the pBµ bins for template k.
Systematic uncertainties originating from the same

source are treated either as fully correlated,

Σks = σks ⊗ σks , (22)

or as uncorrelated, as i.e. in the case of the statistical
uncertainties of the simulation,

Σks = Diag
(
σks

2
)
. (23)

The NPs are incorporated into Eq. 18 by modifying the
fractions fik for all templates. Specifically, to account for
shape uncertainties, this leads to

fik =
ηik∑
j ηjk

→ ηik (1 + θik)∑
j ηjk (1 + θjk)

. (24)

Here ηik denotes the expected yield of process k in bin i.
The fit contains several templates, five of which have

their normalizations treated as free parameters: the
B+ → µ+νµ signal, semileptonic b → u and b → c transi-
tions, and the continuum backgrounds for the Belle and
Belle II data sets. The continuum background contri-
butions are corrected using data-driven methods specific
to each experiment. Although the underlying processes
are the same, the observed distributions differ between
Belle and Belle II owing to detector responses, selection
efficiencies, and acceptances. Therefore, the continuum
backgrounds are modeled separately and not combined in
the fit. The yields of the background contributions from
B+ → µ+νµγ and b → s transitions are constrained to
the expected branching fractions within the correspond-
ing uncertainties, since they resemble the signal distribu-
tion.
The likelihood in Eq. 16 is maximized using the

iMinuit package [62] to determine the yields ηk of the
fit components. The numbers of signal and semileptonic
b → u events are translated into partial or full branch-
ing fractions using the corresponding efficiencies and the
numbers of recorded B meson pairs in the Belle and
Belle II data sets. The fit accounts for 8 × 154 shape
uncertainties and 73 additional NPs associated with nor-
malization uncertainties. The fit procedure is validated
using ensembles of pseudo-data sets for different input
B+ → µ+νµ branching fractions. No biases in the ex-
tracted central value and uncertainty coverage are ob-
served.
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We also investigate sterile neutrino and WA contri-
butions by introducing additional free parameters into
the fit. When setting limits on sterile neutrinos, the
B+ → µ+νµ yield is constrained to its SM expectation.
This is discussed in more detail in Sections VII and IX.

We construct confidence intervals for the processes us-
ing the profile likelihood ratio method. For a given pro-
cess ηk, the likelihood ratio test statistic is defined as

Λ(ηk) = −2 ln
L(ηk, η̂ηk , θ̂ηk)

L(η̂k, η̂, θ̂)
, (25)

where η̂k, η̂, and θ̂ correspond to the values of the pro-
cess of interest, the remaining processes, and a vector of
NPs that maximize the likelihood function uncondition-
ally. In contrast, η̂ηk and θ̂ηk denote the values of the
remaining processes and NPs that maximize the likeli-
hood under the constraint that the process of interest is
fixed at a given value ηk. In the asymptotic limit, the test
statistic in Eq. 25 can be used to construct approximate
confidence intervals at confidence level αCL according to

1− αCL =

∫ ∞

Λ(ηk)

fχ2(x; 1) dx , (26)

where fχ2(x; 1) represents the χ2 distribution with a sin-
gle degree of freedom.

In the absence of a significant signal, we determine
both frequentist and Bayesian limits. For the frequentist
one-sided (positive) limit, we modify our test statistic
following the prescription of Refs. [63, 64] to

q0(ηk) =

{
Λ(ηk) if ηk ≥ 0 ,

−Λ(ηk) if ηk < 0 ,
(27)

which enhances the sensitivity of our analysis. This test
statistic is asymptotically distributed as

f(q0) =
1

2
fχ2(−q0; 1) +

1

2
fχ2(q0; 1) . (28)

Given an observed test statistic value qobs0 , the (local)
probability of observing a signal, p0, is computed as

p0 =

∫ ∞

qobs
0

f(q0) dq0 . (29)

VI. SYSTEMATIC UNCERTAINTIES

Two types of systematic uncertainties are included, ad-
ditive and multiplicative.

Additive uncertainties affect the shape of the distribu-
tions. Several sources of systematic uncertainty affect the
measurement of B+ → µ+νµ, the largest arising from the
modeling of the b → u background. Since the overall nor-
malization of these decays is determined from data, only
shape uncertainties need to be considered. These origi-
nate from uncertainties in the form-factor parameters of

the B → πℓ+νℓ, B → ρℓ+νℓ, B
+ → ωℓ+νℓ, B

+ → ηℓ+νℓ,
and B+ → η′ℓ+νℓ decays; from the measured branch-
ing fractions of these modes; and from the modeling of
the non-resonant component of the b → u background.
The DFN model used to describe the non-resonant tran-
sitions is parameterized by the b-quark mass and a non-
perturbative parameter, whose uncertainties propagate
to the template shape. An alternative description us-
ing the Bosch–Lange–Neubert–Paz (BLNP) model [65]
is also considered, and the difference between the DFN
and BLNP predictions is taken as an additional system-
atic uncertainty.

The second-largest systematic uncertainty arises from
the modeling of the continuum background. The off-
resonance data used to correct the continuum contribu-
tion are subject to statistical uncertainties from the finite
sample size, which are evaluated using a bootstrapping
procedure that generates multiple replicas by resampling
the data set.

Uncertainties in b → c transitions, dominated by
B → Dℓ+νℓ and B → D∗ℓ+νℓ decays, also affect the
measurement. These arise from the form-factor parame-
ters and their branching fractions, which are propagated
into the model. In addition, an uncertainty is included to
account for the branching fraction of hadronic B → Dπ
decays, which contribute near the kinematic endpoint.
The rare background contribution is dominated by

B+ → K0π+ and B0 → K∗+
0 π− decays, for which un-

certainties in the measured branching fractions are in-
cluded as systematic uncertainties. The uncertainty on
the B+ → µ+νµγ background is evaluated using both
experimental and theoretical inputs. The experimental
component reflects the precision of the measured branch-
ing fraction, while the theoretical component accounts
for variations in model parameters. These include the
ratio of the inverse moment to the zeroth moment of the
light-cone wave function, which describes the longitudi-
nal momentum distribution of the light quark inside the
B meson, the b-quark mass mb, and the assumption of
whether the vector and axial form factors are taken to
be equal [35]. The model is varied by adjusting these
parameters, and the largest deviation from the nominal
prediction is assigned as a systematic uncertainty.
The B+ → µ+νµ signal shape is affected by uncer-

tainties in the particle-identification efficiencies between
data and simulation, and the finite size of the simulated
sample, which are included as additive uncertainties.
Multiplicative uncertainties scale the overall normal-

ization and shift the extracted branching fraction.
The efficiency ratios between data and simulation,

obtained from the validation study in Section IV, are
used to evaluate the systematic uncertainty on the effi-
ciency. For Belle and Belle II, the averaged ratios are
0.941±0.038 and 1.034±0.022, respectively. The quoted
uncertainties on these averages are used as the systematic
uncertainties on the efficiency.

For the B+ → µ+νµ signal, additional systematic un-
certainties originate from tracking, differences in particle-
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identification efficiencies between data and simulation,
and the uncertainty in the total number of BB̄ pairs.
These uncertainties are treated as normalization uncer-
tainties.

Finally, for all distributions considered, the impact of
the finite simulation sample size is included.

Table V provides a summary of the systematic un-
certainties affecting the B+ → µ+νµ branching fraction
measurement.

Table V: The uncertainties on the measured B+ → µ+νµ
branching fraction are shown. For definitions of additive and
multiplicative errors see the text. FF denotes form factor,
and BF denotes branching fraction.

Source Fractional
uncertainty

Additive uncertainties
b → u modeling 17.4%

B → πℓ+νℓ FF 8.2%
B → ρℓ+νℓ FF 8.9%
B+ → ωℓ+νℓ FF 4.5%
B+ → ηℓ+νℓ FF 0.2%
B+ → η′ℓ+νℓ FF 1.0%
B → πℓ+νℓ BF 4.8%
B → ρℓ+νℓ BF 1.0%
B+ → ωℓ+νℓ BF 0.2%
B+ → ηℓ+νℓ BF 0.2%
B+ → η′ℓ+νℓ BF 0.1%
B → Xuℓ

+νℓ BF 3.3%
DFN parameters 5.7%
Hybrid model 6.0%
MC sample size 5.6%

Continuum modeling 14.0%
Shape correction 4.1%
MC sample size 13.3%

B+ → µ+νµγ modeling 4.8%
b → c modeling 2.4%
Rare decay modeling 1.5%
B+ → µ+νµ modeling 1.5%

Multiplicative uncertainties
PID efficiency Belle 1.6%
Tracking efficiency Belle 0.3%
NBB̄ Belle 1.1%
PID efficiency Belle II 1.0%
Tracking efficiency Belle II 0.1%
NBB̄ Belle II 0.3%
f+0 2.1%
Control channel efficiency ratios 3.2%

Total systematic uncertainty 23.6%
Total statistical uncertainty 42.9%

Covariance matrices for all categories and pBµ bin are
generated independently for each eigendirection of the
Belle and Belle II data sets. Systematic uncertainties
common to both experiments, such as branching frac-
tions, are treated as fully correlated, whereas uncertain-
ties intrinsic to each experiment, such as the number of
BB̄ pairs, are treated as uncorrelated.
Assuming a branching fraction of B(B+ → µ+νµ) =

(4.18 ± 0.44) × 10−7, and including both statistical and
systematic uncertainties, the expected one-sided signal
significance is 2.3+0.7

−0.8 standard deviations, as estimated
with an Asimov data set [66].

VII. RESULTS

A. Search for B+ → µ+νµ

Figure 9 presents the combined muon-momentum dis-
tribution in the B meson rest frame, where events from
the signal-enriched Categories I and V are weighted by
log (1 + Sc/Bc) [67], with Sc and Bc denoting the num-
bers of signal and background events, respectively, within
a 68% containment window centered on the B+ → µ+νµ
peak. This weighting enhances the sensitivity to regions
with a higher signal-to-background ratio; distributions
for the eight classifier categories can be found in Fig-
ure 19 in Appendix C. We assume no contributions from
WA processes and set these contributions to zero. The
overall fit quality is good, with a post-fit p-value of 90%
obtained from a χ2 test.
The branching fraction is measured to be

B(B+ → µ+νµ) = (4.4± 1.9± 1.0)× 10−7 , (30)

where the first uncertainty is statistical and the second
systematic. This corresponds to an observed signal yield

of νB
+→µ+νµ = 150 ± 73 events. This represents the

most precise determination of the B+ → µ+νµ branch-
ing fraction to date, benefiting from improved modeling
of the background shapes and a larger data sample by
adding the Belle II data. The systematic uncertainty
is marginally larger than in the previous Belle result
Ref. [9], owing to updated modeling of the b → u and
b → c backgrounds and the inclusion of an additional ef-
ficiency uncertainty from the control mode. The observed
significance relative to the background-only hypothesis is
2.4 standard deviations, consistent with the expectation
of 2.3+0.7

−0.8.
In addition to the nominal fit combining signal and

background across Belle and Belle II, we perform the
fit with the background combined but the signal treated
independently, which yields a consistent result. We also
carry out fully standalone fits for Belle and Belle II with
neither signal nor background combined. This is shown
in Fig. 10 in addition to the combined Belle and Belle II
result. The standalone fits yield

B(B+ → µ+νµ)Belle = (4.7± 2.1± 1.1)× 10−7, (31)

B(B+ → µ+νµ)Belle II = (3.9± 3.8± 2.5)× 10−7, (32)

respectively. The shift in the Belle central value com-
pared to the published result in Ref. [9] arises from up-
dated central values and systematic uncertainties in the
b → u and b → c backgrounds. The updated Belle re-
sult supersedes the previous measurement. Although the
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overall uncertainty has increased slightly, the modeling of
the b → u contribution employs a more advanced descrip-
tion compared to the previous iteration of this analysis.
While the DFN model is retained, the underlying scheme
for its input parameters has been updated from the 1S
to the Kagan–Neubert scheme [42, 43]. In addition, the
branching fractions and form factors have been updated
to the latest values in Refs. [1, 3], which are constrained
by new auxiliary measurements, resulting in a more up-
to-date representation of this contribution. The Belle
result is consistent within 1.1 standard deviations with
the previous one, where the comparison accounts for cor-
relations by treating the statistical and most systematic
uncertainties as correlated, while updated uncertainties
from new theoretical inputs are treated as uncorrelated.

The magnitude of the CKM matrix element |Vub| is
extracted from the branching fraction in Eq. 30 using
the B meson decay constant fB = (190 ± 1.3)MeV [2]
and the B+ lifetime τB = (1.638 ± 0.004) ps [3]. The
result is

|Vub| =
(
3.92+0.77

− 0.96 (stat.)
+0.44
− 0.49 (sys.) ± 0.03 (theo.)

)
×10−3 ,
(33)

which, while less precise, is consistent with recent inclu-
sive and exclusive determinations of |Vub| [1].
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Figure 9: The upper panel: Weighted distribution of the
fitted muon momentum pBµ in the B rest frame, where events
from the signal-enriched category I and V are weighted by
w = log (1 + Sc/Bc). The stacked histograms represent the
fitted signal and background processes with the color scheme
introduced in Fig. 6, and the data points show the com-
bined Belle and Belle II sample. The hatched band indicates
the systematic uncertainty. The lower panel: Difference be-
tween data and the background prediction, with uncertainties
from statistical and systematic sources. The red hatched area
shows the fitted signal process.

Due to the low significance of the observed B+ → µ+νµ
branching fraction, both Bayesian and Frequentist upper
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Figure 10: Two-dimensional likelihood contours for the B+ →
µ+νµ branching fraction measured from combined Belle and
Belle II data. The inner light green and outer golden brown
ellipses correspond to the joint 38.3% (∆χ2 = 1.0) and 68.3%
(∆χ2 = 2.3) confidence regions, respectively. The dashed
dark blue vertical line with its shaded band shows the Belle
standalone result (Eq. 31), while the dashed rose horizontal
line with its shaded band shows the Belle II standalone re-
sult (Eq. 32). The black star marks the best-fit point when
Belle and Belle II branching fractions are fitted independently,
and the black circle indicates the combined fit with the single
branching fraction extracted across both data sets, as shown
in Eq. 30.

limits are determined. The likelihood function is con-
verted into a Bayesian posterior probability density func-
tion (PDF) by assuming a flat prior, π(ηk), on the partial
branching fraction, resulting in

f(ηk|n) =
L(n|ηk)π(ηk)∫∞

0
L(n|ηk)π(ηk) dηk

, (34)

where n denotes the vector of the observed yields in the
bins of all categories. The Bayesian upper limit at 90%
credibility level (CrL) is determined to be

B(B+ → µ+νµ) < 7.2× 10−7 . (35)

Performing the fit to ensembles of Asimov data sets with
the NPs shifted to their best fit values, we determined
the frequentist upper limit

B(B+ → µ+νµ) < 6.7× 10−7 (36)

at 90% confidence level (CL). Both upper limits are
shown in Fig. 11 in addition to the SM expectation.

B. 2HDM Interpretation

Extending the study of the B+ → µ+νµ decay to
physics beyond the SM, the measured branching fraction
is used to constrain the parameter space of two-Higgs-
doublet models (2HDM) of type II [4] and type III [5, 6],
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Figure 11: The observed Bayesian (golden brown dash-dotted
line) upper limit at 90% CrL and frequentist (medium pur-
ple solid line) upper limit at 90% CL, along with the corre-
sponding Bayesian (dark blue curve) and frequentist (medium
purple dotted curve) PDFs. The SM expectation for the
B+ → µ+νµ branching fraction is indicated by the light green
dashed line.

using the process shown in Fig. 1 (b-c). In type II mod-
els, the presence of a charged Higgs boson modifies the
branching fraction to

B(B+ → µ+νµ) = BSM ×
(
1− m2

B tan2 β

m2
H+

)
. (37)

Here, BSM is the SM branching fraction, tanβ is the
ratio of the vacuum expectation values of the two Higgs
fields, and mH+ is the mass of the charged Higgs boson.
In type III models, the branching fraction is modified as

B(B+ → µ+νµ) = BSM×
∣∣∣∣1 + m2

B

mbmµ

(
Cµ

R

CSM
−

Cµ
L

CSM

)∣∣∣∣2 ,

(38)
where mb is the mass of the b quark, CSM is the SM cou-
pling and Cµ

R/L are the Wilson coefficients that encode

the beyond SM physics contribution. The excluded pa-
rameter regions for the 2HDM of type II and type III
at 68% and 95% confidence levels are shown in Fig. 12.
These exclusion limits are obtained by constructing a χ2

statistic from the observed and predicted branching frac-
tions, as defined in Eq. (30) and Eq. (1), respectively.
The limits presented here supersede those obtained in
the previous Belle analysis [9].

A search for stable sterile neutrinos N , shown in Fig. 1
(c) and Fig. 1 (d), is performed by fitting the muon mo-
mentum in the B meson rest frame, with the B+ → µ+νµ
contribution fixed to its SM expectation. An additional
template corresponding to B+ → µ+N processes is in-
cluded, assuming the same momentum distribution as
for B+ → µ+νµ. The fit is performed for selected neu-
trino mass mN hypotheses in the range 0.0GeV ≤ mN ≤
1.5GeV with the momentum distribution of B+ → µ+N
shifted for each value to reflect the kinematic changes.
The largest shift expected is 0.2GeV at mN = 1.5GeV.
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Figure 12: Excluded regions in the parameter space of the
2HDM of type II (top) and type III (bottom). The filled blue
regions show the values excluded at the 68% (dark blue) and
95% CL (dark purple).

We assume the sterile neutrino to be stable and to
not decay inside the detector. Based on simulations, this
assumption is valid for lifetimes τN > 0.5×10−6 s, where
fewer than 5% of sterile neutrinos decay before exiting
the detector. If a sterile neutrino would decay inside the
detector, its decay products would appear in the ROE.
This would change the reconstructed boost to the B rest
frame, causing events with and without neutrino decays
to have different muon momentum distributions. Instead
of a single peak in the boosted muon momentum pBµ ,
two distinct peaks would appear. To account for the
small fraction of potentially decaying neutrinos at the
threshold lifetime, an additional systematic uncertainty
is assigned based on the percentage of sterile neutrinos
that could decay within the detector [68].

The significance over the background-only hypothe-
sis is determined as described in Eq. 27 and shown in
Fig. 13. There is no significant excess observed with the
largest local significance over the background-only hy-
pothesis of 1.6 standard deviations at a mass of around
mN = 1.2GeV. The global significance, accounting for
the look-elsewhere effect and estimated using toy MC
data sets, is found to be 0.6 standard deviations at this
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mass.
The extracted number of sterile neutrino events is con-

verted into a branching fraction of B+ → µ+N assuming
the same selection efficiency as for B+ → µ+νµ. This
branching fraction is then used to estimate the Bayesian
upper limit for B(B+ → µ+N), as shown in Fig. 13.
The resulting upper limit is subsequently used to ex-
clude regions in |UµN |2-mN parameter space by calcu-
lating [9, 69]

B(B+ → µ+N)

B(B+ → µ+νµ)
= |UµN |2

m2
N +m2

µ

m2
µ

√
λ(rNB , rµB)√
λ(0, rµB)

×
1− (r2NB − r2µB)

2/(r2NB + r2µB)

1− r2µB
,

(39)

where |UµN |2 is the coupling between the muon and the
sterile neutrino, λ(x, y) = (1 − (x − y)2)(1 − (x + y)2)
is the Källén function, and rXY = mX/mY are mass
ratios. The combined Belle and Belle II result as well as
the results from previous searches by Refs. [9, 70–77], are
shown in Fig. 14.

VIII. B → Xuℓ
+νℓ PARTIAL BRANCHING

FRACTION MEASUREMENT

The B+ → µ+νµ decay overlaps with the kinematic
endpoint of b → u transitions. This allows for a de-
termination of the partial branching fraction ∆B(B →
Xuℓ

+νℓ) for pBℓ > 2.2GeV, which can be extracted
simultaneously with the B+ → µ+νµ branching frac-
tion. Systematic uncertainties from tracking, particle
identification, BB̄ counting, and the control-channel ef-
ficiency are included in the fit. The selection efficien-
cies for pBµ > 2.2GeV are (13.69 ± 0.57)% for Belle and
(13.88 ± 0.58)% for Belle II, with uncertainties arising
from the systematic variations outlined in Section VI.

The resulting partial branching fraction for pBℓ >
2.2GeV is

∆B(B → Xuℓ
+νℓ) = (2.72± 0.05± 0.29)× 10−4 , (40)

where the first uncertainty is statistical and the sec-
ond systematic. Table VI in Appendix C summarizes
the systematic uncertainties affecting the measurement.
This result agrees within two standard deviations with
the measurement in Ref. [78], ∆B(B → Xuℓ

+νℓ) =
(0.33 ± 0.04) × 10−3, but achieves improved precision.
Extrapolating to the full phase space using the weighted
mean of the Belle and Belle II efficiencies yields

B(B → Xuℓ
+νℓ) = (1.97± 0.07± 0.22)× 10−3 , (41)

which is consistent and has similar precision to the
HFLAV average [3], B(B → Xuℓ

+νℓ) = (1.92 ± 0.21) ×
10−3.
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background-only hypothesis (top), and the Bayesian upper
limit on the branching fraction of B+ → µ+N at 90% CrL
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IX. INVESTIGATION OF WEAK
ANNIHILATION PROCESS

A model-dependent search for the weak-annihilation
(WA) process is performed using the fitting strategy and
templates described in Section V. For this, the yields
B+ → µ+νµ, B → Xuℓ

+νℓ, and weak annihilation, as
well as the parameter α are unconstrained. Figure 15
shows the combined muon-momentum distribution, ob-
tained by weighting the signal-enriched categories to en-
hance sensitivity to a potential WA contribution. The
corresponding fit results for all eight classifier categories
are presented in Appendix C in Figure 20.
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Figure 15: Weighted distribution of the fitted muon momen-
tum in the B rest frame, with an additional template for weak
annihilation events included using the same weights derived
for Fig. 9.

The extracted WA branching fraction is determined to
be

B(B+ WA→ Xuℓ
+νℓ) = (5.76± 3.92)× 10−5 , (42)

where the error is the sum of statistical and systematic
uncertainties. This translates to νWA = 3600 ± 2473
WA events, which can substitute a large fraction of
B → Xuℓ

+νℓ events, leading to a strong anti-correlation
between the two processes. Including WA in the fit alters
the extracted partial and full branching fractions:

∆B(B → Xuℓ
+νℓ) = (2.06± 0.44)× 10−4 , (43)

B(B+ → µ+νµ) = (3.4± 2.2)× 10−7 , (44)

with the uncertainties indicating the sum of statistical
and systematic uncertainties.

Figure 16 shows the two-dimensional likelihood con-

tours in the parameter space of B(B+ WA→ Xuℓ
+νℓ) versus

the branching fractions of B+ → µ+νµ and B → Xuℓ
+νℓ.

When allowing the model parameter α to float, a one-
sided significance of 2.4 standard deviations relative to
the background-only hypothesis is obtained. If the pa-
rameter is instead fixed to scan across different model
assumptions, a substantially smaller WA branching frac-
tion is found in most models. The corresponding branch-
ing fractions are summarized in Figure 17. We refrain
from drawing stronger conclusions due to the strong anti-
correlation with B → Xuℓ

+νℓ decays, as the WA contri-
bution becomes significant only in scenarios with a flat
pBµ distribution that closely resembles the kinematics of

B → Xuℓ
+νℓ decays. To gain further insight, a more

precise theoretical understanding of the kinematic shape
of the weak-annihilation contribution is required.
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Figure 16: Two-dimensional likelihood contours showing the
correlation between the WA contribution and the extracted
B+ → µ+νµ branching fraction (top), and the partial branch-
ing fraction for B → Xuℓ

+νℓ (bottom). The contours corre-
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The rose points with error bars correspond to the measured
B+ → µ+νµ and partial B → Xuℓ

+νℓ branching fraction, as
reported in Eq. 30 and Eq. 40 respectively, if there is no WA
contribution included.
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Figure 17: Weak annihilation branching fraction as a func-
tion of the parameter α, which determines the shape of the
muon momentum distribution in the B rest frame. For each
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X. SUMMARY AND CONCLUSION

In this paper, we report the result of a search for
B+ → µ+νµ decays using 1076 fb−1 of data collected
with the Belle and Belle II detectors at the KEKB and
SuperKEKB e+e− colliders at a center-of-mass energy of
10.58GeV. This search includes a reanalysis of the Belle
data, which supersedes the previous measurement [9],
and provides the first Belle II result on the B+ → µ+νµ
branching fraction. An inclusive tagging approach is em-
ployed to reconstruct and calibrate the kinematics of the
tag-side B meson, enabling measurement of the muon
momentum pBµ in the signal-side B meson rest frame with
improved resolution relative to the center-of-mass frame.
The B+ → µ+νµ branching fraction is extracted from
a binned maximum-likelihood fit to pBµ and no contribu-
tions from weak-annihilation processes are included. The
result is

B(B+ → µ+νµ) = (4.4± 1.9± 1.0)× 10−7 , (45)

with a significance of 2.4 standard deviations relative to
the background-only hypothesis and in agreement with
the expected sensitivity. The systematic uncertainties
due to the finite size of the MC samples, including those
from the limited size of the generated sample used to
model the continuum contribution, will decrease with the
simulation of larger samples. Auxiliary measurements
using additional data can further constrain the input pa-
rameters of the form factor models, branching fractions,
and the inclusive model describing the b → u contribu-
tion, thereby reducing the associated systematic uncer-
tainties. Additional data will also reduce the uncertain-
ties associated with particle identification and tracking
efficiencies, as well as the total number of BB̄ pairs.

As no significant signal is observed, upper limits at
90% credibility and confidence level, respectively, are set
using Bayesian and frequentist methods:

B(B+ → µ+νµ) < 7.2× 10−7, (46)

B(B+ → µ+νµ) < 6.7× 10−7, (47)

respectively. The result constitutes the most sensitive
search for the decay B+ → µ+νµ to date.
The measured branching fraction is interpreted to con-

strain the parameter space of type II and type III two-
Higgs-doublet models, excluding significant regions of
their parameter space. A search is carried out for massive
sterile neutrinos in the range 0.0GeV ≤ mN ≤ 1.5GeV.
No significant excess is observed, with the largest devia-
tion from the background-only hypothesis being 0.6 stan-
dard deviations, taking into account the look-elsewhere
effect. The observed yields are translated into limits on
the squared mixing parameter |UµN |2 as a function of
the sterile neutrino mass mN and cover a wider parame-
ter space.

The partial branching fraction of semileptonic B →
Xuℓ

+νℓ decays with pBµ > 2.2GeV is measured to be

∆B(B → Xuℓ
+νℓ) = (2.72± 0.05± 0.29)× 10−4 , (48)

where uncertainties from the theoretical model and se-
lection efficiency are included. When extrapolated to the
full phase-space, this result and its experimental uncer-
tainty are consistent with, and of comparable precision
to, the world average reported in Ref. [3].

A model-dependent search for weak-annihilation de-
cays is carried out. Because the branching fraction and
spectral shape of such decays are poorly known, the WA
component is modeled as a combination of flat and peak-
ing contributions with a single floating fraction. We find

B(B+ WA→ Xuℓ
+νℓ) = (5.76± 3.92)× 10−5 , (49)

with a significance of 2.4 standard deviations above the
background-only hypothesis. The resulting WA template
closely resembles the kinematic shape of B → Xuℓνℓ de-
cays, leading to a strong anti-correlation between the two
contributions. When alternative values of the model frac-
tion are chosen, the fitted WA branching fractions be-
come much smaller and less significant. Including the
WA template, reduces the observed B+ → µ+νµ branch-
ing fraction by about 23%. To gain further insights, a
more precise theoretical understanding of the kinematic
shape of the weak-annihilation contribution is required.
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Appendix A: Continuum-Suppression BDT Input Variables

The continuum-suppression BDT input variables are listed below in descending order of their discriminating power.

• Cosine of the angle between the signal muon momentum and thrust axis of the ROE.

• 4th order harmonic moment with respect to the thrust axis.

• 4th order normalized modified Fox–Wolfram moment of type so for missing momentum. When particle i and
particle j both are from the ROE type oo is used, while type so is used if particle i is related to the signal-B
meson. [60]

• Magnitude of the thrust axis of the ROE.

• Normalized beam-constrained mass m̂tag
bc .

• 2nd order normalized modified Fox–Wolfram moment of type so for neutral particles.

• Cosine of the polar angle of the missing momentum calculated in the lab frame

• Normalized energy difference ∆Ê

• 2nd order normalized modified Fox–Wolfram moment of type so for charged particles.

• Transverse energy.

• Cosine of the polar angle of the thrust axis.

• 1st order harmonic moment with respect to the thrust axis.

• 2nd CLEO cone. [59]

• 4th order normalized modified Fox–Wolfram moment of type so for neutral particles.

• 0th order normalized modified Fox–Wolfram moment of type so for neutral particles.

• 4th order normalized modified Fox–Wolfram moment of type oo

https://bib-pubdb1.desy.de/record/473367
https://doi.org/10.5281/zenodo.3949207
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Appendix B: Continuum Correction using Off-Resonance Data
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Figure 18: Corrected continuum distributions of the two leading BDT input variables, the muon momentum in the signal-B
meson rest frame frame, and the BDT output classifier, compared to off-resonance data. The uncorrected continuum distribution
is shown in dark blue.

Appendix C: Fitted Distributions

The post-fit distributions of the nominal and WA fits are shown in Figs. 19 and 20. The residuals, defined as the
data yield minus the prediction from all templates excluding B+ → µ+νµ, include statistical uncertainties of the data
only.
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Figure 19: Distribution of the fitted muon momentum in the B rest frame for the eight categories. The stacked histograms
shows the fitted signal and background processes, the data points the combined Belle and Belle II sample and the hatched band
the systematic uncertainty.
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Table VI: The uncertainties on the measured ∆B(B → Xuℓ
+νℓ) partial branching fraction are shown. The multiplicative

systematic uncertainties arising from tracking, particle identification, BB̄ counting, control-channel efficiencies, and efficiency
variations due to systematic effects are combined. The dominant contribution to the multiplicative systematic uncertainty
comes from the control-channel efficiencies.

Source Fractional
uncertainty

Additive uncertainties
b → u modeling 8.5%

B → πℓ+νℓ FF 1.1%
B → ρℓ+νℓ FF 5.9%
B+ → ωℓ+νℓ FF 2.8%
B+ → ηℓ+νℓ FF 0.1%
B+ → η′ℓ+νℓ FF 0.6%
B → πℓ+νℓ BF 0.6%
B → ρℓ+νℓ BF 0.2%
B+ → ωℓ+νℓ BF 0.2%
B+ → ηℓ+νℓ BF < 0.1%
B+ → η′ℓ+νℓ BF < 0.1%
B → Xuℓ

+νℓ BF 1.6%
DFN parameters 3.4%
Hybrid model 3.7%
MC sample size 0.3%

Continuum modeling 0.5%
Shape correction 0.2%
MC sample size 0.5%

Rare decay modeling < 0.1%
B+ → µ+νµγ modeling 0.4%
b → c modeling 0.3%
B+ → µ+νµ modeling < 0.1%

Multiplicative uncertainties 6.1%

Total systematic uncertainty 10.8%
Total statistical uncertainty 1.7%
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Figure 20: Distribution of the fitted muon momentum in the B rest frame for the eight categories, with an additional template
for weak annihilation events included.
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